DOI 10.31489/2022M4/98-106
UDC 517.95

M.T. Kosmakova*, K.A. Izhanova, A.N. Khamzeyeva

Karagandy University of the name of academician E.A. Buketov, Karaganda, Kazakhstan
(E-mail: svetlanamir578Q@gmail.com, kamila.izhanova@alumni.nu.edu.kz, aiymkhamzeyeva@gmail.com)

On the non-uniqueness of the solution to a boundary value problem
of heat conduction with a load in the form of a fractional derivative

The paper deals with the second boundary value problem for the loaded heat equation in the first'quadrant.
The loaded term contains a fractional derivative in the Caputo sense of an order o, 2 <Ua <'3sfThe
boundary value problem is reduced to an integro-differential equation with a differencedfernel bypinverting
the differential part. It is proved that a homogeneous integro-differential equation has at _lea§t“one non-zero
solution. It is shown that the solution of the homogeneous boundary value problem corresponding to the
original boundary value problem is not unique, and the load acts as a strong perturbation of the boundary
value problem.

Keywords: second boundary value problem, loaded equation, Caputodfragtional /derivative, non-unique
solvability, strong perturbation.

Introduction,

Loaded differential equations today have a wideypraétical application in many areas of natural
science. Moreover, loaded equations are a spedial class oflequations that require separate consideration.
In addition, loaded equations can act as one ofjthe ways to introduce generalized solutions of wide
classes of partial differential equations and as an effééfive method for finding approximate solutions to
boundary value problems for differential equations. A significant contribution to the development of
the theory of loaded equations was méde,byithe work of A.M. Nakhushev [1] (and his other works),
where definitions of loaded differenti@lleadedintegro-differential, loaded functional equations and their
numerous applications are gigen. In papers [2-5], the theory of loaded equations was further developed.
[3] considers boundary valuefproblémsffor a loaded differential operator, which are interpreted as
perturbations of the corregpondingydifferential operators. It is shown that the loaded part is a weak or
strong perturbation, dependingfon the derivative order in the loaded term, as well as on the manifold
on which the trage of{the BMP#solution is given.

There are manypbeeks,devoted to fractional analysis today [6-21]. In recent years, an intensive
study of loaded differential equations has been carried out, associated with various applied problems
of mechanicsfybiology, ecology and chemistry, modeled using loaded equations. To date, many books
havegbeen  devotiedgto fractional analysis (various applications in physics, mechanics, and simulation)
[7], T84—20]. Among the variety of works, the monograph [6], covering a huge range of ideas. Monograph
presentsiclassical and modern results in the theory of fractional analysis, and gives their applications
to integraliand differential equations and function theory.

From a mathematical point of view, it is interesting to study the boundary value problems for the
heat equation with a fractional load, when the loaded term is considered in the form of a fractional
derivative or a fractional integral. In [21, 22| the load moves with a constant velocity, namely, it moves
along the line z = t. The loaded term contains a fractional derivative in the Riemann-Liouville sense.
The boundary value problem was reduced to the Volterra integral equation with a kernel containing a
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generalized hypergeometric series. The integral equation has a nonempty spectrum for certain values
of the fractional derivative order and for the spectral parameter.

We also note that the boundary value problems of heat conduction and the Volterra integral
equations arising in their study with singularities in the kernel, similar to the singularities in this
paper, were considered in |23, 24].

In [25-28] fractionally loaded boundary value problems of heat conduction are investigated, the
loaded term is represented in the form of the fractional derivative. The derivative order in the loaded
term is less than the order of the differential part. In [25, 26] the loaded term is represented in the form
of the Caputo fractional derivative with respect to the spatial variable. In [25], it is proved that there
is continuity on the right in the order of the fractional derivative. There is no continuity on theleft. In
[26] there is continuity in the order of the derivative in the loaded term of the problen, J192§, 28|, the
loaded term has the form of a fractional Riemann-Liouville derivative with respect o theitime variable.
The kernel of the resulting integral equation contains a special function, for example, a‘géneralized
hypergeometric function in [25] or the Wright function in [27]|. Conditions for tie uniguelsolvability of
the integral equation are established by estimating the integral kernel. It isgghown that the existence
and uniqueness of solutions to the integral equation depends on the order ofythe ffactional derivative
in the loaded term.

