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On computable subgroups of the group of all unitriangular
matrices over a ring

The problems of existence and uniqueness of computable numberings are fundamental in theo
tably numbered groups. In connection with the development of the theory of algorithms a
problems of computability of important classes of algebraic systems are currently relevant.
unitriangular matrices over the ring are a classic representative of the class of nilpotent g
numerous applications both in group theory and in its applications. In this paper we oh
computability of subgroups of the group of all unitriangular matrices UT5, (K) over a con
ring with unity.
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Let w be the set of natural numbers, G a group, and v : w J from w onto G, also called a
numbering of G. The pair (G,v) is called a constructive group ¥ theréyis an algorithm which, for any triple of
natural numbers n, m and s, determines whether the equalities v vn-vm = vs are true. A group G is
called computable (or constructivizable) if there exists a numb¢ri ch that the pair (G, v) is a constructive
group. A subgroup H of a numbered group (G, v) is called .o computably enumerable) in (G, v) if the
uctive group, then v is called a computable
numbering of the group G. The problems of existence afid umni ss of computable numberings are fundamental
here, i.e., which groups are computable, and, if the many non-equivalent computable numberings do
they admit. These problems have been investiga alcev, Yu.L. Ershov, S.S. Goncharov, R. Downey,
J. Knight, A.S. Morozov, V.A. Roman’kov, V .G. Khisamiev, I.V. Latkin and other authors.

V. Roman’kov and N. Khisamiev proved’|1
a commutative associative ring K with is computable if and only if K is computable (where a computable
ring is defined in the obvious way, féllowingythe definition of a computable group). In [2] the same authors
constructed a ring K that is not com e, but the group UT>(K) is computable. Let Q be the additive group
of rational numbers. In [3] A.L proved that a subgroup G < Q" is computable if and only if G is a
computably enumerable sub . ~v), where -« is a standard numbering of the set of n-tuples of rational

numbers. In [4] it is obtained'cri for computability of torsion-free nilpotent groups of finite dimension and it
is proved the existence pring¢ipal computable numbering of the class of all computable torsion-free nilpotent
groups of finite dimens is article we obtain a criterion of computability of subgroups of the group of all
unitriangular ma () over a computable associative ring with unity.

Our basic or models, groups and rings are respectively [5-7], of which we adopt terminology and
notations. Ifi i ree abelian group A there is a finite maximal linearly independent system of elements,
then we s heddimension of the group A is finite. If a nilpotent torsion-free group G has a central series
W, are all abelian groups of finite dimensions, then G is called a group of finite dimension.

re et (G,v) be a constructive nilpotent torsion-free group of finite dimension, and let

e=Go<G1<... <Gy, =G, (1)

be a central series of G. Then each G; is a computable subgroup in (G, v), for all i < n.
Proof. By induction on 4. The claim is obvious for ¢ = 0. Suppose that the claim holds of i, and

9k1,9k25 - - -y Gkmy, s

are elements of G such that the sequence
§k17§k27 te agkmka
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is a maximal linearly independent system of elements of the quotient Gy = G%/Gj_1, 0 < k < n. Since (1) is a
central series of the group G, the equivalence

9€Giv1 <= grj-9=9-gr; mod Gy, (2)

holds, i.e., [gxj,g] € Gy, for all 0 < k < n, 0 < j < my.
Let m; € w be numbers such that vmy; = gi;. Then (2) yields

sev1IGi —= [vmyj,vs) € G, 0<k<n,0<j<my.

Since, by the induction hypothesis, the subgroup G; is computable in the constructive group (G
hand side of (3) can be effectively verified. From this, the set v"1G;41 is computable, i.e., th
is computable in (G, v). The theorem is proved.
Corollary 1. If G is a computable nilpotent torsion-free group of finite dimension, then the,factors of any
central series of G are computable.
Let K be a computable associative ring with unity, and UT,,(K) the group of all unit,

bgrou

group UT, (K), such that from a ~y,-number of a matrix A one can effectively fin
of the matrix A.

Theorem 2. A subgroup G of the group UT, (K) of all unitriangular
ring K, whose additive group is torsion-free and of finite dimension, is comp
enumerable subgroup in (UT,(K),~.), i.e., the set v, 1G is computably enu

Proof. Let 1 be a computable numbering of G and let

e=Gy<G1<...<@G

be a central series such that each quotient G; = G; /Gi-1,0 is an abelian group of finite dimension.
By Theorem 1, the set 4~ 'G; is computable. Let

91,9,

be a maximal linearly independent system of ele
a matrix A;;. Since there are finitely many s
these matrices are known.

