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On the existence and coercive estimates of solutions to the Dirichlet
problem for a class of third-order differential equations
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As you know, the third order partial differential equation is one of the basic equations of wave theory.
For example, in particular, a linearized Korteweg-de Vries type equation with variable coefficients models
ion-acoustic waves into plasma and acoustic waves on a crystal lattice. In this paper, the properties of
solutions of а class of the third order degenerate partial differential equations with variable coefficients
given in a rectangle were studied. Sufficient conditions for the existence and uniqueness of a strong solution
have been established. Note that the solution of the degenerate equation does not retain its smoothness,
therefore, these difficulties in turn affect the coercive estimates.

Keywords: resolvent, third order differential equation, Dirichlet problem, coercive estimates.

2020 Mathematics Subject Classification: 39A14.

Introduction

In the rectangle Ω = {(x, y) : −π ≤ x ≤ π; 0 ≤ y ≤ 1}, the problem

Lu+ µu = −k(y)
∂3u

∂x3
− ∂u2

∂y2
+ a(y)

∂u

∂x
+ c(y)u+ µu = f(x, y) ∈ L2(Ω), (1)

u(α)
x (−π, y) = u(α)

x (π, y), α = 0, 1, 2, (2)

u(x, 0) = u(x, 1), (3)

is considered.
Suppose that the coefficients k(y), a(y), c(y) of equation (1) satisfy the conditions:
1) k(y) ≥ 0 is a piecewise continuous function on the segment [0, 1] and k(0) = 0;
2) a(y) ≥ δ0, c(y) ≥ δ > 0 are continuous functions on the segment [0, 1].
Equation (1) degenerates along the line y = 0 , i.e. at these points equation (1) changes order. This

means that solutions do not retain their smoothness, hence these difficulties in turn affect the coercive
estimates of solutions.

Many papers [1–13] and the works cited there are devoted to the study of partial differential
equations of the third order. From these works and from a review of literary sources, it follows that
previously differential equations without degeneracy were mainly studied.

To present the results obtained regarding this work, we will need the following designations and
definitions. ByW 1

2 (Ω) we denote the S.L. Sobolev space with norm ‖u‖2,1,Ω = [‖uy‖22 +‖ux‖22 +‖u‖22]
1
2 .

C∞0,π(Ω) is a set consisting of infinitely differentiable functions and satisfying conditions (2)-(3).
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Definition 1. A function u(x, y) ∈ L2(Ω) is called a strong solution to problem (1)–(3) if there
exists a sequence of functions {un} ⊂ C∞0,π(Ω), such that

‖un − u‖L2(Ω) → 0, ‖Lun − f‖L2(Ω) → 0asn→ 0.

Theorem 1. Let the conditions 1) - 2) be fulfilled. Then for µ ≥ 0, for any f(x, y) ∈ L2(Ω) there is
a unique strong solution to the problem (1)–(3).

Theorem 2. Let conditions 1) - 2) be fulfilled. Then for µ ≥ 0, for any f(x, y) ∈ L2(Ω) there is a
unique strong solution to the problem(1)–(3) such that the coercive estimate

‖u‖1,2,Ω ≤ C ‖(L+ µI)u‖2

is valid for it, where C > 0 is a constant, ‖ · ‖2 is the norm of L2(Ω).

1 Proof of Theorems 1-2

In what follows, we denote by (L+ µI) the operator corresponding to problem (1)–(3).
Lemma 1. Let the conditions 1) - 2) be fulfilled. Then the following inequality

‖(L+ µI)u‖2 ≥ (δ0 + λ) ‖u‖2 , (4)

holds for all u ∈ D(L), where δ0 > 0, µ ≥ 0. D(L) is the domain of definition of the operator L.
Proof. Consider the functionality < (L+ µI)u, u >, u ∈ D(L), where < ·, · > is scalar product in

L2(Ω). Integrating in parts, we get an estimate (4). Lemma 1 is proved.

