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On the boundary value problem for the vibration and wavefprocesses
in two-dimensional environs

In the article research of the third boundary value problem for the two-dimensiona

Using the spectral decomposition for sufficiently smooth function, one c
representation of the deflection function for investigated problem in two-dime
function characterizes a membrane deviation from the equilibrium posi
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Vibration process of a flat homogeneous membrane i d by the equation

The rectangular membrane has sides a and b’ mbrane is fixed along side edges and is located
in a plane (z,y), where 0 < x < a, 0 < y
using of the initial deflection and the initi

To find the function u(x,y,t), chatacteriging the deviation from the equilibrium position of the
membrane (the deflection), it is néces to solve the equation of oscillations at the given initial
conditions

u(z,y,0) = ¢(z,y); (2)
ut(x7ya0) = w(‘,E?y) (3)
and with boundary
Jy,t) —hu(0,y,t) =0, uz(a,y,t) +hu(a,y,t) =0; (4)
uy(z,0,t) — gu(x,0,t) =0, wuy(x,b,t)+ gu(x,b,t) =0, (5)

are given constants [2].
unknown function u(x,y,t) characterizes the deflection of the membrane at the time ¢. The
on of problem (1) - (5) is founded in the form function, not identically zero.

u(z,y,t) = v(z,y) - T(t). (6)

We substitute the function expression u(z,y,t) in equation (1) and with dividing of both sides of
the equation by a? - v - T we obtain
T Ve 4 vy
a?T v

at the same time we don’t lose solutions since T'(t) # 0, v(z,y) # 0.

(7)
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The function (6) will be a solution of equation (1) if equality (7) is satisfied identically for all values
of the variables 0 <z < a,0 <y <b, t > 0.

The right-hand side of equality (7) is a function of variables (z,y) and the left side depends only
on variable ¢.

Therefore, equality in the ratio (7) is achieved when the right and left sides of (7) with changing

their arguments remain constant. Let it is equal to o.
T”(t) - Uxx(:l"a y) + Uyy(x7 y) _
= =o.
a?T(t) v(z,y)
From the ratio (8) we obtain the homogeneous differential equation of second orderder the fun

T(t)
T —6-a>T =0

and for the function v(z,y) we have the following boundary value problem

Vg + Vyy — 0V = 0; (10)
v.(0,y) + hv(0,y) =0, wv.(a,y)+ hv(a, (11)
vy(z,0) — gv(z,0) =0, vy(x,w (z,b) = (12)

As a result, our problem of the eigenvalues is the solvi homogeneous partial differential
equation (10) with the given boundary conditions (11),
The solution of the boundary value problem (10

~—

be sought in the form

v(z,y) = (13)
where the function v(z,y) # 0.
Substituting (13) into (10) and dividing | e equation on XY # 0, we obtain the following
relation
(14)
The right-hand side of equh is a function of variable x, and the left side depends only

on variable y. Hence, equ ratlo (14) is achieved when the right and left sides of (14) with
changing their arguments erainconstant. Let it is equal to p.

Yl/ + o Y X/l

—y = x =P (15)

From the equality 5) we obtain two homogeneous second-order differential equation

@ X"—pX =0, Y'—qY =0,

, q are constants and ¢ = o — p.
he boundary conditions for the functions X (x) and Y (y) follow from the boundary conditions
(11),%12) for the function v(x,y).

va:(()? y) - h’l)(O, y) - Y(y) [X/(O) — hX(0
(y) [X(

(0)
vz(a,y) + h(a,y) = Y(y) [X'(a) + hX(a)
vy(@,0) — gv(@,0) = X(2) [y’ (0)

vy(z,0) 4 gv(z,b) = X( (b)
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On the boundary value ...

Thus, we get two spectral eigenvalue problem

X"~ pX =0;
X(0) — hX(0) = 0;
X'(a) + hX(a) = 0;

Y" —qY = 0;
Y'(0) — qY'(0) = 0; 17)
Y'(a) + qY (a) = 0.
Note 1. We investigate for what values C the spectral problem
"—CZ =0;
(18)

aZ(0)+ BZ'(0) = 0;
a1 Z(l) + BlZ’(l) =0,

where Z = Z(2); 0 < z < l; I, a, a1, 3, 1 are initially given numbers,

as no ial solutions.

I. Let C =0, then Z” =0, Z(z) = Az + B, Z'(z) = A.

aZ(0)+ pZ'(0) = aB+ A =0;

alz( ) + ,81Z/( ) = oAl + a1 B + 1A =0;

_| B N

If o # 0 and a3 # 0 simultaneously, then A # 0 =

The particular case: a = a1 = 0.

