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On Robinson spectrum of the semantic Jonsson quasivariety of unars

Given article is devoted to the study of semantic Jonsson quasivariety of universal unars of signature
containing only unary functional symbol. The first section of the article consists of basic necessary concepts.
There were defined new notions of semantic Jonsson quasivariety of Robinson unars JCir,its elementary
theory and semantic model. In order to prove the main result of the article, there were considered Robinson
spectrum RSp(JCy) and its partition onto equivalence classes [A] by cosemanticness relationy The characteristic
features of such equivalence classes [A] € RSp(JCy) were analysed. The main result is'the following theorem

of the existence of: characteristic for every class [A] the meaning of which is Robinsen théories of unars; class

[A] for any arbitrary characteristic; criteria of equivalence of two classes [A]1{[A]2. Thefobtained results
can be useful for continuation of the various Jonsson algebras’ research, particularly semantic Jonsson
quasivariety of S-acts over cyclic monoid.
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Introduction

The study of model-theoretic relations of classical algebras and their syntactic properties from the
Jonsson theories consideration, which are, generally speaking, incomplete, allows one to describe quite
broad classes of theories. The article is a_continuation of the work [1]. The authors of this article
aimed at deepening of the universal unar’s'semantic model’s characteristic study and strengthening
the existing result by considering new andwumore general notion of semantic Jonsson quasivariety, and
also by defining the notion of Robinson spectrum and its equivalence classes for unars.

The first section of the article gives the required notions of Jonsson theories, particularly Jonsson
spectrum and its related notions.\The second is devoted to the definitions connected with Jonsson
universal unars and their semantic model’s characteristic. The main section contains the definition
of arbitrary characteristic anid the main theorem on cosemanticness classes of factor-set RSp(JC) u,
obtained during research conduction. All necessary base definitions can be found in [2|, definitions and
notions concerning ‘Jonssen theories in [3-18].

All definitions that were not given in the current article can be extracted from [3].

1 Semantic Jonsson quasivariety

One of the important definitions, used by the authors of given article, is the definition of Jonsson
theory. Let us recall the conditions, that should be satisfied in order for a theory to be Jonsson.

Definition 1. [3;80] A theory T is said to be Jonsson, if:
1) T has at least one infinite model,

2) T is V3-axiomatising;

3) T has JEP property;

4) T has AP property.
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V-axiomatizing Jonsson theory is called the Robinson theory.
Let us recall some necessary notions from Jonsson model theory.

Theorem 1. [3;155] T is Jonsson iff it has a semantic model €.
The definition of Jonsson theory’s semantic model.

Definition 2. [3;155] Let T be a Jonsson theory. A model €7 of power 2/71 is called to be a semantic
model of the theory T if €7 is a |T'|"-homogeneous |T'|*-universal model of the theory 7.

The next definition was introduced by T.G. Mustafin.

Definition 3. [3;161] The elementary theory of a semantic model of the Jonsson theory T is called
the center of this theory. The center is denoted by 7%, i.e. Th(C') = T™*.

Since the current research is connected with consideration of Robinson spec¢trumyfor classes of
algebras, let us give the following conditions of Jonsson theories’ cosemanticness.

Definition 4. [3;40] Let T7 and T be Jonsson theories, T} and T be their.centres, respectively. T}
and T» are said to be cosemantic Jonsson theories (denoted by T > T3), if T} =T} .

Theorem 2. [3;176] Let T1 and T» be Jonsson theories, €7, and €z, be their semantic models,
respectively. Then the next conditions are equivalent:

1) €T1 > Q:TQ;
2) ¢ =5 Cpy;
3) ¢, =Cq,.

Let K be a class of models of fixed signature . Thén we can consider Jonsson spectrum for K,
which can be defined as follows.

Definition 5. [5] A set JSp(K) of Jonssondtheories of signature o, where
JSp(K) ={T | T is Jonssonstheory and K C Mod(T)}

is called the Jonsson spectrum for class@.

