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On a second-order integro-differential equation with difference
kernels and power nonlinearity

The article studies a second-order integro-differential equation with difference kernels and pwe
A connection is established between this equation and an integral equation of the convolutl
arises when describing the processes of 11qu1d infiltration from a cyhndrlcal reservoi

of view, solutions of the corresponding integro-differential equation are sought of the space
of continuously differentiable functions. Two-sided a priori estimates are obfaimne any solution of the
indicated integral equation, based on which the global theorem of existence a queness of the solution is
proved by the method of weighted metrics. It is shown that any solution
is simultaneously a solution of the integral equation and vice versa, und ditional condition on the
kernel that any solution of this integral equation is a solution“of
these results, a global theorem on the existence, uniqueness and ding a solution to an integro-
differential equation is proved. It is shown that this soluti ound by the method of successive
approximations of the Picard type and an estimate forthe of their convergence is established. Examples
are given to illustrate the obtained results.
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Introduction

In this paper, we study the second- onlinear integro-differential equation
th+/ k(z —t)u"(t)dt, >0, a>1, (1)
with initial condition
u'(0) = 0.
On the kerne nd k(z) of equation (1) the conditions:

, h"(z) does not decrease on [0,00), h(0) = h'(0) =0 and h"(0) > 0, (2)

, K" (x) does not decrease on [0,00), k(0) = k'(0) = k¥”(0) =0 and k" (0) >0 (3)

are imposed.
The integro-differential equation (1) is closely related to the convolution type nonlinear integral

equation
x

ua(x):/K(w—t)u(t)dt, x>0, a>1, (4)
0
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at K(x) = h/(z) + k”"(z), arising when describing the processes of fluid infiltration from a cylindrical
reservoir into an isotropic homogeneous porous medium |1, 2|, the shock wave propagation in pipes
filled with gas [3, 4] and others (see [5-7]).

Equations (1) and (4) have the trivial solution u(x) = 0. From the theoretical and applied points
of view, nontrivial nonnegative continuous solutions of these equations are of special interest. Since,
for 0 < a < 1, equations (1) and (4) can only have the trivial solution u(x) = 0 in the cone @ of
the space C[0, 00) consisting of all nonnegative continuous functions on [0, 00), then it makes sense to
study them only for @ > 1. Any solution of equations (1) and (4) in the cone @, including nontrivial
ones, satisfies the condition u(0) = 0. In addition, if u(z) € @ is a nontrivial solution to equation (1)
or equation (4), then for any § > 0 its shifts:

us(z) =u(r—9) at *>0; us(x)=0 at =z <6, and u_s(x) =u(z+¥) atyx >0

are also solutions to these equations, which is verified by direct substitution. CefiSequently, equations
(1) and (4) can have a continuum of nontrivial solutions in the cone (). Therefore,#6 make the problem
of finding non-trivial solutions of equations (1) and (4) correct and since comtinuousgpositive solutions
for £ > 0 are of interest from the applied point of view, we will lookafer selutions to the integro-
differential equation (1) in the cone

Q%= {u(z): wu(z) e C0,00)N C?(0,00), u(0)=a/(0)=0%and u(z) >0 at x> 0},
and solutions of the integral equation (4) will be sought insthe‘@ene
Qo = {u(z) : u(z) € C0,00), u(®) =0, and®u(zx) >0 at x> 0}.
Conditions (2), (3) imply that the kernel K (2)%& h/(z) k" (z) of equation (4) satisfies the condition:
K(z) € C'[0,00), K'(x) does ngt decreasé on [0,00), K(0)=0 and K'(0) > 0. (5)

We consider equation (4) based on thé®fwe-sided a priori estimates and the weighted metrics method,
an analogue of the Bielecki methodf{(ség,[8; 218]).

In contrast to the Bieleckils méthod, during the construction of the metric, this study uses an exact
a priori estimate from below ©fythe®elition to equation (4) as a weight function, which allows us to
prove the global existenceg@fdyuniqueness theorem for the solution to equation (4) without restrictions
on the domain of its exisgengée.