Using the Fourier method, we reduce the problem (1)–(3) to the study of the following differential
operator with the parameter n (n = ±0,±1,±2, ...):

(ln + µI)z(y) = −z′(y) + (−ik(y)n3 + ina(y) + c(y) + µ)z(y),

where z(y) ∈ D(ln), D(ln) is the domain of definition of the operator ln.
Lemma 2. Let the conditions 1) - 2) be fulfilled. Then the following inequality

‖(ln + µI)z‖2 ≥ (δ0 + µ) ‖z‖2

holds for all z(y) ∈ D(ln + µI), where ‖ · ‖2 is the norm of the Hilbert space L2(0, 1). D(ln) is the
domain of definition of the operator ln.

Proof. Let us denote by C2
0 [0, 1] the set consisting of doubly differentiable functions and satisfying

condition (3). Let z(y) ∈ C2
0 [0, 1] and consider the functional

< (ln + µI)z, z >=

∫ 1

0
[|z′|2 + (c(y) + µ)|z|2 + (in3k(y) + ina(y))|z|2]dy. (5)

Hence, using the properties of complex numbers, we find that

| < (ln + µI)z, z > | ≥
∫ 1

0
[|z′|2 + (c(y) + µ)|z|2]dy ≥

∫ 1

0
(|z′|2 + (δ + µ)|z|2)dy. (6)

From the last inequality, using the Cauchy-Bunyakovsky inequality, we have

‖(ln + µI)z‖2 ≥ (δ0 + µ) ‖z‖2 .

Hence, and by virtue of the continuity of the norm in L2(0, 1), we will be convinced of the validity
of the last estimate for all z(y) ∈ D(ln). Lemma 2 is proved.
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Lemma 3. Let the conditions 1) - 2) be fulfilled and µ ≥ 0. Then for the operator (ln + µI) there is
a bounded inverse operator (ln + µI)−1 defined on the whole L2(0, 1).

Proof. Lemma 3 is also proved as Lemma 2.3 of [14,15].

Lemma 4. Let the conditions 1) - 2) be fulfilled and µ ≥ 0. Then the following estimates are valid
for operators (ln + µI)−1 and d

dy (ln + µI)−1:

∥∥(ln + µI)−1
∥∥

2→2
≤ 1

δ + µ
; (7)

∥∥(ln + µI)−1
∥∥

2→2
≤ 1

|n| · δ0
, n 6= 0; (8)∥∥∥∥ ddy (ln + µI)−1

∥∥∥∥
2→2

≤ 1

(δ + µ)
1
2

, (9)

where ‖·‖2→2 is the norm of the operator from L2(Ω) to L2(Ω).
Proof. From Lemma 2 we have ∥∥(ln + µI)−1

∥∥
2→2
≤ 1

δ + µ
.

Inequality (7) is proved.
Using inequality (5) and properties of complex numbers, we find that

< (ln + µI)z, z >≥ |
∫ 1

0
(in3k(y) + ina(y))|z|2dy|. (10)

Note that by virtue of condition 1) - 2) the functions k(y) and a(y) do not change signs, therefore, from
the inequality (10) we find that

| < (ln + µI)z, z > | ≥
∫ 1

0
|in3k(y) + ina(y)| · |z|2dy. (11)

From (11) and given a(y) ≥ δ0 > 0 we have

‖(ln + µI)z‖2 ≥ |n|δ0 ‖z‖2 .

Hence, using the definition of the operator norm, we obtain the following estimate:∥∥(ln + µI)−1
∥∥

2→2
≤ 1

|n| · δ0
, n 6= 0.

Inequality (8) is proved.
Using inequalities (4) and (6) we find that

1

δ + µ

∥∥(ln + µI)−1
∥∥

2→2
≥
∥∥z′∥∥2

2
.

Hence, according to the definition of the operator norm, we find∥∥∥∥ ddy (ln + µI)−1

∥∥∥∥
2→2

≤ 1

(δ + µ)
1
2

.

Inequality (9) is proved. Lemma 4 is proved.
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Proof of Theorem 1. Using Lemma 3, we obtain that

uk(x, y) =

n=k∑
n=−k

(ln + µI)−1fn(y) · einx

is the solution of the following problem:

(L+ µI)uk(x, y) = fk(x, y), (12)

u
(α)
k,x(−π, y) = u

(α)
k,x(π, y), α = 0, 1, 2, (13)

uk(x, 0) = uk(x, 1) = 0, (14)

where fk(x, y)→ f(x, y), fk(x, y) =
k∑

n=−k
fn(y) · einx, i2 = −1.