In [29] the first boundary value problem for essentially loaded \eg@ation of heat conduction is
considered. It is shown that if the point of load is fixed, then the staged Beundary problem is uniquely
solvable.

In this paper, the second boundary value problem for thelloaded heat equation is considered in
the domain @ = {(z,t) |z >0, ¢>0}. The load is_presentedpas a Caputo fractional derivative.
The fractional derivative is greater than the ordereof theydifferential part of the BVP. The boundary
value problem is reduced to an integro-differential equation by representing the problem solution in
terms of the Green’s function. Solvability of thejintegro-differential equation depends on the fractional
derivative order in the loaded term of the BVP. The,integro-differential equation has an eigenfunction.
The solution of the stated boundary problem is determined by the solution of the obtained integro-
differential equation in explicit form. Since the uniqueness of the BVP solution is violated, in this case
the load can be interpreted as a stromng perturbation the BVP.

The article is structured as folldws. Segtion 1 includes some necessary concepts, definitions, auxiliary
assertions, and preliminary ass@tmptions/about the classes of the BVP solution and the data included
in the problem under study. In Section 2, we set the BVP that we are going to solve. In Section 3, the
problem is reduced to an integro.differential equation with a difference kernel. In Section 4 we solve the
resulting integro-diffeséntial equation by Laplace integral transform method. We write out the solution
of the resulting equation in explicit form and formulate the corresponding results on the non-uniqueness
of the solution t@,the BVP and the solution to the associated integro-differential equation.

1 Preliminaries

We first"give some definitions and useful information.
Definitions 1 ([6]). Let f(t) € Li[a,b]. Then, the Riemann-Liouville derivative of the order f is
defined agyféllows

P S G AN i ) I _
T.Da,tf(t)_r(n_ﬁ) dt”/a (t—T)ﬁ*"Hdﬂ B,ae R, n—1<f<n. (1)

Definition 2. Let f(t) € AC™[a,b] (i.e. £ D(t) is an absolutely continuous function). Then, the
Caputo derivative of the order 3 is defined as follows

t (n)
CDf,tf(t): 15)/(tf (7) dr; B, ae R, n—1< 8 <n, (2)

_ T)ﬂ—n—H
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From formula (1) it follows that

DO, f(t) = f(t), DI f(t)=Ff"(t), neN.

We study a BVP for the loaded heat equation, when the loaded term is represented in the form
of a fractional derivative. To study the formulated boundary problem, we need a formula for inverting
the differential part of the equation.

It’s known ([30]; p. 57) that in the domain Q = {(z,t) | >0, ¢ > 0} the following boundary
value problem of heat conduction

u = a’ugy + F (x,t),

u ‘t:0 = f(-T), Ug ’zzO = g(m), *
has the solution u(z,t) described by the formula \

u(x,t)zfoooc;(x,g,t) f(§)d§—a/tG(a:, 0,t—1)g(r

// G (2.6t =) P (€, )dng (3)

where

Gz, & 1) =

N 4at 4at }

The following equality holds true for the Green ,f t)

£, (4)

0

It follows from the definitions that for the existence of a derivative of f(¢) in the sense of Riemann-
Liouville (1) it is sufficient that f(¢) ngs to the class of summable functions, for the existence

of a derivative in the sense of Capifen(2) it¥is sufficient that the n — 1st derivative of the function
f(t) be an absolutely continmous @ , where n-1 is the integer part of the derivative order, i.e.
f(t) € AC"[a,b] and there i gélation formula for these derivatives
n—1
f¥(a)
@f(t) =D, [f(t) -y -y
k=0

So we assumelighatythe solution u(x,t) belongs to the class

/) u(,t) € AC* (t € [0,T]), (5)
@ de of the BVP equation vanishes at ¢ < 0 and belongs to the class
f(z,t) € Loo (A) N C(B), (6)

where A = {(z,t) |z >0, t € [0,T]}, B={(x,t)|x >0, t >0}, T — const > 0, also we assume

t 00
1(:1:,75):/0/0 Gz, &t —1) f(&,7)dédr € AC? (t € [0,T7)). (7)