For the first ime,[in worksf|1, 2|, the method of weight metrics was applied to equation (4) under
the condition that (0w, 0. In addition, in [1, 2|, when constructing the metric, the role of the
weight function 1§yplayed by the difference between the upper and lower a priori estimates, and for
the correctnéss of this metric (so that the denominator does not vanish), a specially overestimated a
priotifestimate frem above is used. As a result, such a metric led to additional restrictions and rather
cumbersgme calculations in |1, 2|.

Thisipaper shows that any solution to equation (1) in Q3 under conditions (2), (3) is simultaneously
a solution‘of equation (4) and vice versa, under the additional condition imposed on the kernel K (z) =
B (z)+ k" (x) any solution of equation (4) from Q belongs to the class Q3 and is a solution of equation
(1). The main result of the paper is that, using the above relationship between equations (1) and
(4), the global existence, uniqueness theorem is proved and the method for solving equation (1) is
found. The Picard successive approximation method is applied to solve the considered equation. The
convergence rate estimates are established. Examples are provided to illustrate the obtained results.
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Main part

Before proceeding to the study of equation (1), we first consider equation (4). The next two lemmas
contain information on the properties of non-negative solutions (if they exist) for equation (4).

Lemma 1. Let the condition (5) hold. If uw € Q) is a solution to the integral equation (4), then
the function w(z) does not decrease on [0,00) and is twice continuously differentiable for > 0 i.e.,
u € C?(0,00).

Proof. Let us first prove that the function u(z) does not decrease on the entire semiaxis [0, 00), if
u € Qo and is a solution to equation (4). Let x1,z9 € [0,00) be any number, and z; < x9.
virtue of condition (5), K'(z) > K’(0) > 0 for any x € [0, 00), i.e., the kernel K (z) increases 0
then

1 T2

u® (z2) — u® (x1) E/[K(xz —t)— K (z1 —t)]u(t)dt—l— K (zg —t)u
0
consequently, u(xzy) > u(x1), which is required.
Finally, we prove that u € C?(0, 00). Once both parts of identity (4 ifferentiated taking
into account K (0) = 0, obtain

1
u'(z) = —ul_o‘(a:)/K’(:cQ (6)

o'

0
This means that «/(z) is continuous at z > 0. Howevery, thenWw” (x) exists and is continuous as the
product of two continuously differentiable functions ny > 0. Accordingly, u € C%(0,00) and the
lemma is completely proved.

Lemma 2. Let the condition (5) hold. If a fun Qo and is a solution to the integral equation

(4), then for any = > 0 the inequalities

1/(a—1)

u(z) < “;1/K(t)dt = G(), (7)
0

where
B K'(0) - (o — 1)2 1/(a—1)
@C(O‘)< 2a - (a + 1) ) ’

are valid.

be a solution of equation (4). Lemma 1 implies that the function u(x) does
and u € C%(0, o).
ate F'(r) < u(z). By differentiating identity (4) twice, in view of condition (5),

(u*(z))" = /K”(:c — tyu(t)dt + K'(0)u(z) > K'(0)u(z).
0

Introduce the new function v(z), denoting u®(x) = v(z). The result is the second-order non-linear
differential inequality v” > K'(0)v!/® that does not contain an explicitly independent variable z. By
substituting this inequality v = p, p = p(v) (then v/ = p - p') we get p-p' > K'(0)v/®. Since

E/IK(:c—t)vl/a(t)dt and K (0) =0,
0
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then

V(x) = /K’ (z —t) v/ (¢) dt.
0

Hence, v(0) = v/(0) = 0 and v/(z) > 0. Therefore, writing the previous inequality as pdp > K’(0)v'/*dv
and integrating from 0 to x, we obtain

[V (@)* _ K'(0)-a

I 5 KOy o @) 2 /220 et/ 20),

a+1

Now separate the variables and integrate again from 0 to x and obtain
2 — o \
« ) /(2a) >
a—1 v ($ o+ 1 \
o 1/(a-1)
a—
a—1 2K'(0) - «

o [(egty e

Recalling that u(z) = v(x), from the last 1nequahty we obtaln the er bound u(z) > F(z).
It remains to prove the upper estimate, i.e. u(z () and u(x) are nondecreasing
functions, by applying the Chebyshev inequality ( 17 6 [6] in

/ K () 09@ x>0, ®)
Hence,

-1/

Therefore, once the integrati @ place, get:
z 1/(a—1)

a _ ]\ VD) -
. ) 0/ K (1) dt = G(a). (9)

Usmg estlmate equality (8) obtain: u(x) < G(x), which is required.
The ction

1/(a—1
o (@=1)? /o= 2/(a—1)
—) X

2a- (e +1

is a solution to the equation (4) for K(z) =

Example 1 shows that F'(z) = u*(z) at K(x) = z, i.e., a priori lower bound of the solution to the
equation (4) is unimprovable.

