
Bulletin of the Karaganda University. Mathematics Series, No. 4(116), 2024, pp. 159–169

https://doi.org/10.31489/2024M4/159-169 Research article

Advances in the generalized Cesàro polynomials
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Cesàro polynomials have been extended in various ways and applied in diverse areas. In this paper, we aim
to introduce a multivariable and multiparameter generalization of Cesàro polynomials. Then we explore
several generating functions, an addition formula, a differential-recurrence relation, a multiple integral
formula for this extended Cesàro polynomial, as well as a multiple integral formula whose kernel is this
extended Cesàro polynomial. Also we present several bilinear and bilateral generating functions for this
extended Cesàro polynomial, two of whose examples are demonstrated.
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Introduction

The generalized Cesàro polynomials g(s)n (λ, x) are defined by [1]

g(s)n (λ, x) =

(
s+ n

n

)
2F1

[
−n, λ;

−s− n;
x

]
, (1)

where
g(s)n (x) := g(s)n (1, x), n ∈ N0 := N ∪ {0} (2)

are the Cesàro polynomials [2–7]. Here 2F1 denotes the hypergeometric function (or Gaussian hyper-
geometric function) [8]:

2F1 (a, b; c;x) = F (a, b; c;x) =
∞∑
k=0

(a)k(b)k
(c)kk!

xk,

where (λ)ν denotes the Pochhammer symbol.
The generalized Cesàro polynomials g(s)n (λ, x) in (1) have the following generating function [9]:

∞∑
n=0

g(s)n (λ, x)tn = (1− t)−s−1(1− xt)−λ. (3)

Recall the following double series manipulations: Let f, g : N0 × N0 → C be functions and p ∈ N.
Then

∞∑
n=0

[n/p]∑
k=0

f(k, n) =
∞∑
n=0

∞∑
k=0

f(k, n+ pk), (4)
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n∑
k=0

[k/p]∑
j=0

g (k, j) =

[n/p]∑
j=0

n−pj∑
k=0

g (k + pj, j) , (5)

where [λ] denotes the integer part of λ ∈ R.
Cesàro polynomials have been generalized in various ways and used in diverse areas [1–7], [10; 62].

For example, Malik [11] has introduced Cesàro polynomials in two and three variables and has given
their generating functions. In this paper, we provide a multivariable and multiparameter generaliza-
tion of Cesàro polynomials. Then we investigate several generating functions, an addition formula,
a differential-recurrence relation, a multiple integral formula for this extended Cesàro polynomial, as
well as a multiple integral formula whose kernel is this extended Cesàro polynomial. Also we explore
several bilinear and bilateral generating functions for this extended Cesàro polynomial, two examples
of which are considered.

1 Multivariable and multiparameter Cesàro polynomials

In this section, we define a multivariable and multiparameter extension of the generalized Cesàro
polynomials g(s)n (λ, x) in (1) and obtain their generating functions. Also, we derive several properties
for these polynomials.

Definition 1. Let m ∈ N; n ∈ N0; s ∈ C \ N0; λj , xj ∈ C (j = 1, . . . , m). Then an m variable and
m parameter extension of the generalized Cesàro polynomials is defined by

g(s)n (λ1, . . . , λm;x1, . . . , xm) :

=
∑

r1+···+rm=n

(
s+ n

n

)
(−n)δm

(−s− n)δm

m∏
j=1

(λj)rj x
rj
j

(rj)!
,

(6)

where

δm := r1 + · · ·+ rm. (7)

The summation notation
∑

r1+···+rm=n
in (6) represents the following m-ple series:

∑
r1+···+rm=n

=

n∑
r1=0

n−r1∑
r2=0

· · ·
n−r1−···−rm−1∑

rm=0

. (8)

Figure demonstrates the surfaces of the generalized Cesàro polynomials g(s)n (λ1, λ2, x1, x2) in two
variables for some parameter values. We should remark that the special case of m = 1 in (6) im-
mediately reduces to the generalized Cesàro polynomials g(s)n (λ, x) in (1). Also if we take λj = 1
(j = 1, . . . ,m) in (6), we get the following multivariable generalization of the Cesàro polynomials
g
(s)
n (x) in (2):

g(s)n (x1, . . . , xm) :=
∑

r1+···+rm=n

(
s+ n

n

)
(−n)δm

(−s− n)δm

m∏
j=1

x
rj
j .
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(a) n = 3 (b) n = 4

(c) n = 5 (d) n = 6

Figure. Surfaces of the generalized Cesàro polynomials g(s)n (λ1, λ2, x1, x2) in two variables for the
parameter values s = 4, λ1 = 1/10, λ2 = 1/20 and n = 3, 4, 5, 6

In the study of special functions, a theoretical relationship to the unification of generating functions
is critical. Several researchers have made strides in this approach [12–14].