Hence, in the particular case, when the Jonsson theory is V-axiomatising we get the concept of the
Robinson theory, respectively, the notion/of the Jonsson spectrum allows us to consider the Robinson
spectrum.

Definition 6. A set RSp(K') of Robinson theories of signature o, where
RSp(K).= {T | T is Robinson theory and VA € K, A =T}

is called the Robinson spectrum for class K.

Definition 4sstates, that two Jonsson theories are cosemantic (77 &1 T3), if their centres are equal.
It is easy t0 check, that such cosematicness relation, given on a set of Jonsson theories, will be an
equivalence relation. The proof of this fact one can find in detail in [4]. Hence, based on theorem 2, we
can consider the cosemanticity relation on Jonsson spectrum JSp(K) and obtain a partition of JSp(K)
onto equivalence classes. We get a factor-set, denoted as JSp(K) /. The factor-set RSp(K) g will be
obtained correspondingly.

According to A.I. Malcev [2], quasivarieties of algebras are the classes of algebras, that can be set
by means of collection of quasi-identities (conditional identities). Quasi-identities are V-formulas, and
quasivarieties are presented as particular types of universally axiomatising classes of algebras. A class
R of algebraic system is called a quasivariety if there is such collection of quasi-identities of signature o
that this algebraic system consists of those and only those systems of signature o, in which all formulas
from o are true [2].
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We want to define semantic Jonsson quasivariety as follows. Let K be a class of quasivariety in the
sense of [2] of first-order language L, Ly C L, where Ly is the set of sentences of language L. Let us
consider the elementary theory Th(K) of such class K. By adding to Th(K) V3 sentences of language
L, that are not contained in the Th(K'), we can consider the set of Jonsson theories J(Th(K)) defined
as follows.

Denotation 1. A set J(Th(K)) = {A | A—Jonsson theory, A = Th(K)U{¢'}}, where ¢ € V3(Lo)
and @' ¢ Th(K) for some i € {0,1}, Th(K) is elementary theory of class of quasivariety K, V3(Lg) is
a set of all V3 sentences of language L.

According to theorem 1 the theory is Jonsson iff it has a semantic model. Hence every Jonsson
theory A € J(Th(K)) has its own semantic model €a. Let us consider the set of such semantic models
and denote it as JC.

Denotation 2. A set JC ={€a | A € J(Th(K)),€a is semantic model of A}.

We will call the set JC semantic Jonsson quasivariety of class K if its elementary theory T'h(JC)
is Jonsson theory.

2 Robinson spectrum of semantic Jonsson quasivariety.of.Robinson unars

We will consider some basic definitions, denotations, properties of arbitrary Jonsson universals,
necessary for proofing the main result of the article.

Denotation 3. [1] 1) If ' is collection or type of the sentenees, then Tt is following set of formulas

{peT: {pel: Tk p}EHv};
2) V is II; U X1, that is V is a collection of all universal and existential formulas.

Here, in the second item, II; denotes universal formulas, 31 denotes existential ones.

Definition 7. [1] 1) If T' = Ty, then T¥ is said te.be universal;
2) If T = Ty, then the theory T is called primitive.

Thus, by the universal we call a sétof all universal conclusions of Jonsson theory 7. The next
proposition plays an important roledn the proof of the obtained main theorem of the article.

Proposition 1. [1] Let Ty, Th be Jonsson universals. Then the following conditions are equivalent:

1) T1 = TQ;
2) €p ~ Cpy;
3) Ty =15

Cr, and €7, are semanticsmodels of Jonsson theories 77,15 respectively. Each model U of Jonsson
theory of unars 7" is'an unar. Consequently, the following fact is true.

Lemma 1.:[1] For any unar U the following is satisfied
UET < U embeds in €.

The following definitions are necessary for the construction of semantic model of cosemanticness
classes of Robinson spectrum for semantic Jonsson quasivariety of Robinson unars.

Definition 8. [1] 1) If A C €,a € €, then [A, a] denotes sub-unar, generated by subset AU {a}.