From inequality (4) and using the fundamentality of the sequence {fk(x, y)}, we have

‖uk(x, y) + um(x, y)‖2 ≤
1

δ + µ
‖fk(x, y)− fm(x, y)‖2 → 0, as k,m→∞.

From the last inequality and by virtue of the completeness of the Hilbert space L2(Ω) we have

uk(x, y)
L2(Ω)→ u(x, y). (15)

Further, using the equalities (12)–(15) for any f(x, y) ∈ L2(Ω), we obtain that

u(x, y) = (L+ µI)−1f =
n=∞∑
n=−∞

(ln + µI)−1fn(y) · einx (16)

is a strong solution to the problem (1)–(3). The theorem is proved.
Proof of Theorem 2. From (16) by virtue of the orthonormality of the system {einx}

‖u‖22 =

∥∥∥∥∥
∞∑

n=−∞
(ln + µI)−1fn(y) · einx

∥∥∥∥∥
2

L2(0,1)

= 2π
∞∑

n=−∞

∥∥(ln + µI)−1fn(y) · einx
∥∥2

L2(0,1)
≤

≤ 2π

∞∑
n=−∞

∥∥(ln + µI)−1
∥∥2

2→2
· ‖fn(y)‖2L2(0,1) ≤ sup

{n}

∥∥(ln + µI)−1
∥∥2

2→2
2π ·

∞∑
n=−∞

‖fn(y)‖2L2(0,1) ≤

≤ sup
{n}

∥∥(ln + µI)−1
∥∥2

2→2
· ‖f(x, y)‖2L2(Ω) . (17)

Here we note that we used by virtue of the orthonormality of the system {einx}, i.e.

‖f(x, y)‖22 =

∥∥∥∥∥
∞∑

n=−∞
fn(y) · einx

∥∥∥∥∥
2

L2(Ω)

= 2π ·
∞∑

n=−∞
‖fn(y)‖2L2(0,1) .

From estimates (17), (4) and (7) we obtain that

‖u‖2L2(Ω) ≤ (
1

δ + µ
)2 ‖f(x, y)‖2L2(Ω) .
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From here we finally have
‖u‖2 ≤ ‖f(x, y)‖L2(Ω) , (18)

where C1 = 1
δ+µ .

Next, we calculate the norm ‖ux‖2 :

‖ux‖2L2(Ω) =

∥∥∥∥∥
∞∑

n=−∞
in(ln + µI)−1einx

∥∥∥∥∥
2

L2(Ω)

≤ sup
{n}

∥∥in(ln + µI)−1
∥∥2

2→2
· 2π ·

∞∑
n=−∞

‖fn(y)‖2L2(0,1) ≤

≤ sup
{n}
|n|2 ·

∥∥in(ln + µI)−1
∥∥2

2→2
· ‖f(x, y)‖2L2(Ω) .

Hence and from inequality (8) we have

‖ux‖2L2(Ω) ≤ sup
{n}
|n|2

∥∥in(ln + µI)−1
∥∥2

2→2
· ‖f(x, y)‖2L2(Ω) ≤ sup

{n}
|n|2 · 1

|n|2 · δ2
0

‖f(x, y)‖2L2(Ω) .

Hence
‖ux‖L2(Ω) ≤ C2 ‖f(x, y)‖L2(Ω) , (19)

where C2 = 1

(δ+µ)
1
2
.

Then, repeating the above calculations, we get the following estimate

‖uy‖L2(Ω) ≤ C3 ‖f(x, y)‖L2(Ω) , (20)

where C2 = 1
δ0
.

Using the equalities (18)–(20), we find that

‖u‖2,1,Ω ≤ C ‖f(x, y)‖L2(Ω) ,

where C = max{C1, C2, C3}. The theorem is proved.

Acknowledgments

This paper was supported by the grant AP19676466 of the Ministry of Science and Higher Education
of Republic of Kazakhstan.