The following theorems present two generating function relations for the multivariable-multiparameter
Cesàro polynomials in (6).

Theorem 1. The multivariable-multiparameter generalized Cesàro polynomials in (6) are generated
by the following function:

∞∑
n=0

g(s)n (λ1, . . . , λm;x1, . . . , xm) tn = (1− t)−s−1
m∏
j=1

(1− xjt)−λj , (9)

where |t| < min
{
|x1|−1 , . . . , |xm|−1 , 1

}
and m ∈ N.

Proof. Let L1 be the left member of (9).
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Replacing the g(s)n (λ1, . . . , λm;x1, . . . , xm) with (6) and (8), we get

L1 =
∞∑
n=0

n∑
r1=0

n−r1∑
r2=0

· · ·
n−r1−···−rm−1∑

rm=0

(
s+ n

n

)

×
(−n)δm

(−s− n)δm

m∏
j=1

(λj)rj x
rj
j

(rj)!
tn.

(10)

Employing the case p = 1 of (4) in the first double sums in (10) gives

L1 =
∞∑
r1=0

∞∑
n=0

n∑
r2=0

n−r2∑
r3=0

· · ·
n−r2−···−rm−1∑

rm=0

(
s+ n+ r1
n+ r1

)

×
(−n− r1)δm

(−s− n− r1)δm

m∏
j=1

(λj)rj x
rj
j

(rj)!
tn+r1 .

(11)

Applying the same procedure as in getting (11) to the 2nd and 3rd double sums (11), and repeating
the similar process, we find

L1 =

∞∑
n=0

∞∑
r1=0

· · ·
∞∑

rm=0

(
s+ n+ δm
n+ δm

)
(−n− δm)δm

(−s− n− δm)δm

m∏
j=1

(λj)rj x
rj
j

(rj)!
tn+δm , (12)

where δm is given in (7).
Consider the following easily-derivable identity:

(−m− p)p = (−1)p
(m+ p)!

m!
(m, p ∈ N0) . (13)

Employing (13) in (12) offers

L1 =

∞∑
n=0

(
s+ n

n

)
tn

∞∑
r1=0

...

∞∑
rm=0

m∏
j=1

(λj)rj x
rj
j

(rj)!
tδm

=

∞∑
n=0

(s+ 1)n
tn

n!

∞∑
r1=0

(λ1)r1 (x1t)
r1

r1!
· · ·

∞∑
rm=0

(λm)rm (xmt)
rm

rm!
.

(14)

Using the generalized binomial theorem

(1− z)−α =
∞∑
n=0

(α)n
zn

n!
(|z| < 1, α ∈ C)

in each sum of the 2nd equality in (14), we arrive at the right member of (9).

Remark 1. The casem = 1 of the generating function relation (9) reduces to the generating function
relation (3).

Theorem 2. The multivariable-multiparameter generalized Cesàro polynomials in (6) are generated
by the following generating function:

∞∑
n=0

(
n+ k

n

)
g
(s)
n+k(λ1, . . . , λm;x1, . . . , xm) tn = (1− t)−s−k−1

×
m∏
j=1

(1− xjt)−λjg(s)k

(
λ1, . . . , λm;

x1(1− t)
1− x1t

, · · · , xm(1− t)
1− xmt

)
,

(15)
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where m ∈ N, k ∈ N0, and |t| < min
{
|x1|−1 , . . . , |xm|−1 , 1

}
.

Proof. Replacing t by t+ u in (9) gives

∞∑
n=0

g(s)n (λ1, . . . , λm;x1, . . . , xm)(t+ u)n = (1− t− u)−s−1
m∏
j=1

(1− xjt− xju)−λj ,

which, upon using binomial theorem, yields

∞∑
n=0

g(s)n (λ1, . . . , λm;x1, . . . , xm)

n∑
k=0

(
n

k

)
tn−kuk = (1− t)−s−1

×
(

1− u

1− t

)−s−1 m∏
j=1

(1− xjt)−λj
(

1− xju

1− xjt

)−λj
.

