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On the existence and coercive estimates of solutions to the Dirichlet
problem for a class of third-order differential equations
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As you know, the third order partial differential equation is one of the basic equations of wave theory.
For example, in particular, a linearized Korteweg-de Vries type equation with variable coefficients models
ion-acoustic waves into plasma and acoustic waves on a crystal lattice. In this paper, the properties of
solutions of a class of the third order degenerate partial differential equations with variable coefficients
given in a rectangle were studied. Sufficient conditions for the existence and uniqueness of a strong solution
have been established. Note that the solution of the degenerate equation does not’ retain) its smoothness,
therefore, these difficulties in turn affect the coercive estimates.
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Introduction

In the rectangle Q = {(x,y) : —7 < z < ;0 <N}, the problem

o? ou? 0
Lt piu = —k(y) 55 = 7 4 olgeht cly)u+ pu = f(2y) € La(9), (1)
ul®) (—f M= ul (7, y), a=0,1,2, 2)
u(z,0) = u(z, 1), (3)

is considered.

Suppose that the coefficients k(y), a(y), c(y) of equation (1) satisfy the conditions:

1) k(y) > 0 is afpiecewise’ continuous function on the segment [0, 1] and k(0) = 0;

2) a(y) > 09, clyf) >0 > 0 are continuous functions on the segment [0, 1].

Equation (1) degenérates along the line y = 0, i.e. at these points equation (1) changes order. This
means that solutions do not retain their smoothness, hence these difficulties in turn affect the coercive
estimates of solutions.

Many papers [1-13] and the works cited there are devoted to the study of partial differential
equations of the third order. From these works and from a review of literary sources, it follows that
previously differential equations without degeneracy were mainly studied.

To present the results obtained regarding this work, we will need the following designations and
definitions. By W3 (2) we denote the S.L. Sobolev space with norm ullyr 0= [Huyﬂg + Juz|3 4 Hqu]%

5% (92) is a set consisting of infinitely differentiable functions and satisfying conditions (2)-(3).
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Definition 1. A function u(z,y) € L2(€2) is called a strong solution to problem (1)—(3) if there

exists a sequence of functions {u,} C C§% (), such that
lun = ull ) = 0, ([ Lun = fll1, ) — Oasn — 0.

Theorem 1. Let the conditions 1)-2) be fulfilled. Then for u > 0, for any f(z,y) € L2(Q2) there is
a unique strong solution to the problem (1)—(3).

Theorem 2. Let conditions 1)-2) be fulfilled. Then for p > 0, for any f(z,y) € L2(Q2) there is a
unique strong solution to the problem(1)—(3) such that the coercive estimate

[ull 2.0 < CI(L A+ pl)ul,

is valid for it, where C' > 0 is a constant, || - ||2 is the norm of Ly().

1 Proof of Theorems 1-2

In what follows, we denote by (L + pl) the operator corresponding to problem (1)-(3).
Lemma 1. Let the conditions 1)-2) be fulfilled. Then the following inequality

(L + pL)ully = (60 + A) [lully (4)

holds for all uw € D(L), where 69 > 0, > 0. D(L) is the domain ef definition of the operator L.

Proof. Consider the functionality < (L + pl)u,u >, 4 @DQL), where < -,- > is scalar product in
Ly(Q). Integrating in parts, we get an estimate (4). Lemumanl is proved.

Using the Fourier method, we reduce the problem, (W)-(3) to the study of the following differential
operator with the parameter n (n = +0, £1, £2W,.):

(In + pD)2(y) = =2 (y)t Cik(y)n® + inaly) + c(y) + 1)=(y),
where z(y) € D(ly,), D(l,,) is the domaifi ofydefinition of the operator [,.
Lemma 2. Let the conditions 1)<2) Befulfilled. Then the following inequality
Wi + pD)zlly = (60 + 1) 1211,

holds for all z(y) € D(l,, BuF), where || - ||2 is the norm of the Hilbert space L2(0,1). D(l,) is the
domain of definitiongoef the operator [,,.

Proof. Let us dendte by 002 [0, 1] the set consisting of doubly differentiable functions and satisfying
condition (3). Let z(y)€ C3[0, 1] and consider the functional

1
<(n+pl)z,z >= /O 1217 + (cly) + w)|=” + (in’k(y) + ina(y)) =]’ dy. ()

Hence, using the properties of complex numbers, we find that

1 1
| < (n+pl)z,2>| > /0 12" + (c(y) + w)|2|"]dy > /O (121> + (6 + p)|2I*)dy. (6)

From the last inequality, using the Cauchy-Bunyakovsky inequality, we have

| (Tn + p1I)z]ly > (80 + ) [2]]5 -

Hence, and by virtue of the continuity of the norm in Ls(0,1), we will be convinced of the validity
of the last estimate for all z(y) € D(l,,). Lemma 2 is proved.