Z" =0, Z(z) A + B,
{ 7'(0) = Z/(1) = 0, { 7(0) = =B#0
II. Let C > 0, C = 2, then

= Achuz + Bshuz;
Z’ = pAshpz + pBchpz;
a1 Achpl + a1 Bshul + SppAshpl + SipuBchpl = 0;

— A
A (alch,ul Gshul + Brushpl — afy ch,ul)

1_a_) Ch/'d_ </61:u_a_) Shﬂl7é0 VCY, Oél,,B, ﬁhleRa
B Bu

Z(z) = Aet* 4+ Be
( 2 " _ 27 ’
.C>0,C= u, Z Z—O:>{ Z/(Z):MAeuz_MBef/LZ;

=0=Z(2) =0,
_at+Bpu
B=—-" BuA
A (et — ealetBid o=ty gy pnt 4. Butlect) o=t} —

uw # 0 = e and e # linearly independent functions, hence their coefficients must be zero, but
(a1 + Bip) -V, (Brp 51)6(34-5#) v,
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+ IB = 0’ 'u . [e% v [e% [e%
LB ) - )l
a—fu a— (_&1 +

III. Let C <0, C = —)2, then
Z"+X2Z =0, Z(z) = Acos \z + Bsin Az, Z'(z) = —AXsin Az + B\ cos \z.
aZ(0)+ Z'(0) = aA + BAB = 0,
a1 Z(l) + 12" (1) = an(Acos Al + Bsin Al) + S1A(—Asin Al + B cos Al) = 0),
B=—g4,
A <a1 cos Al + ( ‘ml) sin A\l — SiAsin Al — a'Bl cos Al) = Q
afy ooy
(al - —) cos Al = (— + ﬂl)\) sin %

g BA
tgAl = % is a transcendental equation having roots. A # 0,

that the spectral problem (18) has non-trivial solutions ij’ < 0. We
spectral problem

Z(z) # 0. So, we got
notate C' = —\2, then the

Z"+X2Z =0;
Z'(0) — hZ(0) (19)
Z'(l)+ hZ
where 0 < z <l and h > 0 is the given constan on-trivial solutions.
Note 2. We will find the eigenvalues and eige ons of the problem (19).
Z/l
0) — )=0; 0<z<l,
A hZ(l) = 0;
) = Acos Az + Bsin \z.
A—hA =0
—AAXsin Al + BAcos Al + hAcos A\h + Bhsin Al = 0,
—>\ Sin AL+ 2% cos A + B sin A= 0)
hcos Al + = 5 sm)\l—():ctgkl (E—Q).
)\k cos \gz + hsin \gz); k=1, 2., Where A, are the roots of the equation ctgAl ==
sed on the notes 1 and 2 we have the following solutions of the problems (16), (17)
Xi(z) = Ap(Ag cos \gz + hsin A\gz), k=1, 2... (20)
p = —A?; A, are the roots of the equation ctgha = % (% — %) .
Yo () = Bp(pn cos pny + gsin pupy), n =1, 2... (21)
9 - _1(u_g
q = —p*; pyn are the roots of the equation ctgub = 3 (g u) .

58 Bectauk Kaparanmumckoro yHuBepcuTeTa



On the boundary value ...

Thus we have that the eigenvalues [3]
Ok = —Ap — i
corresponds to the proper function vy, from (20), (21). It has the following form
Ve = Cm (Mg oS8 Agx + hsin \gx) (y, €os pny + g sin pny), (22)

where C}, ,, are constants. We choose C},,, so that the norm of functions vy, is equal to

b
v2 (@, y)dzdy = C’,%n f (Ak cos Agz + hsin A\gx)2dx [ (1, cos pny + gsin puny)
0

Now we calculate the integrals from the equation (23)
a a
1
i A2+ h

Cr—

5

/()\k cos A\px + hsin \yz)?dx = 3 / [)\2(1 + 2\;x) + 2A\,hsin 0S 2)\kx
0
1[5 1.
=—|X;a+ =—sin2)\za | + h(1 —cos2 — s1n 2)\ka
2 2k
If \; are the roots of the equation ctgha = % (% — %) or _h , then
Argh (A2 — h?) A2 — h2)? — 4r2p2

in2:\0 = ————+ A
o= ey YN G

We substitute the values sin 2\;l and @fr a this ratios in the calculated integral. Thus, we
obtain

@ . 2 ANh(A2—h?)
E( (Mg cos A\gx + hs dr = a+ 2}% ’“)\2+h2) +
9 1 ANR(AZ-RD)
h (l - B ) =

21 12)2 42020 (A2 — B2) + h (A2 + B2) —
AR 02N+ 12) - 2nd (A 02| =
[(/\i +12)% - (a (A +h%) + h) +h (A + 23202 + h4)] —

(A2 + h?) + 23] = 2ithD+2h

a
A2 4+ B2 2h
Q @ / (Ag cos Ay + hsin /\kx)2 dx = a( N + 5 )+ . (24)

0

b
b(uz, + 9°) + 29

/ (tn €08 iy + g sin piny)? dy = 5 (25)
0
Taking into account (24) and (25) we have from (23)
2
Ck,n = . (26)

V1o OF +h2) + 28] - [ (42 + 62) + 2]