Author Contributions

A.O. Suleimbekova collected and analyzed data, and led manuscript preparation. B.M. Musilimov
assisted in data collection and analysis. All authors participated in the revision of the manuscript and
approved the final submission.

Conflict of Interest

The authors declare no conflict of interest.

182 Bulletin of the Karaganda University

Buk
eto

v U
niv

ers
ity



On the existence and coercive...

References

1 Ashyralyev A. On the stability of nonlocal boundary value problem for a third order PDE /
A. Ashyralyev, K. Belakroum // Third International Conference Of Mathematical Sciences. —
2019. — Vol. 2183, No. 1. — P. 1–4. https://doi.org/10.1063/1.5136174

2 Ashyralyev A. On stability of the third order partial delay differential equation with involution
and Dirichlet condition / A. Ashyralyev, S. Ibrahim, E. Hincal // Bulletin of The Karaganda
University. Mathematics series. — 2021. — No. 2(102). — P. 25–34.
https://doi.org/10.31489/2021M2/25-34

3 Maher A. On the cases of explicit solvability of a third order partial differential equation /
A. Maher, Ye.A. Utkina // Iranian journal of science and technology transaction a science. —
2010. — Vol. 34, No. 2. — P. 103–112. https://doi.org/10.22099/IJSTS.2010.2169

4 Saut J.C. Remarks on the Korteweg-de Vries equation / J.C. Saut, R. Temam // Israel Journal
of Mathematics. — 1976. — Vol. 24, No. 1. — P. 78–87. https://doi.org/10.1007/BF02761431

5 Belakroum K. A note on nonlocal boundary value problem for a third-order partial differential
equation / K. Belakroum., A. Ashyralyev, A. Guezane-Lakoud // Filomat. — 2018. — Vol. 32,
No. 3. — P. 801–808. https://doi.org/10.2298/FIL1803801B

6 Gao P. Stochastic Korteweg-de Vries equation in a bounded domain / P. Gao // App Math and
Computation. — 2017. — Vol. 310. — P. 97–111. https://doi.org/10.1016/j.amc.2017.04.031

7 Xiang S. Zero controllability of the linearized Korteweg-De Vries equation using the reverse
control approach / S. Xiang // Siam Journal on control and optimization. — 2019. — Vol. 57,
No. 2. — P. 1493–1515. https://doi.org/10.1137/17M1115253

8 Aliyev Z.S. On some nonlocal inverse boundary problem for partial differential equations of third
order / Z.S. Aliyev, Y.T. Mehraliyev, E.H. Yusifova // Turkish Journal of mathematics. — 2021.
— Vol. 45, No. 4. — P. 1871–1886. https://doi.org/10.3906/mat-2101-37

9 Лукина Г.А. Краевые задачи с интегральными граничными условиями для линеаризован-
ного уравнения Кортевега-де Фриза / Г.А. Лукина // Вестн. ЮУрГУ. Сер. Мат. моделир.
и программир. — 2011. — Т. 234, № 17. — С. 52–61.

10 Dzhuraev T.D. On the Goursat and Dirichlet problems for equation of the third-order / T.D. Dzhu-
raev, O.S. Zikirov // Nonlinear Oscillations. — 2008. — Vol. 11, No. 3. — P. 320–330.
https://doi.org/10.1007/s11072-009-0033-0

11 Muratbekov M.B. Coercive solvability of odd-order differential equation and its applications
/ M.B. Muratbekov, M.M. Muratbekov, K.N. Ospanov // Doklady Mathematics. — 2010. —
Vol. 82, No. 3. — P. 1–3. https://doi.org/ 10.1134/S1064562410060189

12 Muratbekov M.B. Separability and estimates of the cross-sections of sets associated with the
domain of definition of a nonlinear operator of the Schrodinger type / M.B. Muratbekov //
Differential equations. — 1991. — Vol. 27, No. 6. — P. 1034–1042.