Mathematics Series. No.2(114),/2024 179



A.O. Suleimbekova, B.M. Musilimov

Lemma 3. Let the conditions 1)-2) be fulfilled and g > 0. Then for the operator (I, + pf) there is
a bounded inverse operator (I, + uI)~! defined on the whole Ly(0, 1).

Proof. Lemma 3 is also proved as Lemma 2.3 of [14,15].

Lemma 4. Let the Conditions 1)-2) be fulﬁlled and p > 0. Then the following estimates are valid
for operators (I, + pI)~" and 2 2y (o + 0l )t

1
[+ nD) sz < 5o (7
. 1
[l + D)7, < |n|—,50= n #0; (8)
Hiumu)-l <t )
dy 259 (6-I—u )2

where ||-[|5_,5 is the norm of the operator from Ly(€2) to La(£2). 6
Proof. From Lemma 2 we have
. 2
(I + 1) ||2—>2—5_|_H K

Inequality (7) is proved.
Using inequality (5) and properties of complex numb nd that

< (ln+pl)z, z>>| ) +ina(y))|z2dy). (10)
Note that by virtue of condition 1)-2) the fu tion ) and a(y) do not change signs, therefore, from

the inequality (10) we find that

(In —l—u&Q / lin®k(y) + ina(y)| - |2|*dy. (11)
From (11) and given a(y) A50|>Q have

[ + pI)zlly = [nldo [|2]l5 -
Hence, using t ition of the operator norm, we obtain the following estimate:
[+ 8Dy S s 00,
In| - 0o
Inequality (8) is proved.
Using inequalities (4) and (6) we find that

1 .
5 1 1) o 2 (121

Hence, according to the definition of the operator norm, we find

Lprpny | < —1
22 (64 p)2

de

Inequality (9) is proved. Lemma 4 is proved.
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Proof of Theorem 1. Using Lemma 3, we obtain that

n=k

up(z,y) = > (In+pl) 7 faly) - €™
n=—k
is the solution of the following problem:
G (-my) =) (my), a =012, (13)
uk(,0) = u(ar, 1) = 0, (14)
where fi(z,y) = f(2,), fi(z,y) = E:kﬁx y) e it =1
From inequality (4) and using the fundamentality of the sequence { fk e have

Joute.0) ()l € 5 eCo) = )l %&m%@

From the last inequality and by virtue of the completeness o@ ilbert space La(£2) we have

up(,y) " (2 (15)
Further, using the equalities (12)—(15) for any ) 2(€2), we obtain that
u(@,y) = (L+pl)” (o + pD) " fly) - €™ (16)
is a strong solution to the problem ¢ theorem is proved.
Proof of Theorem 2. From (16) f the orthonormality of the system {ei"*}

. @ 2

>+ AR - e

n=—

oo
=21 Y |[Un 4 pD) faly) e anHLg(O S
L2(0,1) n=—o0

2
lullz =

(o)
<2 3 ||+ —1}|§%2-ufn<y>||%2(0,1)siul}ouanwn—luiﬁ Z 117 0y <

n=-—o00 n n=-—o00

_ 2
< sup [+ 1) 1 @ 90 - (17)

Here we note that we used by virtue of the orthonormality of the system {e*}, i.e.

S hly oS )

n=-—00 Ly () n=—o00

2
If (29l =

From estimates (17), (4) and (7) we obtain that

1

m)2 1 () 70 0 -

ull7 ) < (
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From here we finally have

lully < (@)l L, > (18)
where Cq = 6+
Next, we calculate the norm ||ug||, :
luzlfy = || Y inlln +pl) e < sup [|in(ln + )73y 27 3 1@ a0 <
n=—00 La(Q) n n=-—00

. —1112
< S{ug) |TL|2 ’ ||7’n(ln + ;U’I) 1”2_>2 ’ Hf(xay)H%z(Q)

Hence and from inequality (8) we have

1

F@, )7, -
~‘\\.