(16)

Using (9) on the right member of (16), with the aid of the case p = 1 of (4), offers

∞∑
n=0

∞∑
k=0

(
n+ k

k

)
g
(s)
n+k(λ1, . . . , λm;x1, . . . , xm)tn uk

= (1− t)−s−1
m∏
j=1

(1− xjt)−λj

×
∞∑
k=0

g
(s)
k

(
λ1, . . . , λm;

x1(1− t)
1− x1t

, . . . ,
xm(1− t)
1− xmt

)(
u

1− t

)k
,

which, upon equating the coefficients of uk on both sides, yields the desired identity (15).

Theorem 3. The following identity holds true:

g(s1+s2+1)
n (λ1 + µ1, . . . , λm + µm;x1, . . . , xm)

=
n∑
k=0

g
(s1)
n−k(λ1, . . . , λm;x1, . . . , xm)g

(s2)
k (µ1, . . . , µm;x1, . . . , xm).

(17)

Proof. From (9), we find

∞∑
n=0

g(s1+s2+1)
n (λ1 + µ1, . . . , λm + µm;x1, . . . , xm)tn

= (1− t)−s1−s2−2
m∏
j=1

(1− xjt)−λj−µj

=
∞∑
n=0

g(s1)n (λ1, . . . , λm;x1, . . . , xm)tn
∞∑
k=0

g
(s2)
k (µ1, . . . , µm, x1, . . . , xm)tk

=
∞∑
n=0

n∑
k=0

g
(s1)
n−k(λ1, . . . , λm;x1, . . . , xm)g

(s2)
k (µ1, . . . , µm;x1, . . . , xm) tn.

Matching the coefficients of the first and last members yields the desired identity (17).
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Theorem 4. The following differential-recurrence relation holds true:

∂

∂xj0
g
(s)
n+1(λ1, . . . , λm;x1, . . . , xm)

= λj0g
(s)
n (λ1, . . . , λj0 + 1, λj0+1, λm;x1, . . . , xm),

(18)

where 1 ≤ j0 ≤ m.
Proof. We will prove, when j0 = 1. By symmetry, it will be easy to interpret the result into the

general 1 ≤ j0 ≤ m.
Differentiating both sides of (9) with respect to x1, we have

∞∑
n=1

∂

∂x1
g(s)n (λ1, . . . , λm;x1, . . . , xm) tn−1

= λ1 (1− t)−s−1
(1− x1t)−λ1−1

m∏
j=2

(1− xjt)−λj

 ,
which, upon using (9), yields

∞∑
n=0

∂

∂x1
g
(s)
n+1(λ1, . . . , λm;x1, . . . , xm) tn

= λ1 g
(s)
n (λ1 + 1, λ2, . . . , λm;x1, . . . , xm) tn.

(19)

Equating the coefficients of tn on both sides of (19) leads to the identity (18) when j0 = 1.

Integrating both sides of (6) with respect to each of the variables xj (j = 1, . . . , m) from 0 to 1
gives the result in the following theorem.

Theorem 5. Let m ∈ N; n ∈ N0; s ∈ C \ N0; λj ∈ C (j = 1, . . . , m). Then∫ 1

0
· · ·
∫ 1

0
g(s)n (λ1, . . . , λm;x1, . . . , xm) dx1 · · · dxm

=
∑

r1+···+rm=n

(
s+ n

n

)
(−n)δm

(−s− n)δm

m∏
j=1

(λj)rj
(rj + 1)!

,

where δm is the same as in (7).

The following theorem provides an integral representation of the multivariable-multiparameter gen-
eralized Cesàro polynomials.

Theorem 6. Let m ∈ N; n ∈ N0; s ∈ C \ N0; λj , xj ∈ C (j = 1, . . . , m). Also let < (s+ 1) > 0,
< (λj) > 0 (j = 1, . . . ,m). Then

g(s)n (λ1, . . . , λm;x1, . . . , xm)

=
1

n! Γ(s+ 1)
m∏
j=1

Γ(λj)

∞∫
0

· · ·
∞∫
0

e−(u+u1+···+um)

×
(
u+

m∑
j=1

ujxj

)n
usuλ1−11 · · ·uλm−1m dudu1 · · · dum.

(20)
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Proof. Recall that the well-known identity as

c−v =
1

Γ(v)

∞∫
0

e−cttv−1dt (<(c) > 0, < (ν) > 0) . (21)

Using (21) in each factor of the right member of (9), under the restrictions in Theorem 1, we obtain

∞∑
n=0

g(s)n (λ1, . . . , λm, x1, . . . , xm)tn

=
1

Γ(s+ 1)

∞∫
0

e−(1−t)uusdu
1

Γ(λ1)

∞∫
0

e−(1−x1t)u1uλ1−11 du1

× · · · 1

Γ(λm)

∞∫
0

e−(1−xmt)umuλm−1m dum

=
1

Γ(s+ 1)Γ(λ1) · · ·Γ(λm)

∞∫
0

· · ·
∞∫
0

e−(u+u1+···+um)usuλ1−11 · · ·uλm−1m

×
∞∑
n=0

(u+ u1x1 + · · ·+ umxm)n

n!
dudu1 · · · dum tn.