13 Muratbekov M.B. One-dimensional Schrodinger operator with a negative parameter and its
applications to the study of the approximation numbers of a singular hyperbolic operator /
M.B. Muratbekov, M.M. Muratbekov // Filomat. — 2018. — Vol. 32, No. 3. — Р. 785–790.
https://doi.org/10.2298/FIL1803785M

14 Muratbekov M.B. Existence, compactness, estimates of eigenvalues and s-numbers of a resolvent
for a linear singular operator of the korteweg-de vries type / M.B. Muratbekov, A.O. Suleimbekova
// Filomat. — 2022. — Vol. 36, No. 11. — Р. 3691–3702. https://doi.org/10.2298/FIL2211691M

15 Suleimbekova A.O. Separability of the third-order differential operator given on the whole plane
/ A.O. Suleimbekova // Bulletin of the Karaganda University. Mathematics series. — 2022. —
Vol. 105, No. 1. — P. 109–117. https://doi.org/10.31489/2022M1/109-117

Mathematics Series. No. 2(114)/2024 183

Buk
eto

v U
niv

ers
ity



A.O. Suleimbekova, B.M. Musilimov

Үшiншi реттi дифференциалдық теңдеулердiң бiр класы үшiн
Дирихле есебi шешiмдерiнiң бар болуы және коэрцитивтi

бағалаулары туралы

А.О. Сулеймбекова, Б.М. Мусилимов

М.Х. Дулати атындағы Тараз өңiрлiк университетi, Тараз, Қазақстан

Бiлетiнiмiздей үшiншi реттi дербес туындылы дифференциалдық теңдеулер толқындар теориясы-
ның негiзгi теңдеулерiнiң бiрi. Мысалы, айнымалы коэффициенттi сызықталған Кортевег–де Фриз
типтi теңдеуi иондық акустикалық толқындарды кристалдық тордағы плазмалық және акустикалық
толқындарға модельдейдi. Жұмыста тiктөртбұрышта берiлген айнымалы коэффициенттi үшiншi рет-
тi дербес туындылы еселенген теңдеулердiң бiр класының шешiмдерiнiң қасиеттерi зерттелген. Күштi
шешiмнiң бар болуы мен жалғыздығына жеткiлiктi шарттар алынған. Еселенген теңдеудiң шешiмi
өзiнiң тегiстiгiн сақтамайтынын ескерсек, бұл қиындықтар өз кезегiнде коэрцитивтi бағалауға әсер
етедi.

Кiлт сөздер: резольвента, үшiншi реттi дифференциалдық теңдеулер, Дирихле есебi, коэрцитивтi
бағалаулар.

О существовании и коэрцитивных оценках решений задачи
Дирихле для одного класса дифференциальных уравнений

третьего порядка

А.О. Сулеймбекова, Б.М. Мусилимов

Таразский региональный университет имени М.Х. Дулати, Тараз, Казахстан

Как известно, уравнения в частных производных третьего порядка являются одним из основных
уравнений теории волн. В частности, линеаризованное уравнение типа Кортевега–де Фриза с пе-
ременными коэффициентами моделирует ионно-акустические волны в плазменные и акустические
волны на кристаллической решетке. В данной работе исследованы свойства решений одного класса
вырождающихся уравнений в частных производных третьего порядка с переменными коэффициента-
ми, заданных в прямоугольнике. Установлены достаточные условия существования и единственности
сильного решения. Заметим, что решение вырождающегося уравнения не сохраняет свою гладкость,
следовательно, эти трудности, в свою очередь, влияют на коэрцитивные оценки.

Ключевые слова: резольвента, дифференциальные уравнения третьего порядка, задача Дирихле, ко-
эрцитивные оценки.

References

1 Ashyralyev, A., & Belakroum, K. (2019). On the stability of nonlocal boundary value problem
for a third order PDE. Third International Conference Of Mathematical Sciences, 2183 (1), 1–4.
https://doi.org/10.1063/1.5136174

2 Ashyralyev, A., Ibrahim, S., & Hincal, E. (2021). On stability of the third order partial delay
differential equation with involution and Dirichlet condition. Bulletin of the Karaganda University.
Mathematics series, 2(102), 25–34. https://doi.org/10.31489/2021M2/25-34

3 Maher, A., & Utkina, Ye.A. (2010). On the cases of explicit solvability of a third order partial
differential equation. Iranian journal of science and technology transaction a science, 34 (2), 103–
112. https://doi.org/10.22099/IJSTS.2010.2169

184 Bulletin of the Karaganda University

Buk
eto

v U
niv

ers
ity



On the existence and coercive...