Obviously, Lemma 2 implies that the solution to equation (4) should be sought in the class

P={u(x): u(zr)e C[0,00) and F(z) <u(zx) <G(x)},

as F'(0) =G (0) =0 and F(x) >0 at =z > 0.
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Now consider the operator T":

z 1/a
/ K(z—tu@®dt| ., >0
0

Lemma 3. The operator T transforms the class P into itself.
Proof. Assume u(z) € P is an arbitrary function. Consequently, we have to prove that Tu) )

By Theorem 17.9 [6] (Tu) (x) € C]0,00). It remains to prove that F(x) < (z) < G(x)
u(z) > F(x) and by condition (5) K'(z) > K’(0) > 0, K (0) = 0, then
/K:c—t )t/ Nt = ¢(a a_l/K dt("“?
a+1
xT T
a—1 / (a+1)/(a—1) o / (a+1) a1 a
= c(a)a 1 K'(z—1t)t dt > c(«) 0) [t = [F(2)]
0

0
that is (Tu)(x) > F(x).
On the other hand, since u(z) < G(z) then taking 1ntQac t ‘¢ondition (6) and the Chebyshev
integral inequality (17.6) [6], where the role of function u(z r played by the function G(z),
which is non-decreasing either (see the proof of Theore we get:

[(Tw) ( / K (t 0 G(x).

Lemma 3 is proved.
Now consider the class

~ {u() & 10,8 and F(z) < u(z) < G(x)},
where b > 0 is any number, andjint ce the metric in it p, by imposing Yu(x),v(z) € Py:
|u(x) — v(z)| .
, ———————  where > 0 is any number.
Pb A% I2/(O‘_1)65x /B y
It is proved dire view of the equalities F'(0) = G (0) = 0 and the complete metric space C|0, b]
with Chebyshev metric that the pair (P, pp) forms a complete metric space (see Theorem 17.13 [6]).
an w € (0,b) so that condition
K'(p) < a-K'(0) (10)
is satisfied and sets . X (0
b1 K@ KO
K (0) n<x<b x

Then, by lemma 18.5 [6], we obtain that the inequality
K(@)e <o K'() (1)

holds.
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Theorem 1. If the kernel K (z) satisfies condition (6), then equation (4) has a unique solution u*(z)
in the cone @y (and in P, for any b > 0). This solution can be found by the successive approximations
method using the formula w, = Tu,—1, n € N, which converge to it according to the metric p, at any
b < 0o, and the convergence rate estimate

n

1 P (Tuo, uo) (12)

o () < 5

is valid, where v = K'(p)/[aK'(0)] < 1, and up(z) € P, the initial approximation (on arbitrary
function).

Proof. Write equation (4) as the operator equation u = T'u. First, show that the oper acting
according to Lemma 3 from P, to P, is contractive. ®
Let u,v € Py be arbitrary functions. It is clear that \

lu(z) — v(z)] < 2@ Ve py (u,v)

Therefore, using inequality (11) get

Kz —t)[u(t) — o) dt| < pp(u,v) | K(zz—1t)e” @/aldt<
J [t

< ePTK pbuv/x—ttz/o‘ 1 B oy (u, v/ (@1,
a+1)

Next employing the Lagrange theorem (finite-imcre ts formula) in view of the later estimate (see

the proof of Theorem 17.14 |6]) obtain
A — v (t)]dt
|(Tw) () — (Tv) (

< K/(M) Bx,.2/(a—1)

OZK/(O) ez Po (U’ U) )
whence
,u
(Tu, Tv) 13
,Ob u, U K,(O) " Po (u,v), ( )
e., the operato dition (10) is a contractive operator. Hence, based on the contraction

mapping princip helequation u = Tu has the unique solution u*(z) € P,, which can be found by
the fo } = —1, n € N, and the estimate (12) is valid.

h eft to show is that equation (4) has a unique solution in the cone Q. Suppose
Since equation (4) has the unique solution in P, at any b > 0 and the contraction

solution of‘equation (4) in Qo satisfies a priori estimates (7), this solution will also be the only one in
Qo-

Theorem 1 is proved.