The classes in which the problem is studied are determined from the natural requirement for the
existence and convergence of improper integrals that arise in the study.
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2 Statement of the fractionally loaded BVP of heat conduction
In a domain @ = {(x,t) : > 0,¢ > 0} we consider a BVP
- Uzzx A cDa ,t - ,t 5 8
we = o + M oDl 0 f| = f0) ®)

u(z,0) =0, u,(0,t) =0, (9)

where A is a complex parameter,

1 t Ur3(z,7)
D t) = dr
Dutent) = 555 || e
is Caputo derivative (2) of an order o, 2 < o < 3, ¥(t) is a continuous increasing fgn
~(t) is a positive const.
The solution of the problem and the right side of the equation belong to t

respectively.
8 Reducing the problem to a Volterra integro-differential equation he d kind
Lemma 1. Boundary value problem (8)—(9) is reduced to a Volterr, ifferential equation of

the second kind.
Proof. We invert the differential part of problem (8)— Q‘by ormula

azt——)\// DOtuazt §t—7d£dT+
/ / (x,&,t T)d€ dr.
Taking into account relation (4) and introdueing t otation
(z,t) e G(z, & t—71)f(&1)dEdr,
we get the following representatl ion to problem (8)—(9):
—)\/ T)dT + f1(z,t), (10)

where
@ ult) = {Dpu(a, ) | e (11)

we take the derivative of the order 2 < o < 3 with respect to the variables
pub x = y(t). On the left side, we get the function p (¢). We also introduce the
formula (11).
) is reduced to the integro-differential equation:

t
£+ A /0 Ko (t,7) 1 ()dr = folt), (12)

with conditions u(0) = ¢/(0) = 0, where

1
Ko (t,7) = O (13)
and
pot) = {D5ifiw 0} (14)

Lemma 1 on reducing the BVP to an integro-differential equation is proved.
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4 Study of the integro-differential equation. Main result

Lemma 2. The homogeneous integro-differential equation (12) has a non-trivial solution.
Proof. We denote the Laplace transforms of u(t) and fa(t) as

1) = Llu(t)] = /0 T ettt Talp) = Lifa(t))

Since ) I )
-«
L |:ta2:| = p3foz ’
then applying Laplace transform to equation (12) with the condition p(0) = p/ (Ok%
— Ja(p \
w(p) = _flr) (15)

1 Aape
Consider equation (15) for fa(p) = 0. K

Let’s solve the equation:

I o € Q. In case for a € @, there can be finite n
Then nonzero solutions to (16) are

11 (p)

t; px are solutions of equation (17), k = 1,...,m, n is a
ere and below, the numbers are in the left half-plane of

here §(z) is the delta function, C} = co

o+100
t — §(p — pr)ePdp = CyePrt,
2mi T—100
Integral is taken alon ne Rep = o and is considered in the form of the main value. That’s
why, if p = py, are ions of equation (17), then eigenfunctions of equation (12) have the following
form
ux(t) = CpePrt. (18)

ower of the complex number z with rational power z» is defined as:
= (W2)™.

II. € R but a € Q. Then o — 1 is an irrational number
Remark 2. Power of the complex number z with real irrational index of power 0 < s < a — 1 is
defined as the limit
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here o, and 3, are sequences of natural numbers.

Based on Remark 2 we can claim that equation (17) has at least one solution py for A € C' and
2<a<3.

Then equation (12) has at least one eigenfunction (18). The number of eigenfunctions depends on
the values of parameters o and A.

Now let’s find a solution of nonhomogeneous equation (12) (f2(t) # 0).

Equation (15) can be rewritten:

a—1

w(p) = f2(p) — )\HP)\—pa_l

Now we apply the inverse Laplace transform to equation (19) . \
pa—l B 1 d+i0c0 A(p) \

F2(p). (19)

-1
[HApH} ori /M,o Tl = Mt a)

here A(p) = p*~tePt.

The integral in (20) is considered as the main value and the integragie
which doesn’t include pg on the left side. Then the solution of equa
solution of equation (12)

a istbaken along the contour

an be written as: the

u(t) = folt) + > Crer — A Rﬁ\a (7)dr, (21)
(

. 0
here py are the roots of equation (17), C} are arbiteary stants and Ry (¢; ) is defined as in (20).
The zeros of the denominator of the integral i are the numbers py so that A(py)) # 0.
Therefore .
Alpr) e
Ma—1pp=? = Ma—1)

t ‘
(2

Ry(t,a) = Z:resp:p,c — =
k

Then (21) can be rewritten as

= ePrt — Pk tepk(t_T) 5 (T)dT.
(1) &@k ;Q_lfo Fa(r)d (22

k

Thus, the following t as been proved.
Theorem. In ifferentia! equation (12) with kernel and right side defined by the formulas (13)

(2 < a < 3) an spectively, has a solution defined by the formula (22), moreover, the
corresponding homogeneous equation (12) (when fo(t) = 0) has a nonzero solution

p(t)y = e,
k

where h are the roots of equation (17) and Repy < 0.

