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On the solution of boundary value problems
by the spectral element method

In spectral element method approximate solution of the original differential operator is found in the form of'a
combination of the linearly independent system of orthogonal functions on the unit interval. Using the spec-
tral decomposition for sufficiently smooth functions, one can obtain an exponential rate of convergence of the
approximate solution to the exact solution and the approximation error will decrease exponentially as n
grows. In the article the application of spectral element method to the solution of the boundary value problem
for the Poisson equation is presented.
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For solving boundary value problems a spectral element method«s used and we will demonstrate this
numerical method on the Poisson equation with one variable. Let’s consider the Poisson equation

jt——fu)
u(0)=u()=0.

We seek an approximate solution u# from a finite-dimensional trial space X,
uelX, = span{(p1 (X)5e59, (x)} ;
9;(0)=0,(1)=0.
We use the subscript on X to indicate that functions in this space satisfy the homogeneous Dirichlet
boundary conditions. The trial solution has the form[1]

u(= Y0, (0,

where the ¢;(x) are the basis functions and the ﬁj are the basis coefficients. We define the residual,
r(x,u) =r(x),

as
2~

d-u
r(x,u)—f(x)+d >

In the weighted residual technics, we do not require » = 0. Rather, we insist that » be L -orthogonal to

a set of functions v belonging to the test space X
1
Ivrdxz 0; Vve X,.
0
Convergence is attained as we complete the approximation space, that is, as we letn — « for a reason-

able set of @,(x). Consider the Galerkin formulation, find u € X such that

Iv—udx jvfdx VveX,.

It appears that ¥ must be twice dlfferentlable. However, if we integrate by parts, we can reduce the
continuity requirements on .
Let I denote the left-hand side of the preceding equation

_jie g,
o dx dx
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On the solution of boundary value...

For a variety of technical reasons, it is generally a good idea to balance the continuity requirements of
v and u, to the extent possible.
Using the integration-by-parts trick, we arrive at the weighted residual statement for u.

Find u € X such that

ﬂ ﬂdx Ivfdx, Vve X.
o dx dx 0

Convergence is attained by taking the limit n — oo for an appropriate set of functions in X

An essential property of the Galerkin formulation for the Poisson equation is that the solution is the best
fit in the approximation space, with respect to the energy norm.
Specifically, we consider the bilinear form

1
a(v,u) = J.% d—udx

0
and associated semi-norm

2
e, = atuu),

which is in fact a norm for all u satisfying the boundary conditions.
We define the sets by following formulas [2]

L, ={v:Iv2dx<w};
Q

H' :{v:vel%,j(v')zdx<oo};
Q

1 ) 1 |
H, ={v.veH Ve —0}.
We can now easily generate our discrete system that.allows us to compute the set of basis coefficients.
Let

Ez(ul»"'aun)T;

=(v1,...,vn)r,

= Iv'u'dx = J.(i (p;. (x)vl.j[i (P'j (x)uj jdx =

Q

then

= U(p](x)(p (x)dx}u —z viAu, =v Au

i=l.g=1 i=l j=1

with the (global) stiffness matrix A, given by
;= [0, (x)@; (x)dkx.
We proceed in similar way with the right—harflzd side. Assuming
1= 0,0,
=

then

1 :.[Vfdx:.[(Zn:@i(x)"ij[zn:%(x)fj]dxz

n n

=22 [Icp,(x)@ (X)dXJf S S vB,f =V Bf

i=l j=1 i=l j=1

with the (global) mass matrix B, given by
B, = [0,(x)p, (x)dx.
Q
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Combining the result, we have

which implies
Au=Bf.
Since A4 is symmetric positive definite, this system is solvable.
Now we get specific and choose the space X, and associated basis {(P,-}- For the spectral element
method in R', we choose X" to be the space of piecewise polynomials of degree N on each element Q°,

e=1,2,..., E. Then we typically use nodal bases on the Gauss-Lobatto-Legendre (GLL) quadrature points.
However, we often map back and forth between GLL-based nodal values and Legendre or bubble function
modal bases with minimal information loss. Examples of stable bases are

1) Orthogonal polynomials;

2) Legendre polynomials: L, (x);

3) Bubble functions: ¢, (x) =L, (x)—L, ,(x);

4) Lagrange (nodal) polynomials based on Gauss quadrature points (e.g. Gauss-Legendre, Gauss-
Chebyshev, Gauss-Lobato-Legendre) [3].

The GLL points are the zeros of (1—x”)L},(x). The Legendre polynomials are'orthogonal with respect

to the L* inner product

L(x)eP.