Let us finally proceed to the study of integro-differential equation (1).

The following lemma establishes the relationship between integro-differential equation (1) and
integral equation (4).

Lemma 4. Let conditions (2) and (3) be satisfied. Then any solution of equation (1) in the cone
Q2 is a solution to integral equation (4) in the cone Q. Conversely, if conditions (2), (3), and the
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additional condition

= t 1/(a—1)
fK’(x—t)[fK(s)ds} dt
.0 0
ilir(l) x (a—1)/a =0, (14)
[ TE@-1)- t2/(a1)dt]
0

are satisfied, then any solution of integral equation (4) in the cone Qg belongs to the cone Q2 and is a
solution of equation (1).

Proof. Initially, prove the first part of the lemma. Assume u(z) € Q3 and is a solution togequation
(1). Then, applying the integration by parts formula twice by identity (1) taking into account conditions
(2) and (3), obtain:

L 2
u(z) = /h(x—t) du(t) +/k(a:—t) du/(t) _/u(t)h/(xt)dt+/u®) t=
0 0 0 K
_ / W (z — tu(t)dt + / WO (z — t)dt = 0/ K( ,

t
0 0
i.e. u(z) € Qo and is a solution of integral equation (4). @

Next, prove the second part of the lemma. Let u(x) € Qp'be t lution of integral equation (4).
Therefore by lemma 1, u(z) does not decrease on [0, 1Sitwice continuously differentiable on
(0,00), i.e. u € C?(0,00) and satisfies the inequaliti ) <@(z) < G(x). Prove that «/(0) = 0. By
identity (4) in view of condition (5) get

ot ()l (z) = / K ( — tyu(t) Sl (0)u(z) = / Kz — tyut) dt,
0 0

whence
(15)
Employing a pridei estima , by (15) obtain:
x x t 1/(a—1)
[K'(z—t)G(t)dt [K'(z—1) [% - [K(s) ds] dt
u < 0 _0 0
x (a=1)/c z (a=1)/c
a- [f K(z —t)F(t) dt] a- [f K(z — t)c(a)t2/(°‘—1)dt]
0 0
= t 1/(a—1)
o 11/ ) JEK'(z—1) {f K(s) ds} dt
= [ ] 9 0 —0 at z—0,
o a- [C(a)](a—l)/a z (a—1)/a
[K(z—t)-t2/(e=Dqt
0

by virtue of condition (14). Therefore u’(0) = 0.
Thus, u € C%[0,00), u(0) = ¥/(0) = 0 and u(x) > 0 at z > 0, i.e. u € Q3. All that remains
is to prove that u(z) is a solution of equation (1). Employing the equality K(z) = h'(z) + k" (z),
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commutative property of convolution and applying the integration-by-parts formula twice, taking into
account conditions (2) and (3), by identity (4) we obtain:

T xz T
_ / B (8) + K (8)]u(z — t) dt = / w(z — t)dh(t) + / w(z — t)dk () =
0 0 0
_ /h(t)u'(:c —t)dt—i—/k’(t)u’(m _tydt = /h(x—t)u’(t) dt—i—/u’(x ) dk(t) =
0 0 0 0
_ /h(w ()t + /k(t)u"(az )t :/h(m () dt + / Kz 4)u dt,
0 0 0 0
i.e. u(x) is a solution of equation (1).

Lemma 4 is proved.

