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Some estimates for the viscoelastic incompressible Kelvin-Voigt
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In this paper, we consider the application of the method of fictitious domains to a viscoelastie incompressible
medium based on the Kelvin-Voigt model. Application of the method of fictitious domains“allows solving
the original problem in regions with complex geometric configuration. This makes it easierito autemate the
construction of a consistent difference mesh, and to solve the problem in areas of standard shape. Estimates
for the proximity of the auxiliary problem’s solution are obtained. The auxiliary fproblem is/constructed
by the method of fictitious domains. These estimates refer to the solution of the eriginal®problem. The
original problem describes a viscoelastic incompressible medium. Convergencesfollows from the estimates of
the proximity of the solutions of the original and auxiliary problems. Further, onitheibasis of the method of
fictitious domains, two-sided estimates on a small parameter for the différencé between the solution of the
original problem and the solution of the auxiliary problem constructed by the méthod of fictitious domains
are obtained. Moreover, the solution to the auxiliary problem is ‘expanded as a series in powers of the
small parameter. This is possible because that solution is represented as a functional series that converges
absolutely in the original domain.

Keywords: Kelvin-Voigt medium, Kronecker symbol; approximate solution, fictitious area method, two-
sided estimates, small parameter, stress, velocity, strain; displacement.

2020 Mathematics Subject Classification: 39A05:

Introduction and problem statement

This paper presents two-sided gstimates for a small parameter of the solution of the initial problem.
Since a priori estimates help te determine the interval or band in which the solution lies, this is relevant.
In addition, since the initial problemrdoes not have an analytical solution, two-sided estimates allow
us to determine the initial"approximation for finding an approximate solution to the problem, which
is an important step in theprogess of finding a solution.

We consider €he application of the method of fictitious domains for incompressible Kelvin-Voigt
medium. Two-sided estimates of the convergence of the approximate solution to the exact solution by a
small parameter apare obtained. We consider the formulation of a dynamic viscoelastic incompressible
mediumgbaséd on the Kelvin-Voigt model in a cylinder Q@ = {D x [0 <t < #;]}, where D C R3 is
a botinded singlyw€onnected region with a sufficiently smooth boundary . Let us introduce the
notatieny; =5 x [0,¢1], the strain and stress vector-functions 7 = {e11, €22, €33,2¢e12,2¢13, 2623}T,

= {011,022,033,012,013,023}T, here the symbol T is transpose, the displacement and velocity
vector funetions U = {Uy, Uy, U}’ = {01,92,05}". Following the work of [1] we consider the
velocity-stress formulation. We find the solution satisfying the following relations:

ajﬂﬁ:?, (2,t) €Q (1)
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which is an equation of motion,

7y

_ — 2
5 R 0, (2)
displacement-strain ratio,

The equation of state for the Kelvin-Voigt medium is
divd = 0. (4)

The condition of incompressibility of the medium, taking into account the stresses,and,the pressure
function p, is given by the relationship

Ok — _(5lk,’p + 2/-1*51'/% ia k= 11 27 3. (5)

Here 6; is the Kronecker symbol, 7 is the vector of mass forces, B = BTg("= CT are symmetric
positive-definite matrices depending on the Lamé constants and viscosity ceefficient; J is an diagonal
matrix, their form is given in [2].

R is a linear matrix-differential operator:

vl 0 0 VQ V3 0 T

)
R=| 0 V, 0 Vi 0 V3 |, RF==RT, Vi=g— i=1,23.
0 0 Vs 0 Vi Vy i

The system of equations (1)—(5) transform to theéyfollewing form, a vector function o (z,t) that
satisfies the following relations

ke 0o
B _A?+DAW+?, (6)
A= —RR*, ? = R?, satisfies the initial conditions:
oo
and boundary conditions
3
Zaik (CE,t) ne = 07 (.’L’,t) S Yt (8)
k=1

here ng, = (n1, ndyns)i.is the vector of normal to 7, 7 = v x [0,#1]. Let us denote the problem (6)—(8)
by the problem I.

Main provisions

In [2]y, we show the stationalization of the solution of the problem I to the solution of the static
elastic problem.