By induction on 4, we prove that t
number s € 4~ 1G; one can effectivel
has been proved that v, 1G; is a
function f;, with domain ¢ f;

By definition of the maftric
wk € Giqq if and only i e are i

e quotient G;. In each class g,;, 0 < j < m;, we fix
e can assume that y-numbers of the elements of

subgroup G; is computably enumerable in (U7, (K),.), and from any
d t sweh that ps = v.t. This is obvious for ¢ = 0. Assume that for ¢ it
enumerable set of numbers, and there exists a partial computable
uch that pk = 7. f;(k), for all k € p=1G;.

i+1;, 0 < j < m;qq, the following holds: For every k € w, we have that
egers $,t,71,72, ..., m,,,, with t € p~1G;, such that

T'mi
pk)® = Allq; - 'Az‘+1¢nli+1 -t (4)
Suppose that ( y 1nduct10n ut = v, fi(t). By definition of the numbering ~. of the group UT,,(K), it
follows th number fi(t) we can effectively find y-numbers of the elements of the matrix B = . f;(¢).
Hence fr mbers r1,72,...,7m,,, we can effectively find y-numbers of the elements of the matrix
C=Al .. AT B

14+1m;yq

gU T,(K) is a nilpotent torsion-free group, roots of elements when they exist are unique, see [6, Theorem
16.2.8]» So, from C' we can effectively determine a unique D, and r, such that D®* = C, and ~,r = D. From
this and (4) it follows that there is an algorithm that lists the ~y,-numbers of matrices of the subgroup G, 1,
and from a number k € 1G4, one can effectively find y-numbers of the elements of the matrix pk, hence a
number s such that puk = ~.s, therefore completing the proof of the induction step.

Thus, G,,, = G is a computably enumerable subgroup in (UT, (K), ), i.e., necessity has been proved.

Sufficiency follows from the fact that a computably enumerable subgroup of a constructive group is computa-
ble. This completes the proof of the theorem.
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Let v1 and v5 be two computable numberings of the group G. Then say that vq is m-reducible to vs if there
is a computable function f such that v1n = vy f(n), for all n € w. If all computable numberings are m-reducible
to each other, then the group is called computably stable.

From the proof of the previous theorem we have:

Corollary 2. If G is a computable subgroup of the group UT, (K) over a computable associative ring K
with unity, whose additive group is torsion-free and of finite dimension, then any computable numbering of the
group G is m-reducible to the numbering 7. of the group UT, (K).

Corollary 3. Any computable subgroup of the group UT,, (K) over a computable associative ring
unity, whose additive group is torsion-free and of finite dimension, is computably stable.

Corollary 4. A subgroup G of the group UT,,(P) of all unitriangular matrices over a field P o
and of characteristic 0, is computable if and only if G is a computably enumerable subgroup i

Corollary 5. If G is a computable subgroup of the group UT,(P) over a field P of e degree and)of
characteristic 0, then any computable numbering of G is m-reducible to the numbering 7. of t roup UT,(P).

In particular, Corollaries 4 and 5 are valid when P is the field of rational numbers.

Let K be a computable associative ring with unity, whose additive group is tor
dimension, let G be a subgroup of the group of unitriangular matrices UT,,(K), and let

of finite

e=G <G <...<G, =G, (5)
be a central series of it. Let us fix some maximal linearly independent s

A, Aigs o Ai,

J

in the quotient G; = G4 1/G, i < n. Let

oA A,

imi

Si(G) = {{aio, iy -+ s i, )iy € Z,j < my, &

Using this notation, we introduce the following
Definition 1. We say that a subgroup G is pure with respect to the central series (5), if for
every i < n and sequence (o, 1, , Qim;) € Si

solvability of the equation z®i0 = A% ... .. A} "4

—~

in G.

Let v be a computable numbering of the r d let 7. be a numbering of UT,,(K), defined through ~,
so that from any number n € w we ca tive d ~-numbers of the elements of the matrix v,n. Then we
have

Theorem 3. Let G be a subgroup UT,(K), and let (5) be a central series of it, such that the following
are true:

a) all factors of the series (5 putable;
pect to the series (5).

Then G is a computab erable subgroup in (UT,,(K),v«).

we prove that the subgroup G; is computably enumerable in (UT,,(K),7«). The

claim is obviou
Assu

ermwier

is a computably enumerable subgroup in (UT,,(K),~.). Since the dimension of the quotient
then there is a finite sequence of matrices

Ai17Ai27"'7Aimi7

sul hat the cosets _ _
Ail) Ai27 MR Aimi (6)

form a linearly independent system in the quotient G; = G4 /Gy, i < mn. Since G, is computable, then the set
of all sequences of integers
Q1

S; = {(Oéio,ail, s ;aimi>|3§ S ﬁi(ﬁam = A“ S ~Z?,;Zi),aij €Z,j < ml}

is computably enumerable. We prove that the following equivalence is true:
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CES 7;1Gi+1 = (UTH(K),’}/*) ': 3(&@0, .. .,aimiﬁlr S 7;1Gi;

(<ai07ai17 e 7aimi> S Sz & (’Y*S)aio = Azalll et AQM% VT ) (7)
=.) Let s € v, 'Gi;41 and B = ~,s. Since (6) is a maximal linearly independent system of elements of the
b * +
quotient G, then there are a sequence of integers (o, 1, , Qim,) and a matrix C' € G; such that

Bo® = A%t AL O

1My

Hence, it follows that the right-hand side of (7) is true.