2) We will write tp%(a, A) = tp% (b, A) if there is such isomorphism ¢ : [A,a] ~ [A,b], that
o(c) =c¢,Ve € A, and ¢(a) = b.

Definition 9. [1] 1) If H is sub-unar €, f"(a) = h € H, f*(a) ¢ H for all k < n, then the element
h will be called input element from a in H, and number n will be called the distance from a to H.
In this case we will use denotation h = input(a, H),n = p(a, H). We will write p(a, H) = oo, if
f™(a) ¢ H,¥n < w.
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w,if f*(a k(a),¥n w
Q)X(a):{ Jif () # f*(a),Vn < k <

<n,m >, if <n,m >=min{<n,m >: f*(a) = f"T™(a)}.

Definition 10. [1] If a € €, then

k(a) [{b e €: f(b) =a}l

Definition 11. [1] A set {a1, ..., an} of elements € will be called m-loop, if a; # a;, f(a;) = a;41 for
all 1 <i<j<mand f(ap) = a.

The next definition determines the characteristic of semantic model of Robinson unar’s Jonsson
theory.

Definition 12. [1] A fourset (92, v, u,e) will be called a characteristic € and deneoted as char(¢), if

Q= {x(a):a €},

v w\ {0} - wU{oco} such that Vm > 0,

) k,if the quantity m —loops in € is equal to k < w,

v(m) = {oo,otherwise;

e Q — wU{oo} such that if & € Q and a € x(a), then wla) = k(a), if k(a) < w and p(a) = oo,
if k(a) = |€];

o {O,if H{a € €: x(a) =w}| =0,

00, otherwise.
The next lemma gives some useful specification to the definition of above-mentioned fourset.

Lemma 2. [1] If char(€) = (Q, v, u, ), then

1°. @ #Q C{w} U (w x w);

2°. (n,m) € Q&0 <k <n= (kfm) € ;

3°. v(m) >0« (0,m) €

4°. weN e =00

5. 19| =w=we

6°. (n,m) € Q= ((n+ 1Iim) ¢ Q< p*(n,m)=0;

7°. w ¢ Q& K w=TIm<w(v(m) =00)VIn<w,m<w((n,m) e Q&u(n,m) = co);
8. | & {u(w) > k,if 3kl <.w(/~c = max{p(n,m) € Q,n+m > 1});

p(w) = oo, otherwise.

8 Main result

The theory Thy(U) of all universal sentences, true in U is the Jonsson theory. This statement was
proven in the work [1]. By virtue of V-axiomatisability of elemantary theory of unars, Thy(U) is the
Robinson theory of unars.

Thus, we use the denotation 2 of semantic Jonsson quasivariety of class K and consider a set JCyr =
{€a | A € J(Th(K)), €A is a semantic model A} of signature oy =< f >, where A is a Robinson
theory of unars, f is unary functional symbol. Such JCy; defines semantic Jonsson quasivariety of
Robinson unars.
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Figure 1. Semantic Jonsson quasivariety of Robinson unars JCy

We can see on the figure 1, that 1, 2, 3 are €a,, €a,, €a,, which are semantiemodels of [Aq], [Asg],
[As] respectively. The semantic models consist of unars of length 0, 1, 2 and so.on.
Let us define the Robinson spectrum of the set JCy as follows.

Definition 13. A set RSp(JCy) of Robinson theories of signature .oy, where
RSp(JCy) = {A |A is Robinson theory of unars and, V€A € JCy, €A | A}

is called the Robinson spectrum for class JCy7, where JCg; is semantic Jonsson quasivariety of Robinson
unars.
Further we can consider the notion of cosemanticness relation on Robinson spectrum RSp(JCy)

and get the partition RSp(JCy) on equivalence classes. As a result we obtain a factor-set, denoted as
RSp(JCy) /sq and consisted of equivalence classes parted by cosemanticness relation [A] € RSp(JCy ) /-

Remark 1. Everywhere in this section [A] denotes an equivalence class of Robinson theories of
unars parted by cosemanticness relation, on Robinson spectrum RSp(JCy), €[] denotes this class’s
semantic model.