Cepusi «Maremarukas. Ne3(83)/2016 59



A N.Yesbayev, G.A.Yessenbayeva, [.A.Ivanov

As a result, we get the following

2
e \/[a (A2 4+ h2) + 2] - [b(u2 + g?) + 29]

Taking into account that o = p + ¢ and p = —\2, ¢ = —pu?, we derive o = )\2 + u
From (9) we have
T" +a® (N +p*) T =0.
Eigenvalues oy, ,, corresponds to the solutions of the equation (28) in the form

T n(t) = Dy pcosar/—opnt + Ej psinar/—og nt,

where Dy, ,, and Ej,, are arbitrary constants.
By (6) we receive that particular solutions of the problem (1)-(5) have t

(A cos Agz + hsin A\gx) (py, €os pny + gsin ppy) .

Uk (2,9, 1) = Vg (2, Y) - Thn(t) = Vi (2, y) - (Dk,n cosa + Fy, —Uk,nt) ;

on the principle of superposition the common solution of the proble efined by the formula

u(z,y,t) ZZ Dkncosa,/—aknt—i-EJ

k=1n=1

_Uk,nt) : 'Uk:,n(x7 y)’ (30)

(

where the functions v (2, y) are determined by the gqu .
nitial conditions (2) and (3) respectively

Now we define the coefficients Dy, and Ej ,, fron

kn) = 0(2,9);

ug(z, y Epnar/ =0k Vet (2, y). (31)

k=1 n=1
Since vy, are orthonormal ions then from the relations (31) we find he coefficients Dy, ,, and
Ek,n
a b
= / / o(@, y)ven (@, y)dedy;
0 0

b

Ek,n = (Z\/—;O'—]m//w(x7y)vk’n($7y)dmdy (32)

0 0

Q

e run, we receive the solution of our problem [4]

1
u(z,y,t =ZZZ - (Mg cos Agz + hsin A\gzx) X
k=1n= 1\/ (A2 + h2) +2h] - [b(u2 + ¢%) + 29]

X (b, €OS finy + gsin ppy) - (Dk,n cos a/—0knt + Ej nsina —O‘k’nt) ,

where A\ , u, are the roots of the equations
1 /X h 1/ g
e 2(h )‘), e 2(9 M)
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On the boundary value ...

respectively and the coefficients Dy, , and Ej,,, are calculated according to the formulas (32).
Thus we have found the function u(x,y,t). This function describes the membrane deflection from
the equilibrium position.
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A H. Ecbaes, I"'A. Ecenbaena, N.A.

Exiemmemal opragarbel TepoeaMeti KJ OJIKBIHBIK, ITPOIleCTEP
YIIiH MIEeTTIK ecerl I

MIHII TIeTTIK eCcenTi 3epTTey YChI-
iH OPTOHOPMAJIIBI MEHIMKTI PyHKIH-
abbutaapl. 2KeTKimKTi Teric dyHKIMsIAp
H CIEKTPJI BIIbIpay/Ibl TaiaaaHy eKioImeM I
TypaJibl HAKTHI AHAJTUTUKAJIBIK TYP/l AHBIKTA-

Maxkasiaga Mmem6paHaHbIH, 60C TepOeTiciHiy eKiommeM i

STHBIH, CBI3BIKTBI TOYEJICI3 KyileciHge KOMOMHAIINS B
VIIMH Tere-TeHJiKTeH MeMOpaHAHbBIH aybITKYbIH CHIla
OpTaJia 3€PTTEJII OTHIPFaH €CEIITEeP/IiH MANBIC
yFa MYMKIiHIIK Oepesi.

A.H. EcbaeByl'.A. Ecenbaena, 11.A. lBanos

O kpaeBoii 3aga4 oJiebaTeJIbHBIX 1 BOJHOBBIX IIPOIIECCOB
ABYMEPHBIX Cpeaax

B crarbe npejcras ¢ BaHME TPETbel KpaeBoil 3aJa4m Jyisi JByMEPHOI'O yPaBHEHHsI CBOOOIHBIX
Kojiebanmit MeMOPa €HMe MCXOMHOTO NuddEepEeHITNATBHOTO OMEPATOPa HAXOIUTCS B BUIEe KOMOWHA-
X 110 JINHE HE3A Off crucTeMe OPTOHOPMUPOBAHHBIX COOCTBEHHBIX (DYHKIHI HA 3aJaHHOM OTPE3-
EKTPAJIBHOTO PA3JIOYKEHUsl JJIsl JOCTATOYHO TJIaJKONW (DYHKIMH, XapaKTepHU3yroed
bl OT TIOJIO’KEHMs] PABHOBECHUsI, TIO3BOJIAET ONPEJIE/IATh TOTHOE AHAJIUTHIECKOE TPeJI-
UK TPOruda, IS UCCIIeIyeMOoil 3a1a9Yu B JBYMEPHBIX CPEIax.
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