1]7

J- L(x)L,(x)dx =

They can be efficiently and stably computed using the 3-term recurrence

Ly(x)=1; L(x) = x;
L (x)= %[(21« —DaL,_, (x)—(k—=1)L,_,(x)].
On Q° we have
u(x)| Zueh (r), reQ=[-1L1];

ey XX
x(r)=x, =x° l+—2 (r+1);

h;(r) € Py(r);
h(&)=6,,i,j€[0,...NT;

& €[-L1],
where £, — GLL quadrature points.

Return to the weighted residual techniques and consider v,u € X". Let

J‘ﬂﬂd IdVdud 21‘

dx dx - 1 o dx dx
where £ — number of spectral elements. With

Le — x-'e _ x-'e—l
we have
1
I’= dv@d —3) ﬂﬂdi’
dx dx L’ drdr
Using

ul, =u(r)= Zu“’h (), V] =V (1) = ivfhl.(r),
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On the solution of boundary value...

we can readily compute the derivatives

du® i”e %
dr =7 dr’
dv' & L dh
=y e
ar ‘= r

Inserting the local basis into the local integral yields

1 N . N dh.
¢ = ﬂﬁdx:i (Zvl‘%J Zu;—j dr=
o dx dx r-: \'=m 4 )\' " d

r
N N 1 dh. N N
Y| 2] D=3 v,
i=0 j=0 L e} dr dr i=0 j=0
where
e_ 2
Afj ZFAU
and
R L dh
L _J‘ %—’dr
0 dr dr

If we define

and similarly for v°, we have

i=0 j=0
Let

1

u A
2

u A

e u | & A
E

E

u A

Define v similarlyusing v’
The left-hand side of our weighted residual statement reads

\? 1

y A u

2 2

v A u
E E . . r r
[=) 1= () AU = =v, Au,.
v u . y . |=wdu

e=1 e=1 Z 1’_{

E
E E
y 4 u

A, has precisely the same structure in higher space dimensions. In 2D and 3D problems, we work ex-
clusively with A° and u°, e=1,2,..., E. In fact, we never even form A°, but just compute the action of
A° on u’. It is clear that A°u® e=12,...,E can be computed independently, in parallel. u° is simply the

set of local basis coefficients on Q°.
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This is the approach used in the method of spectral elements. Therefore, the spectral element method is
based on the weighted residual technique, which is essentially a method of undetermined coefficients.
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CnexkTpajabl 3JIeMEHTTep JAICiMeH IIEeTTIK ecenTepai menry Typajibl

Cnektpanabl dIeMeHTTep oficiHme OepinreH muddepeHIanasl  onepaTopAblH KYBIKTAFAH MISIIiMi
OpPTOTOHAIIBI (QYHKIHMSIAPABIH Oipiik KeciHmigeri KoMOWHanmuschiHma Oomanpl. (JKeTKimikTi —Teric
GbyHKIMSUIAp YIIiH CIIEKTPAIBI )KYKTENYiH KOJIIaHbIII, )KYBIKTAIFaH IICIIiMHIH YKCIIOHECH [TUA/Ibl )KUHAKTAITY
JKBUIJAMJIBIFBIH HaKThl anyFa Oojajibl. ANMPOKCHMAIMS KAaTeJNiri SKCIOHEHUMATIBI 7~ KeMIll OTHIPABbI.
Maxkanana IlyaccoH TeHueyiHiH IWIETTIK ULICMIIMIEpiHE CIEKTPaJabl OSJIEMEHTITep oficiHe KOChIMIIA
KeNTipiIrex.

W.A .HBanos, A.H.Ec6aes, I'.A.EcernbaeBa, M.I1.Pama3anos

0] P€HICHNHU KPa€BbIX 3aa41 METOA0OM CIIEKTPAJTbHBIX 3JICMCHTOB

B MeToe CHEeKTpalIbHBIX 3JIEMEHTOB MPUOIIIKEHHOE PelieHHe HCXOJHOTO AuddepeHIHaNBHOrO onepaTopa
HAXOJUTCS B BHAE KOMOMHAIMM IO JHHEHHO HE3aBHCHMOI CHCTEeMe OPTOrOHANBHBIX (DYHKIHMN Ha CAMHUY-
HOM oTpe3ke. Mcronb3ys CHeKTpaibHOe Pa3IokKeHUE Ul AOCTATOYHO MNIaAKUX (QYHKIMH, MOXKHO MOITY4YUTh
9KCHOHEHIMAIIbHYIO CKOPOCTh CXOAUMOCTH TPUONMKEHHOTO PELICHUs K TOYHOMY, TPUUYEM OIIMOKa anmnpok-
cUMaruy OyaeT YMEHbIIAThCs SKCIOHEHIMATIBHO € POCTOM /1. B cTaThe mpencTaBieHo NpUIIOKEHHE MEeToa
CIIEKTPAJIbHBIX IEMEHTOB K PEIICHHUIO KPaeBoi 3aqa4n 1 ypaBHeHus [lyaccona.
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