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Chains of existentially closed models
of positive (ny,ns)-Jonsson theories

In this article are considered model-theoretical properties of chains of positive (ni,n2)-Jonssen theories.
Herewith considered theories is perfect in the sense of the existence of appropriate model companien. The
main obtained results are as follows: introduced new concepts no-elimination of quantifier for pesitive
theory, (n1,m2)-Jonsson theory, ni-Jonsson chain; indicated a feature of perfect (n1,nsJspositive\Jonsson
theory.
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This article is devoted to the study of positive properties of (ni,ng)-Jonsson theories. At the study of
positive Jonsson theories in the framework of [1], were considered fyarious aspects of positivity which appear at
translating of properties of Jonsson theories into the language 6f positivity [2].

In this paper, we continue to study (ni,ns)-Jonsson theori€s, with“the condition of positive axiomatiza-
bility, and instead of morphisms we consider immersions, speci@hcases,0f homomorphisms [1]. The indices ny, no
respectively determine ni-model completeness, ns-elimination 'offguantifiers. These indices are related to the
concepts of chains of theories under consideration.

Many classical examples from algebra satisfy thefmatugal axioms that define Jonsson theories. On Jonsson
theories, more detailed information can be extractediin the monograph [3] and in the works [4-8]. We consider
groups, Abelian groups, Boolean algebras, fieldgiéfyfixedpeharacteristic, rings, modules, polygons. All of these
types of algebras are examples of such algebras/whose theories are Jonsson. Abelian groups and Boolean algebras
are good because their invariants are known, that is, some constants that allow us to describe these types of
algebras up to elementary equivalence. It Jonsson theories, the concepts of elementary equivalence are replaced
by cosemanticness. In the works [9, 10} are presented results that describe Abelian groups and modules up to
cosemanticness. In the case of Bogleanalgebras the work [11] is known were defined generalized Jonsson theories
(a-Jonsson) were defined and a dese@ription‘of a-Jonson theories of Boolean algebras was developed on the basis
of the apparatus developed id thelframework of the definitions of this article. Regardless of the study of Jonsson
theories, in [12] the authors considered various generalizations of the concepts of model completeness and
elimination of quantifiefs. Also,awithin the framework of these generalizations, n-chains were considered in [12]
which naturally appearias a consequence of the n-inductance of the theories under consideration. In fact, all of
the above concept definitely’are related to the central concept of Robinson model theory, namely, the concept
of a model companion®Well known the achievements of A. Robinson and his followers related to the application
of theoremsgon the, properties of model companions of the considered theories for classical algebraic objects,
such as figlds of fixed characteristic, Boolean algebras, Abelian groups, rings, modules, etc. Unfortunately, not
allfinductivéthegries have a model companion. It is well known from [13] that a theory has a model companion
iff the glass offits existentially closed models is elementary. In particular, the Jonsson theories that have a model
ecompanion are reasonably well arranged in the sense that their semantic invariant is a saturated model. Also
in [I4], was considered a generalization of the concept of a model companion, but somewhat from a different
perspeetive. Therefore, in view of the foregoing, it would be interesting to redefine some of the concepts from
works [11, 12] and [14], in the framework of the study of positive Johnson theory, where all the above properties
of companions of Jonsson theories will be considered in the framework of positivity, which will be defined in
this work.

Now we want to define the notion of (n,ns)-positive Jonsson’s theories.

Let L be a first-order language. At is a set of atomic formulas of the language. BT (At) is a closed set with
respect to the positive Boolean combinations (conjunction and disjunction) of all atomic formulas and their
subformulas and substitution variables. Q,,(BV(At)) is a set of formulas in prenix normal form obtained by the
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use of quantifiers (V and 3) to BT (At), where n is a number of quantifier changes in prenix. We call the formula
positive if it belongs to Q.,,(BT(At)). The theory is positively axiomatizable if its axioms are positive.
Following [15] we define the A-morphisms between structures.
Let M and N, the structure of language, A € Q.(B*(At)). The mapping h: M — N is called
A-homomorphism (in symbols h : M N N) if for any ¢ (Z) € A, VYa € M from the fact that M = ¢ (@), it

follows that N = ¢ (h (@)).

continuation of M. If the map h is injective, we say that h immersion from M into N (symbolica
M < N). In the following we will use the terms A-continuation and A-immersion. In frames of this definition

(A-homomorphism), it is easy to see that an isomorphic embedding, and an elementary are
A-immersions, when A = B(At) and A = L, respectively.
Definition 1 [15]. If C - class of L-structures, then we say that an element M of C' A-p ial

mean, respectively, the class of existential closed and A-positive existential of the closed
Definition 2 [15]. We say that theory T admits a A — JEP, if for any two A, B,
and A-homomorphisms h; : A ? C,hy:B ? C.

Definition 3 [15]. We say that theory T admits a of A — AP, if_ for

hy: A ? C,g1: A X) B, where h1,g1 — A-homomorphisms, there ex odT and hy : C ? D,

g B —A—> D, where hg, go — A-homomorphisms such that he o by = g3 0 g1.