RV () + F(2) =0, &Y(x)= R (),

3
Zafk ()np =0, z€n. 9)
k=1
In [2], the closeness estimate of the solution of problem I and problem (9) is obtained:

H? - ?yH <e Pt H? (z,0) — &Y (x)

)
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where $>0 is a constant.
The following theorem is true for problem I:
Theorem 1. Let

7($7t)€W2271(Q>7 ?(x)GWQ(D)a 7($)€L2(D), ?(l’,t)ELQ(Q),

then there exists a unique solution to the problem I and the following estimation is true

t1
Tl + /0 19 i3y

The proof is similar to the proof of Theorem 1 in [3].

According to the method of fictitious domains [3-6], we augment the original regionyD, with the
region D; to a composite region Dy = D U Dy, with boundary I',T'; = T" x [0, tg+Qu= D1 x [0, 1]
and construct the auxiliary problem

19 (1)

<o

L2(Q)

La@"=F, (2,) €Q, Lo =0, (2,1) @,

3
Z ank 0, (:E7t) € s 704 (l‘70) =0, »eD,
k=1
e

7 (2,0)=¢ (z), z€D, (10) =0, =€ D

ot
8704 3
o0 =7 (x), zeb, Zaﬁi’nkzo7 (z,t) € Ty, (10)
t k=1
where [, 7% = BE2" _ qa A7 + JAZZY g — . zeD, o > 0 is a small parameter.
“ ot &\ —a?,  x € Dy,
On the coefficient gap curve ygwelset the following matching conditions
Fa[ - O _MoT
g v 9N a on |,
Tt Tt

w»

Signs “4” or mean convergence to the limit value of the function from inside or outside to the
boundary ~;. The'parameter M takes the values —1 or +1 [6,7].
Let us introduce the following series into consideration:

=Y 0" Q. S=3 ok, on Qu. (11)
k=0 k=1

—
Putting (1) into (10), we obtain relations for determining 7k and Wi:

L 7 ? LL’t EQLOH I/I—/v1>:07 (ﬂf,t)EQl,

3 — 81/1_/
Z Vo)t =0, (x,t) € v, Wi(z,0) =0, a—tl (x,0) =0, =z € Ds.
k=1
v oW, 017
Vo(,0) =7 (@), 5 @.0)=F @), aeD, ZE=MT2 @) (12)
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3
Z W1 Jick =0,  (x,t) € y.
k=1

And for k>1
LaVi=F, (2.0)€Q, LaWi1=0, (2.0)€Qi,

3 3
Z (Vk)zknk = 0’ (.27, t) €M, Z (Wk-‘rl)iknk = 07 (.Z‘,t) € Vts
k=1 k=1

%
Vi(2,0)=0, z€D, Wyyi(2,00=0, x€ D,

— (2,0)=0, z€D, (,0) =0, z€ Dy,

H
7k = Wka (ZL‘,t) € Vt-

—
Functions 7k € W22’1 (Q), k=0,1,..., W € VVQQ’1 (@), k=0,1,...
We obtain estimates of the convergence of the solution of the auxiliary problem to the solution of

the original problem with respect to the small parameter c.
Theorem 2. If aq is such that 0 < a < ag, then the series Sy, Sg abselutely converge to W22 /1 (Q)

and VV22 1 (Q1), and the following equalities are true

Th=5, (x,t)eQ, . T%E Sy (rt) € Q1

where @ is the solution of problem (10).
Proof. We search obvious priori estimates'|%, 8].

oW,

on ’ (13)

—
i

37k—1
ON

I Co < C1C2H7k—1HW;(%)

sz (o)

HWQQ’l(Qﬂ o 11

W3 (1)

where C7, Cy are constants depending on the regions D, D, and not depending on «.
Now we show the convergenee of the'series S; to W22’1 (Q1) and Sa to W;’l (Q1), we have

l\')

7%l 2P 5 = O30, < o ]