According to theorem 2 and definition 6 we can deduce the conclusion, that char(€a)) defines
similarly to char(<) from definition 12 for every semantic model €5 of every class [A].

Definition 14. As a charaeteristic Char([A]) we will understand Char(€a)).

Lemma 3. For classes [A1], [Aa] of Robinson theories of unars the following conditions are equivalent:

1) [Aq] is equivalent to [As];

2) Char([A])= Char([Ag)).

Proofil)'= 2) According to the theorem 2 if two classes are equivalent, then their semantic models
will be equal.te each other. Therefore, the characteristics of those models will also be equal to each

other.
2) = 1) follows from the fact that Char(€a]) defines the semantic models €[5} up to isomorphism.

Hence €j5), > €[5}, , according to proposition 1.

Definition 15. [1] An arbitrary fourset (™*,v** p**,e**) will be called a characteristic if the
following conditions are satisfied:

1) @ # Q" C{w}U(w xw);

2) v w\ {0} > wU{o0};

3) O — wU {oo};

4) e =0 or " = o0;
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1) 1907 = w = wlw) > k,if 3k, 1 < w(k = max{u(n,m): (n,m) € X* n+m >1});
u(w) = oo, otherwise;

12) p**(w) > 0.
Lemma 4. Char(€a)) is characteristic.
Proof. Follows immediately from lemma 2.

Theorem 3 (Main theorem). 1) Every class [A] has a characteristic.
2) For any characteristic 7 there is a class [A], that has characteristic 7.
3) Two classes [A1], [Ag] are equivalent iff their characteristics are equal.

Proof. Ttems 1) and 3) are proven in lemmas 2 and 3 respectively.

2) Let us consider given arbitrary characteristic m = (Q**, v**, g** &**).3We need to define class
[Al;, that is the equivalence class of Robinson theories of unars parted by cosemanticness relation on
Robinson spectrum RSp(JCyr) of characteristic m. Let us start from the denotation of collection of
universal sentences of unars’ language

Qrm = Ya(f*(z) = [ (@) A (&o<icjontm [ (@) Z0f7(8) = Yy, yepr (N F (i) = () —
&1<icj<kr1¥i = Yj)-

Qk,n,m expresses "x(z) = (n,m) = k(z) < k”.

Py is Var, o,z (NS (F™ (@) = 2 AN L P (@) # 20)] = &i<iciciitpa e o [ (@) =
().

P,,, states that the quantity of m-loops.is no more then I

Ry, is Vo (x = f™(x) AN re # i)

R,, expresses the absence of m-loops.

®,, is Vo (f™(z) # x). No ¢omments needed here.

Ey is VaVy, oo, Yot (N F W), = @ Vi<icj<ri1¥i = Uj).

F, & VYo € O (p™*(a) <mhe Yalk(z) <r).

By is Va(Ao<icj<mf @V F(2) = YY1, o Yt (N F (i) = T = Viicj<ri1¥i = Y))-

E, » states that'if x is notsan elemnt of s-loop for all s < m, then K(z) <r.

I |07 < w aud o @0, then D is Y Viymyeqr (Vosicicntm 1 f1(z) £ FI(@) A 7(x) =
frm ).

In this«case DE </ Vz(x(z) € Q).

Let1is moveton to definition of [Al;.

Case 1. €™ = o0.

By the condition 5) of definition 15 it is equivalent to w € Q**. By the condition 12) p**(w) > 0.

Case 1.1. Q" \ {w} # @.

Case 1.1.1. p**(w) = oc.

Let Oges yox yos be {Qrpm : (n,m) € X\ {whk = p*(n,m)} U{Pm:0<m<wl<1 =
v**(m) <w}U{Rpy : 0 <m < w,v*™*(m) =0}.