Equating the coefficients of tn on the first and last members of the last resulting identity yields the
desired integral representation (20).

2 Miscellaneous generating function relations

Now, we obtain new substantial families of bilinear and bilateral generating function relations for
the multivariable-multiparameter generalized Cesàro polynomials in (6).

Throughout this section, let m, p, q, r ∈ N; l ∈ N0; µ, ν ∈ C; ak ∈ C \ {0} (k ∈ N0). Also let

Ωµ : Cr −→ C \ {0}

be a bounded function.

Theorem 7. Let

Λµ,ν(y1, . . . , yr; η) :=
∞∑
k=0

akΩµ+νk(y1, . . . , yr) η
k

and
Θµ,ν
n,p (λ1, . . . , λm, x1, . . . , xm; y1, . . . , yr; ξ)

:=

[n/p]∑
k=0

akg
(s)
n−pk (λ1, . . . , λm, x1, . . . , xm) Ωµ+νk(y1, . . . , yr) ξ

k.

Then
∞∑
n=0

Θµ,ν
n,p

(
λ1, . . . , λm, x1, . . . , xm; y1, . . . , yr;

η
tp

)
tn

= (1− t)−s−1
m∏
j=1

(1− xjt)−λjΛµ,ν(y1, . . . , yr; η).
(22)
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N. Özmen, E. Erkuş-Duman

Proof. Let L2 be the left member of (22). Then we have

L2 =
∞∑
n=0

[n/p]∑
k=0

akg
(s)
n−pk (λ1, . . . , λm, x1, . . . , xm) Ωµ+νk(y1, . . . , yr)η

ktn−pk.

Using (4), we obtain

L2 =

∞∑
n=0

∞∑
k=0

ak g
(s)
n (λ1, . . . , λm, x1, . . . , xm) Ωµ+νk(y1, . . . , yr)η

ktn

=

∞∑
n=0

g(s)n (λ1, . . . , λm, x1, . . . , xm) tn
∞∑
k=0

akΩµ+νk(y1, . . . , yr)η
k

= (1− t)−s−1
m∏
j=1

(1− xjt)−λjΛµ,ν(y1, . . . , yr; η),

which is the right member of (22).

Theorem 8. Let

Nµ,p
n,l,q(y1, . . . , yr; z) :=

[n/q]∑
k=0

(
l + n

n− qk

)
akΩµ+pk(y1, . . . , yr)z

k. (23)

Also let
Λµ,pl,q [λ1, . . . , λm, x1, . . . , xm; y1, . . . , yr; t]

:=
∞∑
n=0

ang
(s)
l+qn(λ1, . . . , λm, x1, . . . , xm)Ωµ+pn(y1, . . . , yr) t

n.

Then
∞∑
n=0

g
(s)
l+n(λ1, . . . , λm, x1, . . . , xm)Nµ,p

n,l,q(y1, . . . , yr; z)t
n

= (1− t)−s−l−1
m∏
j=1

(1− xjt)−λj

× Λµ,pl,q

[
λ1, . . . , λm,

x1(1− t)
1− x1t

, . . . ,
xm(1− t)
1− xmt

; y1, . . . , yr; z
( t

1− t

)q]
.

(24)

Proof. Let L3 be the left member of (24). Using (23), we have

L3 =
∞∑
n=0

[n/q]∑
k=0

g
(s)
l+n(λ1, . . . , λm, x1, . . . , xm)

(
l + n

n− qk

)
akΩµ+pk(y1, . . . , yr)z

k tn.

Employing (4), in view of the result in Theorem 2, we may write

L3 =

∞∑
n=0

∞∑
k=0

g
(s)
l+n+qk(λ1, . . . , λm, x1, . . . , xm)

(
l + n+ qk

n

)
×akΩµ+pk(y1, . . . , yr)z

ktn+qk
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= (1− t)−s−l−1
m∏
j=1

(1− xjt)−λj

×
∞∑
k=0

akg
(s)
l+qk

(
λ1, . . . , λm,

x1(1− t)
1− x1t

, . . . ,
xm(1− t)
1− xmt

)
×Ωµ+pk(y1, . . . , yr)

zktqk

(1− t)qk

= (1− t)−s−l−1
m∏
j=1

(1− xjt)−λj

×Λµ,pl,q

[
λ1, . . . , λm,

x1(1− t)
1− x1t

, . . . ,
xm(1− t)
1− xmt

; y1, . . . , yr; z

(
t

1− t

)q]
,

which is the right member of (24).