Lemma 4 implies that under conditions (2), (3), and (14) integro-di equation (1) and
integral equation (4) are simultaneously solvable or not, Whlle they ha solutlons Therefore,
based on Theorem 1, the following fundamental theorem is true

Theorem 2. If conditions (2), (3), and (14) are satisfied, then eq t1 has a unique solution u*
in Q% (and in the space Py at any b > 0). This solution can the space P, using the Picard

successive approximation method u, = Tu,_1, n € N, Wh' rge to it according to the metric py
at any b < oo, and estimate convergence rate (12) i :
Ezample 2. When o > 1, h(z) = 22 and k(x ie., at K(r) = 8z, in the cone @ integral

equation (4) has the unique solution

*( ) _ |: 1:2/(04 1)
When K(z) = 8z condition (14) ta form
1
Qo1 (o—1 1) 1@/«
A(a) - lim 23~/ = here A(a) = 5 (@=l)folat]l)
20 a+1 4(a—1)2
Hence, for 1 < o < 3 ction u*(z) is also the unique solution of integro-differential equation

(1) in the cone
In particular,
u(z) = 2% in tHeyco

Note alsagthat €

, h(z) = 22 and k() = 23, equations (1) and (4) have the unique solution
5 and Qo, respectively.
3 only if 1 < a < 3, since

vy [Aa =12V (3-a)/(a—1)
iy =[S

and therefore u* ¢ Q2 at o > 3. This shows that condition (14) is essential to the validity of Lemma
4 and Theorem 2.

Following the monograph [6; 211] it can be proved that for 0 < a < 1, as in the case of the
corresponding linear equations obtained for av = 1, equations (1) and (4) have only a trivial solution
u(z) = 0 in the cone of the space of functions continuous on C' € [0,00) consisting of non-negative
functions continuous on the half-axis [0, c0).

Consequently, based on the results obtained non-linear homogeneous integral and integro-differential
equations type (1) and (4) except for the trivial solution u(x) = 0 can have the non-trivial solution

Mathematics series. Ne 2(106)/2022 45



S.N. Askhabov

u(x) # 0 at a > 1 strictly positive at « > 0. This is the fundamental difference between the theory
of the considered nonlinear equations and the well-developed so far theory of the corresponding linear
homogeneous integral and integro-differential equations, which have only the trivial solution u(x) = 0.
In addition, the theory of nonlinear equations differs from the theory of the corresponding linear
equations not only in the obtained results but also in research methods related to the choice of space
and nonlinearity properties.

In conclusion, following the works [9-12], it is possible to study integro-differential equations of the
form (1) with variable coefficients and inhomogeneities in the linear part, as well as systems of such
equations. Other methods for studying nonlinear equations of the convolution type are giveryin many
research works, such as [13], [14].
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C.H. Acxabosn

Ilewer memaekemmir nedazoeukaibi, YHUGEPCUMEMi;
A.A. Kadwpos amwvndazo. [llewen memaexemmix yrusepcumemi, I'posnuti, Pecet
AMBIPpBIMABIK, IAPOJIAPHI >K9HE JIDPEKEJIIK ChI3BIKTHIK N
yYpaJi