We suppose [A]r = Qgux s e

Case 1.1.2. p™*(w) =7 < w.

Let [A]ﬂ— = GQ**vV**vﬂ** U {FT}

Case 1.2. Q" = {w}.

Case 1.2.1. g™ (w) = o0
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By definition [A]; = {®,, : 0 < m < w}.

Case 1.2.2. p**(w) = 1.

By definition [A]; = {®,, : 0 < m <w} U{F,}.

Case 2. ™ = 0.

Note, that in this case by conditions 5) and 8) w ¢ Q** and |Q2**| < w. Let us suppose [A], =
{Qinm : (n,m) € O k=p*(n,m)}U{Ppm:0<m<wl<1l=v"m)<w}U{D§}. Itis not
hard to check, that in every case [A], is the equivalence class of Robinson theories of unars parted
by cosemanticness relation on Robinson spectrum RSp(JCy) and Char(€s) ) = 7. The theorem is
proven.
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A.P. Emikees, A.P. dpymmuna, C.M. Amantekos, M.T. KaceimeroBa

Axademur E.A. Boxemos amuwindazv, Kapazandv, yrusepcumemi, Kondarbaiv, Mamemamura uHCmumymo,
Kapazarndv,. Kasaxcmar

YHapJaapablH CEMaHTUKAJBIK, MOHCOHABIK KBAa3UKOIITYPJJIIKTEPiHIH,
POOMHCOH/JIBIK CIIEKTPI

Maxkasia curaaTypacbl TeK 6ip OpBIHIBL (DYHKIIMOHAJIBIK, CUMBOJIIAH TYPATBHIH, YHUBEPCAJIbI YHAPJIAP-
JIBIH, CEMaHTHKAJIBIK, HOHCOHIBIK, KBa3UKOMITYPIIKTEPIH 3epTTeyTe apHasran. Makamaubry Oipinmi 6estimi
Herisri Kaxerri yreiviapian Typagibl. Conbiven karap JCpy pOOHMHCOHIBIK, yHAPJIAPILIH, CEMAHTUKAJIBIK,
MOHCOH/IBIK, KBA3UKOITYPJILIIKTEPIHIH, OHBIH 3JIEMEHTAPJIBI TEOPUSICHI MEH CEMAHTHUKAJIBIK MOJIE/IHIH, KaHa
Tycimikrepi anbikTaanpl. MakamanbHEeri3ri Hotnkecin monenney yirin RSp(JCy) poGHMHCOHIBIK CIIEKTD
JKOHE OHBIH KOCEMaHTTHI KABBIHAC aPKBLIbI [A] 9KBUBAJIEHTTIK KiacTapra Gesiinyi KapacToIpbuirad. MyHaii
[A] € RSp(JCy) sKkBuBaJIeHITIK KJIACTAp/IbIH CHIATTAMAJBIK epeKileaikrepl Tangasrad. Moni yHapiap-
JIBIH, POOMHCOHJIBIK, TEOPUSIIAPLL 60IaThH opbip [A] yimin ke3meficok cnnaTTaMaHbIH; Ke3 KEJITeH Ke37eHCOK
cunarraMa yunid [A] Kiaceiabie; exi [A]q, [A]z KiacTapblHbIH 9KBUBAJEHTTLIK KpuTepuiiinin 6ap 60iy Teo-
peMachl Herisri HoTuzKe OOMBIN TabbLIa bl AJTBIHFAH HOTUXKEJIED 9PTYPJIi HOHCOHIBIK, ajarebpasiap/ibl, aTall
afTKaHIa, TUKJITMOHON apPKbIIbl aHBIKTAJIFAH IOJUTOHIADIBIH, CEMAaHTUKAJBIK, HOHCOHIBIK, KBa3UKOII-
TYPJAIKTepP/i 3epTTEYl 2KAJFACTBIPY YIIH Maii1aabl 60Iybl MYMKIH.