Theorem 9. Let

Λn,pµ,ν(λ1 + β1, . . . , λm + βm, x1, . . . , xm; y1, . . . , yr; z)

:=

[n/p]∑
k=0

akg
(s1+s2+1)
n−pk (λ1 + β1, . . . , λm + βm, x1, . . . , xm)Ωµ+νk(y1, . . . , yr)z

k.

Then, for n ∈ N0, we have

n∑
k=0

[k/p]∑
l=0

alg
(s1)
n−k(λ1, . . . , λm, x1, . . . , xm)g

(s2)
k−pl(β1, . . . , βm, x1, . . . , xm)

× Ωµ+νl(y1, . . . , yr)z
l

= Λn,pµ,ν(λ1 + β1, . . . , λm + βm, x1, . . . , xm; y1, . . . , yr; z).

(25)

Proof. Let L4 be the left member of (25). Using (5) and then using addition formula (17) for the
multivariable-multiparameter generalized Cesàro polynomials, we get

L4 =

[n/p]∑
l=0

n−pl∑
k=0

alg
(s1)
n−k−pl(λ1, . . . , λm, x1, . . . , xm)g

(s2)
k (β1, . . . , βm, x1, . . . , xm)

×Ωµ+νl(y1, . . . , yr)z
l

=

[n/p]∑
l=0

alg
(s1+s2+1)
n−pl (λ1 + β1, . . . , λm + βm, x1, . . . , xm)Ωµ+νl(y1, . . . , yr)z

l

= Λn,pµ,ν(λ1 + β1, . . . , λm + βm, x1, . . . , xm; y1, . . . , yr; z),

which is the right member of (25).

3 Concluding remarks and examples

We proposed an extension of Cesàro polynomials to several variables and parameters. Then we
investigated several generating functions, an addition formula, a differential-recurrence relation, a
multiple integral formula for this extended Cesàro polynomial, as well as a multiple integral formula
kernel of which is this extended Cesàro polynomial. Also we explored several bilinear and bilateral
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generating functions for this extended Cesàro polynomial, two examples of which are demonstrated in
Examples 1 and 2.

Since the multivariable function Ωµ+νk(y1, . . . , yr) is very general, we may deduce a number of
particular formulas from the results in Sections 1 and 2. We just use Theorem 7 to present the following
two examples.

Example 1. The Bessel function Jµ (x) are generated by (see, e.g., [15; p. 141])(
1− 2t

x

)−µ/2
Jµ

(√
x2 − 2xt

)
=
∞∑
n=0

Jµ+n (x)
tn

n!
. (26)

If we take r = 1, ak = 1
k! , ν = 1 and substitute the Bessel function for Ωµ+νk in Theorem 7, using

the relation (26), we can obtain the following result providing a class of bilateral generating function
relation for the multivariable generalized Cesàro polynomials and the Bessel functions:

∞∑
n=0

[n/p]∑
k=0

g
(s)
n−pk (λ1, . . . , λm, x1, . . . , xm) Jµ+k(y)ηktn−pk

=

(
1− 2η

y

)−µ/2
Jµ

(√
y2 − 2yη

)
(1− t)−s−1

m∏
j=1

(1− xjt)−λj .

Example 2. Taking r = m, ak = 1, µ = 0, ν = 1 and substituting the multivariable-multiparameter
generalized Cesàro polynomials for Ωµ+νk in Theorem 7, and using the generating relation (9), we may
get the following class of bilinear generating functions for the multivariable-multiparameter generalized
Cesàro polynomials:

∞∑
n=0

[n/p]∑
k=0

g
(s)
n−pk (λ1, . . . , λm, x1, . . . , xm)

× g(s)k (β1, . . . , βm, y1, . . . , ym) ηktn−pk

= [(1− t)(1− η)]−s−1
m∏
j=1

(1− xjt)−λj (1− yjη)−βj ,

where each variable, each parameter, and each index can be suitably restricted so that this formula is
meaningful.

Obviously, many other particular cases of Theorem 7 can be provided. Further, the results in the
other theorems in Sections 1 and 2 can reduce to yield a variety of identities about the extended Cesàro
polynomials (6) and their simpler ones.
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