4 Saut, J.C., & Temam, R. (1976). Remarks on the Korteweg-de Vries equation. Israel Journal of
Mathematics, 24 (1), 78–87. https://doi.org/10.1007/BF02761431

5 Belakroum, K., Ashyralyev, A., & Guezane-Lakoud A. (2018). A note on nonlocal boundary value
problem for a third-order partial differential equation. Filomat, 32 (3), 801–808. https://doi.org/
10.2298/FIL1803801B

6 Gao, P. (2017). Stochastic Korteweg-de Vries equation in a bounded domain. App Math and
Computation, 310, 97–111. https://doi.org/10.1016/j.amc.2017.04.031

7 Xiang, S.(2019). Zero controllability of the linearized Korteweg-De Vries equation using the
reverse control approach. Siam Journal on control and optimization, 57 (2), 1493–1515.
https://doi.org/10.1137/17M1115253

8 Aliyev, Z.S., Mehraliyev, Y.T., & Yusifova, E.H. (2021). On some nonlocal inverse boundary
problem for partial differential equations of third order. Turkish Journal of mathematics, 45 (4),
1871–1886. https://doi.org/10.3906/mat-2101-37

9 Lukina, G.A. (2011). Kraevye zadachi s integralnymi granichnymi usloviiami dlia linearizovannogo
uravneniia Kortevega-de Friza [Boundary value problems with integral boundary conditions for
the linearized Korteweg-de Vries equation]. Vestnik Yuzhno-Uralskogo gosudarstvennogo universiteta.
Seriia Matematicheskoe modelirovanie i programmirovanie — Bulletin of SUSU. Ser. Math. modeling
and programming, 234 17, 52–61 [in Russian].

10 Dzhuraev, T.D., & Zikirov, O.S. (2008). On the Goursat and Dirichlet problems for equation
of the third-order. Nonlinear Oscillations, 11 (3), 320–330. https://doi.org/10.1007/s11072-009-
0033-0

11 Muratbekov, M.B., Muratbekov, M.M., & Ospanov, K.N (2010). Coercive solvability of odd-order
differential equation and its applications. Doklady Mathematics, 82 (3), 1–3. https://doi.org/
10.1134/S1064562410060189

12 Muratbekov, M.B. (1991). Separability and estimates of the cross-sections of sets associated with
the domain of definition of a nonlinear operator of the Schrodinger type. Differential equation,
27 (6), 1034–1042.

13 Muratbekov, M.B., & Muratbekov, M.M. (2018). One-dimensional Schrodinger operator with a
negative parameter and its applications to the study of the approximation numbers of a singular
hyperbolic operator. Filomat, 32 (3), 785–790. https://doi.org/10.2298/FIL1803785M

14 Muratbekov, M.B., & Suleimbekova, A.O. (2022). Existence, compactness, estimates of eigenvalues
and s-numbers of a resolvent for a linear singular operator of the korteweg-de vries type. Filomat,
36 (11), 3691–3702. https://doi.org/10.2298/FIL2211691M

15 Suleimbekova, A.O. (2022). Separability of the third-order differential operator given on the whole
plane. Bulletin of the Karaganda University. Mathematics series, 1(105), 109–117. https://doi.org/
10.31489/2022M1/109-117

Author Information∗

Ainash Ospanovna Suleimbekova (corresponding author) — Doctor of philosophy (PhD), Depart-
ment of Mathematics, M.Kh. Dulaty Taraz Regional University, 7 Suleymenov street, Taraz, 080000,
Kazakhstan; e-mail: suleimbekovaa@mail.ru; https://orcid.org/0000-0003-1865-4822

Bilibai Musilimovich Musilimov — Candidate of physical and mathematical sciences, Associate
professor, Department of Mathematics, M.Kh. Dulaty Taraz Regional University, 7 Suleymenov street,
Taraz, 080000, Kazakhstan; e-mail: bilanmus45@mail.ru

∗The author’s name is presented in the order: First, Middle and Last Names.

Mathematics Series. No. 2(114)/2024 185

Buk
eto

v U
niv

ers
ity