Kiam cesdep: MOHCOHIBIK TEOpHUsl, YHAPJIAP, YHUBEPCAJIBI TEOPUsl, POOUMHCOHIBIK, TEOPUSs, KBA3ZUKOITYP-
JIUTIK, (CEMaHTHKAJIBIK, HOHCOH/IBIK, KBA3UKOIITYPJITK, HOHCOH/IBIK, CIEKTD, POOMHCOH/IBIK, CIIEKTD, SKBUBA-
JICHTTIK KJIACC, KOCEMaHTTBLIBIK.
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A.P. Emkees, A.P. dpymmuara, C.M. Amanbekor, M.T. KaceimeroBa

Kapazanduncrkut ynusepcumem umenu axademuka E.A. Byxemosa, Hncmumym npukaadnol mamemamuru,
Kapazanda, Kasaxcman

PobunconoBckMii CIIEKTP CEMAaHTUYECKOTO MIOHCOHOBCKOTO
KBa3MMHOT000pa3us YHApPOB

Crarbsl TOCBAIIEHA U3YYCHUIO CEMAHTUIECKOTrO HOHCOHOBCKOTO KBAa3UMHOT00Opa3usi yHUBEPCAIbHBIX YHA-
POB CHUTHATYPBI, COJeprKaIlleil eIUHCTBEHHbINH (DYHKIIMOHAJIBHBIN cuMBoJI. [lepBblit pa3mges crarbu COCTOUT
u3 6a30BBIX HEOOXOMMBIX TOHSTHIA. BN OlpejiesleHbl HOBBIE MOHSITUSI CEMAHTHYECKOIO HOHCOHOBCKOTO
KBazuMHOroobpasusi pobunconoBckux yuapos JCy, ero ajieMeHTApHON TEOpUHM M CEMaHTUYECKOMN \ MOe-
s, Jlyist Toro 9Tobbl OKA3aTh TVIABHBINA PE3yJIbTAT CTATHHU, OBLIH PACCMOTPEHBI POOMHCOHOBCKMI CHEKTD
RSp(JCy) u ero pasbueHne Ha KJIacChbl SKBUBAJIEHTHOCTH [A] ¢ IOMOIIBIO OTHONIEHHSKOCEMAHTIHIHOCTH.
IIpoananu3upoBaHbl XapaKTepPHbIE OCOGEHHOCTH TaKUX KJaccoB skeubasjeHTHocreil [A] @ RSp(JCy). Oc-
HOBHBIM DE3YJIbTATOM SIBJISETCS CJIEYIONasi TEOPEMa O CYIIECTBOBAHUU: IIPOM3BOJILHOM XaPaKTEPUCTUKU
JUIs Kaxkaoro [A], 3HaUeHNe KOTOPOro-poOHHCOHOBCKME TEOPUH YHAPOB; Kiace [A] Ayist aioboit Ipon3Boiib-
HOI XapaKTEPUCTUKW; KPUTEPHH SKBUBAJIECHTHOCTH KJaccoB [Alr, [A]z. IlomyduéHubIe pe3ynbTaThl MOTYT
OBITH II0JIE3HBI B IIPOJIOJIZKEHUH WCCJIEJIOBAHUS PA3IUYHBIX HOHCOHOBCKUX aJredp, B 4aCTHOCTH, CEMAHTH-
YECKOr0 HOHCOHOBCKOI'O KBa3UMHOIOOOPA3usl MOJUTOHOB HAJL IUKJIXIECKIM MOHOUIOM.

Karouesvie crosa: TIOHCOHOBCKAs TeOpHUsd, YHAPDI, YHUBEPCAJIbHAS TeOPHs, POONHCOHOBCKAs TEOpUs, KBa3H-
MHOroo0pa3sue, CeMaHTHIeCKOe HOHCOHOBCKOE KBa3MMHOroo0pa3ne, HIOHCOHOBCKNN CIIEKTD, POOMHCOHOBCKU
CITEKTP, KJIACC YKBUBAJEHTHOCTH, KOCEMAHTHIHOCTb.
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