Definition 4 [15]. The theory T is called A-positive JonssoJ ( PJ)-theory if it satisfies the following
conditions:

1) T has an infinite model,

2) T positive V3-axiomatizable;

3) T admits A — JEP;

4) T admits A — AP.

When A = B(At) we obtain the usual Jonss y, the only difference that it has only positive

V3-axiom.
Y Ul
(1)

derstand some A-positive Jonsson theory (A—PJ) which
on of quantifiers (E.Q.). Positive model completeness is

In future, by (n1, n2)-positive Jonsson theo
ny-positive model complete and no-positiyé el

model completeness of theory without a symbol —. Positive E.Q. is a redaction to positive quantifiers-free
formulas.

We give the necessary definitions ncepts which we will use.

A concept of model complet introduced by A. Robinson is played large role in the study of model
companions of various types SS algebras.

Definition 5 [12]. A the 1shmodel complete if for any B, D € ModT and B is a submodel of D, then

B < D.
Definition 6 [13]. @ T is called model companion of T if:
1) T and T* ally model consistent;

2) T* is m lete

The fol ct is"well known, connecting the theory with model companion with respect to E.Q.

Lem . 1) Let T* be model companion of theory T, where T is universal theory. In this case T™ is
0 tion of T iff T* admit quantifier elimination.
et model companion of theory 7. In this case T™ is model completion of T" iff T* has amalgam
y.

the framework of concept of n-embedding, following work [11], we have n-Jonsson theory that differs from

concept of generalized a-Jonsson theory only a semantic model [16]. Continuing to work within the framework of
n-Jonsson theory we can fully define the concept n-model completeness, n-model companion and correspondingly
on this base to prove the theorem which is a criterion of perfectness of generalized a-Jonsson theory [from 11]
in following view.

Proposition 1 [11]. Let T be arbitrary n-Jonsson theory, then the following conditions are equivalent:

1) T is perfect;

2) T* is n-model companion of T

In work [12] are given following definitions generalizing a concepts of model completeness and E.Q.
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Definition 7 [12]. B C,, D means that B |= 9(b) if D = v(b) for all b € B and all %,, (or II,,) formulas .

Definition 8 [12]. 1. A theory T is n-model complete if for all models B, D of T, B C,, D implies B < D.

2. T is nearly n-model complete if any formula is equivalent (mod T') to Boolean combination of ¥, 41
(or II,,41) formulas.

3. A chain {B, }ne, under C,, is called a n-chain.

Definition 9. We will call the theory ns-E.Q. if any formula of this theory is presented in the view of Boolean
combination of formulas from @,,,(B(At)).

Combining these concepts in the framework of study of Jonsson theories we can distinguish the f
class of Jonsson theories:

Definition 10. Theory T is called (n1,ns)-Jonsson theory if it is nj-model complete and no-E

In work [12] was determined the next kind of chain of models for some theory and statemenfs wit
to this concept as 1-model completeness.

Definition 11 [12]. A chain {By}rew is eventually elementary if for all b € Uge,, By and formulas
exists some ko € w such that either By [= (D) for every k > ko or By, = —(b) for every k .

Proposition 2 [12]. A theory T is 1-model complete iff for any formulas ¢(T) exists a
a Vo N Jo-formulas such that T' = VZ[y <> ¢].

If the chain {By}rew is not eventually elementary, then there are ()
B, E —|’(/}(1_)) both hold for arbitrarily large k,m € w. Thus, such a chain ¢
chain for ¥(Z) as in the following definition.

Definition 12 [12]. A chain {Bj}re. is an alternating chain for ¢
Bay, = ¢(b) and Bog 1 = (D) for all k € w.

Proposition 3. A theory T is 1-E.Q. iff for any formulas W) exists a
combination of V4 N 3;-formulas such that T = VZ[¢) + ¢].

Recall the basic definitions and statements from work [11], in #hich arédetermined all basic concepts related
with a-Jonsson theories. In our case, o = n;.

Definition 13 [11]. Let I' C L. Then

1) map f : A — B is called a I'-embedding if for any @ € d o(Z) € T and A = ¢(a) follows B = o(f(a));

2) if B C| A |, then Thr(A, B) denote a set of al e of language Lp which are true in A;

3) if A C B, then notation A Cr B denote that |) € Thr(B,|B|);

4) sequence of models 4;, i < f, is called a Crdjati<yj<p.

Lemma 2 [11]. map f: A — Bis aIl,-e is a X, 1-embedding.

Definition 14 [11]. Theory T preservedfwit pect to the union of IT,-chains (or a-inductive) if an union
of any II,-chain of model of T' again is del of T'.

Definition 15 [11]. A model M d ¥, t1-saturated model if for any subset E C| M | less power
than M, for any model B =T s Cr, B, and any element b € B exists element m € M satisfying
,EUD).
ory, M |=T. Then the following conditions are equivalent:

o(@) which is

is'some b € By such that

mula ¢(Z) which is Boolean

pletion (i.e. D(T™*) — a-model completion) of T

. model AT is called X,4i-closed if for any model B =T and any formula
stants from A is performed A &= JZp(T) provided that A Cr, B and B = 3Tp(T).