2" () w2 (@)’

and using (8), (13), we obtain

H%HWQQJ(Q) =G Hv’“_lH

(71500 < 5

where C@ = 0102030405.
Assuming a < ag = Cy ! we obtain the series Si, is absolutely convergent to VV22 1 (Q) and

correspondingly the series Sy is absolutely convergent to VV22 1 (Q1).
—
Multiplying (12) for Z and Wy by ag, and summing over k, we have

k>1,

3
bR ,1 )

Wy (Q)

then

t1
o 1Tl + [ 1T gt

LSl = ?) ($,t> € Q7 LaSQ = O) (l‘)t) € le
Si(2,0)="7¢ (z), x€DS(x,0)=0, ze D, (14)
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851 aS2
¢ (@0 = J(z), zeD, 5 (0 =0, z&Dy.
Sy (z,t) =0, (x,t) €y,
B 9S>y M oS
S1 =952, (x,t) €Ty, I o dN’ (x,t) € v,
Lo =B 7 — AT — JAa?
012 ot

Hence, (14) we obtain that 7Y =5, in Qand 7% =S, in Q1, if the condition 0 < @ < ayp is met.
From the proof of Theorem 2 implies the following statement

17 = w2 g) < Craw [0 = 7%z < Csa, (15)

here 7i = ?a, at M =1, 7 = 7a, at M = —1. & is the solution to the problem T. C7, Cg are
constants depend on the areas D, D, and are independent of «.

Next, we can formulate a theorem giving two-sided estimates on « [9)].

Theorem 8. If 0 < a < ay, 7 is a solution of problem I, 71, 7 fis assolution of problem (10) at
M =1 and M = —1, then the following estimation (16) is true

1 (03 o
H? @ ‘ < Coal. (16)
Wi@)
where
TY=5, (z,t)eQ, FL=219y, (z,t) Q. (17)
Proof. By virtue of Theorem 2, we have
3 72 =3 ki
+*Za ) .’L't eQa +*Za Wk? ($7t)€Q17 (18)
k=1
here 7k, Wk are solutions of (10) at M = 1, moreover
« - k_>*
Za P (@) €Q, TL=) o'Wy, (x.1)€Qy, (19)
k=1

here 7;, W,; are selutions of (10) at M = —1.
+ —
We obtain 70 = 70 = 7, it is a solution of problem I.
. i L= .
Wedinitroduee the notation W7 = W, + W, | the function W; satisfies the following problem

H
— ow
Lawl 207 (.’E,t) tea 71 :07 (l’,t) 67155
on
—)
— oW —
Wi (2,0) =0, 8—; (2,0)=0, €Dy, Wi(z,t)=0, (z,t) €Ty,
hence, we obtain that V_Vl> =0, or WIF = —W/l_

+ —
Further we introduce 71 = 71 + 71 , the function 71 satisfies the problem

L7—0 (z,t) € Q, a§($0) 0, xeD,
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V,(2,0)=0, (z,8) €Ty, Vi(x,6)=0, (,8) €,

+ —
from which we obtain 71 =0, or 71 = 771 . By sequentially introducing
— =t - + -
Wo=Wy + Wy, Vo=Va+V,,

W_/;:W;? 7;:72_)

we get

continuing this process, we get

,j = 7,:, if k is even,
V= V., ifkis odd.

Substituting (20) into (18), (19), we have
+ +
7i :74—071 +0272 + ...
+ +
7227_071 +0272 =+ ...

Applying decomposition (20), as well as estimation (17) at) <.a <'@&p, we obtain

H?—;(?iJr?a) Saz“7;+a27:+...“
(@

e

2.1
’W;’l W (Q

here Cg = C2, so for € D, 0 < a < ayp, we have a tworsided estimation

O (a?) + min (?i , ?“_) <& <dmnax (?i , 75) + 0(a?).

Thus, a two-sided estimate in terms,of the small parameter of the solution to the original problem
has been obtained through the solutien of the auxiliary problem, where the parameter values M = —1,
M =1 corresponds to 71

Conclusion

The obtained estimateds essential for the application of the numerical solution of the auxiliary
problem, and it isynot considered in the works [10-16]. Continuation by the lowest coefficient in the
fictitious region method leads to the same estimates. In works [10-16], the numerical implementation
of the Kelvin-Voigtimodel in equivalent formulations is considered.
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