[zl L) < Collf (2,9l Ly ) » K (19)

17,0 <S{up|n| lin(t + 1) M5y 1F @)1, 0) <sup!n|

Hence

where Cy = ——.
(0+p)2
Then, repeating the above calculations, we get the fcglo in

|“y||L2 < Cslf (20)

where Cy = %.
Using the equalities (18)—(20), we find that

It Cllf(z,y HLQ(Q):
where C' = max{C1, Co,C3}. The t& proved.
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Yimimmi perti nuddepeHnnaIIbIK, TeHAeyaepIaiH 6ip KJachl YITiH

184

Jupuxie ecebi mertiMaepiHiy 6ap 60Jybl >KOHE KOIPIIUTUBTI
OaraJsiayJiapbl TypaJibl

A.O. Cyneitmberosa, B.M. Mycummos
M. X. Jysramu amwundazwve Tapas eHipaix ynusepcumemi, Tapas, Kazaxcman

Bimerinimizmeit yrmiammi perti mepbec TYBIHABLIB AuddOEPEHITHATILIK, TEHIEYIep TOJIKLIHIAD TEOPUSIChI-
HBIH, Heri3ri Tenjeysepinin 6ipi. Mbicasbl, affHbIMabl KO duimeHTTi chi3bikTaaran Kopreser—mae @pus
THUITI TeHJleyi NOHIBIK aKYCTHKAJIBIK TOJKBIHIAPIbl KPUCTAIBIK, TOPIAAFHI INIA3MAJIBbIK, JKOHE aKyCTHKAJIBIK,
TOJIKBIHIAPFa MOIeIb el . 2KyMbIcTa TIKTOpTOYPHITITa OepireH affHBIMATBI KOIMMUITHEHTT] YITIHIT PeT-
Ti Iepbec TYBIHBLIBI €CeJIEHIeH TeHIeyIep il Oip KJIaChIHBIH MMM IepiHiH, KacueTTepi 3eprresred. Kymrri
mIenriMHig 6ap OOJIybI MEH YKAJIFBI3AbIFbIHA »KETKIUIIKTI mapTrap aJblHFaH. KcejeHreH TeHJeyIiH mIemrimi
©31HIH TericTiriH cakTaMalTBIHBIH €CKEPCEK, OYJI KUBIHIBIKTAD ©3 Ke3eriHje KOIPIUTUBTI Garajayra ocep
eres.

Kiam cesdep: pe3osibBeHTa, yHuHIN perti auddepennnanabik TeHaeyiaep, dnpuxuie ecepi, KoIpruTuBTi
baraJiayJiap.

O cyimecTBOBaHMM M KO3PIIMTUBHBIX OIEHKAX pelleHuil 3a1a9u
upuxije ajias ogHoro KJjacca auddpepeHnnaibHbIX ypaBHEHUIA
TpeThero Nopsi/jiKa

A.O. Cyeitmbexona, B,M. Mycuimmmos
Tapasckuti pezuonarvruli ynusepcumem umenyu M. X. dysamu, Tapas, Kazaxcman

Kak u3BecTHO, ypaBHEHUs B YaCTHBIX LPOU3BOIHBIX TPETHETO IOPSIKA SBJSIOTCA OJHUM H3 OCHOBHBIX
yPaBHEHNU TeOpHH BOJIH. B YacTHOCTH, JUHeapu3oBaHHOe ypaBHeHue tuna Kopresera—ne Ppusa c me-
peMeHHBIMU KO(bDUIMEHTAMI MOEIN PR NMOHHO-AKYCTUIECKNE BOJIHBI B ILJIA3MEHHBIE M AKyCTUYECKUe
BOJIHBI Ha KPUCTAJIJINYECKON DelméTke. BraHHOl paboTe MCCIeOBAaHbI CBOWCTBA PEIEHHIl OJTHOTO KJlacca
BBIPOXKTAIONINXCS YPAaBHEHUN B Wa@THBIX MPON3BOJIHBIX TPETHETO MOPSIKA C TIEPEMEHHBIMU KO3 PUITEHTA~
MW, 33/IAHHBIX B IPAMOYTOIbHUKE. "WCTAHOBJIEHBI JOCTATOYHbBIE YCIOBHS CYIIECTBOBAHUS U € INHCTBEHHOCTH
CUJIBHOT'O peIlleHus. 3aMeLnM, U4TO pellleHre BBIPOXKJIAIOIIErocsl YPaBHEHNsI He COXPAHSIET CBOIO IVIAKOCTh,
CJIEIOBATEJILHO, 3TH TRYIHOETH, B CBOIO OYEPE/Ib, BIUAIOT Ha KOIPIUTUBHBIE OIEHKU.

Kmouesvie cadéa: ped@mbeenTa, qudepeHnnaabable ypaBHEHUsI TPETHETO MOPsaKa, 3aaada Jupuxite, Ko-
SPIUTUBHbBIE OICHKH.
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