(«<.) Assume, now, the right-hand side of (7), and suppose that B = v,s, y.r = C € G;. n we have
Hence, by purity of the subgroup G in UT, (K) with respect to (5), and uniqueness of rodts,in UT,, (K
have that B € G, and therefore B € G;41, as desired.

We show that by the equation (8) the elements of the matrix B can be effectively ident
number 7, we can effectively determine y-numbers of the elements of the matrix v,r = @
matrices A;; is finite, we can assume that y-numbers of the elements of these matriges a n. From this,
we find effectively y-numbers of the elements of the matrix in the right-hand side of (8 iqueness of roots
in UT,(K), we can find y-numbers of the elements of the matrix B such that (8) d therefore we can
find also a 7,-number of the matrix B.

From this and (7), by the induction hypothesis we get that G;41 is a
the group (UT,,(K),7«). The induction step, and thus the sufficiency of the

Corollary 6. Suppose that G < UT,(K) is pure in UT, (K) gvith@espect to

ed, from a
he number of

enumerable subgroup in
rem, has been proved.
e central series (5). Then the

group G is computable if and only if the factors of the series (5) are utable.

Corollary 7. If G is pure in UT,,(K), then it is pure with res any central series of it.

From this and Corollary 6, it follows.

Corollary 8. Let G < UT,,(K) be pure in UT,( p G is computable if and only if all factors
of some central series of it are computable. Q
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P.K. Trosrobeprenes

CakmHaJJarbl 0APJIBIK, YHUYHIIOYPBIINTHEI MaTPUIlAJIap TOOLIHBIH,
ecCeIlTeJIiHETIH iIITOoNTaphl TYPaJbl

Maxkasasia Herisri Mocesesep perinze Kaugait ma 6ip TonTap KaacTapbl YIIiH KOHCTPYKTHBU3AIUSAHBIH, 6ap
GOJIYbI, XKAJIFBI3BIFBI YKOHE JKAJFachl KAPACTBHIPBUIILI. AJINOPUTMIED TEOPUSICHIHBIH, JaMybIHa OailaHbl
THI AJITe0PAJIBIK, YKYHeIepIiH MaHbI3/IbI KJIACTAPBIHBIH, €CENTETIMIIIIK MoCe/Ie/IEpiH IENLyIl 3ePTTEY O3€KT
Mocesesnepiy Gipine aitanabl. CakuHAIArbl YHUYIIOYPBIITH MATPHUIAJIAD TOOBI HUJILIOTEHTTI
KJIACTAPBIHBIH, KJIACCUKAJIBIK, OKiJIi OOJIBIIT TaOBLIA bl KOHE KOITEreH KOJIIAHBIIBIMIAPhI TEK Ka
TEOPUACHIHIA FAHa €MEC, OHBIH KOCBIMIIAJIAPBI YIIIH JIeé MAHbI3Ibl OPbIH ajfaH. ABTOD ecemnTe
aTuBTl cakuHaIarsl 6ipiiknen UT, (K) 6apiblK yHAYIIOYDBINTH MATPUIATIAD TOOBIHIAFH
inmrronTap/biH, 60Ty KPUTEPUMiH aJIFaH.

Kiam cesdep: Hemipiey, yHUYIIOYPBIIITH MaTPUIAJIAD TOObI, KOHCTPYKTHUBTI TOII, HUJIBII TO
TOPUTM TEOPUSICHL.

P.K. Tromobeprenes

O BBIYUCJIUMBIX MOJTPYIIIAX rpynny cex YHUTPEYTOJIbHbIX
MaTpUIl HaJ KOJIBIL

OcHoBHBIMY TIPOGJIEMAMU CTATHU SIBJISIIOTCS IIPOGJIEMBI CYII
KOHCTPYKTHUBU3AIUA IS TE€X WJIA WHBIX KJIACCOB I'DYIIIIS

AJbHBIM SABJISIETCS MCCJIEIOBAHNE TPOOIEM BBIUNCINMOE] BIX KJIACCOB aJIrebpandecKux cucreM. 1 py-
Il YHATPEYTOJIbHBIX MaTPUI HaJ, KOJIbIIOM COCTaB I KJ1acC HAJIBIIOTEHTHBIX I'DYIH, UMEIOIIui
MHOT'OYHCJIEHHBIE TPUMEHEHNsI KaK B CaMOil Teopry TaK U B €€ NPUJIOXKEHUAX. ABTOPOM IOy IEH
KPUATEePUH BBIYUCINMOCTU IOATPYHIIBI IPYII peyrospabix marput, UTy, (K) Ha BEIMACIAMBIM
aCcCOIMATUBHBIM KOJBIIOM C €IUHUIIEH.

, €IUHCTBEHHOCTU U IIPOIAOJIZKEHUN A
Ppa3BUTHUEM TEOPUU AJII'OPUTMOB aAKTY-

Kmouesvie crosa: Hymeparus, rpyIt UTP HBIX MaTPUII, KOHCTPYKTHBHAs I'PYIIIa, HUJIBIIOTEHTHA
MOJICPYIINA, MOArPYIIIA, PAIMOHAILHOE 0, TEOpUST AJITOPUTMOB.
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