Conclusion

So function (22) is the solution of equation (12). Then the solution of BVP (8)—(9) has the form
of (10)

w(@ 1) = —A /O W(F)dr + fi(2,1),

where the function fi(x,t) is defined by the formula (7).
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In such a way it can be claimed that term with a load in equation for BVP (8)—(9) is considered a
strong perturbation, since according to (22) and (10) the homogeneous BVP (8)—(9) (when f(z,t) = 0)
has non-zero solutions in the form of:

u(z,t) = i(epkt -1),

% Pk
here pj, are solutions of equation (17) and Repy < 0.
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Beamniek TybIHABICHI TYPIiHIET >KYKTeMeMeH >KbIJTy ©TKI3TiMITiKTIH,

O HeeIMHCTBEHHOCTHU peINieHus KPaeB

106

nieKapaJibIK, eceOiH 1menry/aiH Oipereii emecTiri TypaJibl

Bipinmii kBagpanTTa OGeIIMeKTiK-2KYKTeIreH *KbUTYOTKI3TIIITIK TeHIey1 YImiH eKiHm MmeTTiK ecen KapacTbi-
pourran. 2Kykreme Kocburrbimbl 2 < « < 3 perri KamyTo Gesek TybiHabichl peringe 6epinren. ITlerrik
ecern quddEPEHITHAIBIK, OOJIITH ayBICTHIPY aPKBLIBI AffbIPMa 636K Ti HHTErpO-auddepeHITHAIIBIK, TEH T
kenripineni. BiprekTi unrerpo-guddepeHmanapk, TeHAEYAIH KeM JereHae Oip HOJIiK eMec, el Ml
ekeHi Jpsesenai. BiprekTi mekapaJiblk ecenTiy mremriMi 6ipereit emec, aj *KyKTeme me@p
KaTThI ayBITKYbI OOJIBIT TaOBLIATHIHBI KOPCETIITEH.

Kiam ce3dep: ekiHI MIETTIK ecem, KYKTeJreH TeHaey, KamyTo OeJIMeKTIK TyBIHIbI oIl FBIHAJTBI
MIEeNTTM, KATThI aybITKY.

M.T. Kocmaxkosa, K.A. N:xanosa, A.H. X

Kapazandunckutl yrusepcumem umeny axademura E.A‘By@a anda, Kaszaxcman

O LX)
Harpy3Koil B BUJE [ 6@0H3BOAHOI71
B crarne paCcCMOTpE€Ha BTOpas KpaeBasd 3a/1a €HHOI'O ypaBHEHUsA TEIIJIOIIPOBOJHOCTHU B II€P-

BOM KBaJpaHTe. Harpy»keHHoe ciaraemoe comep JPOOHYIO NMPOU3BOAHYIO B cMbIcje KamyTo mopsaka
2 < a < 3. KpaeBas 3azata CBOAUTCS K MUHTETPO-T HIIMAJIbHOMY YPABHEHUIO C PA3HOCTHBIM SIPOM

obparrennem guddepeHnaabHON 9acTh. Ka3aHO, YTO OJHOPOJHOE MHTErpo-nuddepeHnnaibHoe yPaB-
HEHME UMeeT XOTsI Obl OJHO HEHYJIEBOE Pe ve. IlokazaHo, 4TO pellleHHe OTHOPONHON KpaeBOU 3a/a4u,
COOTBETCTBYIOIIEN MCXOIHON KpaeBou 3 €eITMHCTBEHHO, & HArPy3Ka BBICTYIAET KaK CUJILHOE BO3MY-

mieHue KpaeBOﬁ 3a1a9U.

Karouesvie crosa: BTOpas
HO3HAaYHAas Pa3pEIInMOCTb,

Harpy>keHHOe ypaBHeHue, JpobHas npoussogHas KamyTo, Heon-
yIIeHue.
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