Y a+1-closed models of theory T denote by X, (T).

[he following facts are well known.
Lemma 3 [17]. Let Ag, 8 < a, be some X,,-chain of models and A = Ug<oAg. Then
a, model A is a X,-extension of every model Ag;

2) any I, q-sentence which is true in all models Ag, is true in A.

Theorem 2 [17]. The following statements are equivalent (where n > 0):

1) sentence ¢ equivalent to both some ¥, and some IT,,11;

2) sentence ¢ equivalent to some Boolean combination %,,.

The result on the stability of theory is well known with respect to arbitrary chain of her models. Such theory
must be V3-axiomatizable. The following definition is considered a generalization of concept of induction, i.e.
stability with respect to a chain of models.
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Definition 18 [17]. A theory T is stable with respect to a union II,-chains (or a-inductive) if a union of any
II,-chain of models T is again a model of T

The following result is known in the connection with the above definition.

Proposition 5 [17]. The following conditions are equivalent:

1) T e Ha+20A;

2) a theory T is a-inductive.

A class of models of her center in the connection with perfectness a-Jonsson theory coincides with a class
of her X, 11 (T)-models.

Lemma 4 [17]. Let T be perfect a-Jonsson theory, T* be her center, A = T. Then A € ¥,41(T) & AR T*.

In future, we will work in the case when the theory mj;-model complete and so that to
(Theorem 2) in the definition of A — PJ-theory we suppose that A is contained in the Q,,
in = an N Hnl-

The following theorem is positive generalization of theorem (Theorems 2.6 and 2.7 [12]) in the
framework of study of (n1,ns)-positive Jonsson theories.

Theorem 3. Let T be perfect (n1,ng)-positive Jonsson theory, where ny = ng + 15 > Then the
following conditions are equivalent:

1) T is no-E.Q.;

3) T is ni-model complete;
4) any mo-chain of models, which belong to ¥,,,(7"), whose union is
eventually elementary.
It is easy to see that since all homomorphisms are immersio, e can use’all the necessary results from
work [11] without loss of generality for positive (n1,n2)-Jonsson t
Essential point in the proof of following result is a perfectne
Proof. A equivalence of the aforecited statements follows
a) (2) equivalent to (4) follows from Proposition 5 andfle ;
b) from (1) in (3) proof is obvious;
¢) from (3) in (1) follows from Theorem 2;
d) (1) equivalent to (2) follows from Theorem 2.

n theory in the sense of work [11].
ing three equivalences:
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A.P. Emkees, M.T. Omaposa
IMosutusTi (ny, ng)-ﬁOHCOH,Z[lJ pusLIapabIH,
9K3UCTEHIUAJIJIBI-TYUBIK MO/ piHiH Ti30esepi
Makasazna (11, ne)-HOHCOHIBIK TeopusiIap Tizbeaepinin e €OPETUKAJIBIK, KACUETTEP] KAPACTBIPBLI-
raH. COHBIMEH KaTap KapacCTBIPBLIBII OTHIPFAH TEODHAIA eJIbJli KOMIIAaHBOHHIH MarbIHACBIHA COMKeC
kesemi. Heri3ri aspiaran HOTHMKeIEp MBIHAIAM: KAl M, EHTI31/1/1i; N2 HO3UTUBTI TeOpUsJIap YIIiH

N2-KBAHTOPJIAD SIMMUHALUSCEL, (11, N2 )-HOHCOH] PUSICDI; 11-HOHCOHIBIK Ti30e; (M1, 72)-IO3UTUBTI

I/IOHCOH‘HBIK TEOPUSACHIHBIH epeKmemrl Kopceax

Kiam cesdep: (n1, n2)-HOHCOHIBIK, TEOD % .
HAIUACHI, 11-HOHCOHIBIK, Ti36e.

E&Emme& M.T. Omaposa

CTEeHIINAJIbHO-3aMKHYTBIX MojieJjieii
WBHBIX (11, N2 )-MOHCOHOBCKUX Teopuii

2 )-HOHCOH/IBIK, TEOPHSl, N2-KBAHTOPJIAD JJTAMU-

oro koMianboHa. OCHOBHBIE IIOJIyYeHHbIE PE3YJIbTATHI CJIEJYIOIINe: BBEJIEHbI HOBbIE TIOHSI-
WHAIWS KBAHTOPOB JIJTsl MO3UTHUBHON Teopuw, (n1, N2 )-HOHCOHOBCKAs TEOPUSI, N1 -HOHCOHOBCKAS
aHa 0COOEHHOCTH COBEPIIEHHOH (N1, N2 )-TIO3UTUBHON HOHCOHOBCKOI TEOPUH.

Karouesvie caosa: (n1,n2)-HOHCOHOBCKAs TEODH, MO3UTUBHASL (N1, N2 )-HOHCOHOBCKAS TEODHS, No-JIHMMU-
alus KBAHTOPOB, N1-HOHCOHOBCKASI IIEIIb.
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