eKiHIi perTi mHTerpo-auddepeHnnaaabIK, TeHIe

HTEDPO-1udde-
IITh! TEKTI KeyeK-
TOJIKBIHJAPBIHBIH,
erpaJiIbIK TeH/Ie-

Maxkasiaia aiflbIpBIMIBIK, SIIPOJIAPHI KOHE JIOPEKETIK ChI3BIKTHIK, EMECTIr 6ap eKiH
PEHIMAILIBIK, Ter ey 3eprreiaren. OChl TeHIEYIH, TUINHAPIK Pe3epByaplIaH 13
Ti opTara CYHBIKTBIKTHIH MHMUIBTPAIUACH], I'a3 TOJITHIPBIIFAH KYOBIPJIAp/IE
TapaJjybl »KoHe T.0. IIPOIeCTepiH CUIaTTay Ke3iHae TyBIHIANTHIH YHIpTKi
yMeH OailJTaHBICHl AHBIKTAIIbI. KOo/ImaHbalibl KaFbIHAH OCBI MHTETDAJI]T H Tepic emec y3zimicci3
HIentiMIepi epeKIe KbI3bIFYIIBLIBIK, TYABIPAIbl, COHIBIKTAH HHTEIDO-I1MD@EepEHHHAJIbIK TEHIEY/IiH COlKec
mermiMaepi y3imicciz-puddepennnanaHaTeH KeHICTIK KOHyCL& ineni. Kepcerisiren nHTErpaiapIK
TeHJEYIH Ke3 KeJITeH MIeNriMi YIIiH eKi »KaKThbl alpuopJibl Oara. aJIBIHFAH, OHBIH, HETi3iHJe IIeliMHIH
Oap 6osybl MeH Gipereiylirinin raJjaMIbIK T€OpEMAChl CaIMa a 9JiciMeH mpsesienred. bepinren
WHTErPAJIIBIK- 1M dEPEHINAIBIK TEHIEYIIH Ke3 Ke €3riJI/Ie MHTEeTrPaJIIbIK TeHIEYIiH I1e-
mriMi GOJIATHIHBI YKOHE KePiCiHIe spora KOCHIMIIIA, 11 FaH Ke3/le OCbl MHTEeTrPAJIIBIK TEeHIEY/IiH Ke3
KEJIPEH IIEeNIiMi OChbl MHTErpasiIbiK-auddepen iy 1menrimi GosiaThIHBI KepceTiired. Ochbl
HOTHKeJIepi Maiijiaiana OTBIPBIN, HHTErPO-JIH BIK TeHeyIiH 6ap Gosrybl, OGipereiriri xKoHe
mrermiMin Taby oici TypaJsibl FasaMIbIK TEOpeMa . Byn memivmai moitexti [lukapa tunTi xKybi-
KTayJsap 9jiicimeH Tabyra 60J1aThIHBI KOPCETLIIIT, oJ1ap, MHAKTBLIBIK >KbLIJIAMIbIFbIHA Oara Oe/IrijieHreH.
AJbIHFaH HOTHXKEJEP/] KOpCeTy VIIiH MbICayiap KeJITipijareH.

Kiam coesdep: maTerpo-nuddepeHmalt
CaJIMaKThl METPHUKA DJIiCi.

ey, JOPEXKEJIK ChI3BIKTBIK, €eMECTIK, aflbIPBIMIBIK, SI/IpOJIap,

C.H. Acxabos

encrul 20cydapemeennulli nedazozuneckutl yrusepcumem;
Ye KU 20C cmeennwill yrusepcumem umenu A.A.Kadvposa, I'posnuiti, Poccus

O6 unTerpo-nuddpepeHnnaILHOM ypaBHEHUN BTOPOTO ITOPSIKA
OCTHBIMU $/IpaAMU U CTENEHHOI HeJIMHENHOCTHIO

pPacCMOTPEHO HHTErpo-AuddepeHITnaJIbHoe yPaBHEHNEe BTOPOTO IOPS/IKA C PA3HOCTHBIME $i]I-
€IIEHHO! HeJIMHEHHOCThI0. YCTAHOBJIEHA CBS3b 3TOTO YPABHEHHS C MHTEIDAJIbHBIM ypPaBHEHHEM
THUTA ‘CBEPTKY, BO3HUKAOIINM TIPU OIMUCAHWH IPOIECCOB MWH(MDUIBTPAIIUN KUJIKOCTHA W3 MUJIUHIPUIECKO-
ro pe3epByapa B M30TPOITHYIO OJHOPOIHYIO MMOPHUCTYIO CPELY, PACIPOCTPAHEHUS YIaPHBIX BOJIH B TPyOax,
HAIIOJIHEHHBIX T'a30M, U apyrux. IIocko/bKy, ¢ IpUKJIIa HON TOYKU 3pEHUs, OCOOBIl MHTEPEC IIPEeJICTABIIA-
IOT HEOTPUIATEJbHbIE HEIPEPLIBHBIE PEIIEHUs TOTO HMHTErPAJIHLHOIO yPABHEHUsI, PEIIeHUs COOTBETCTBY-
IOIIEro MHTErpo-auddepeHnuaibHOr0 YPaBHEHNI PA3bICKUBAIOTCS B KOHYCE MPOCTPAHCTBA HEIIPEPBIBHO-
muddepennupyembrx GyHKIiwit. [lomydensl 1ByCcTOpOHHNE AllPUOPHBIE OLEHKH JUJIsl JI0O0T0 PEeIleHus yKa-
3aHHOTO WHTErPAJHLHOTO yPABHEHUsI, HA OCHOBE KOTOPBIX METOJOM BECOBBIX METPUK JIOKA3aHA TJIOOAIbHAS
TeopeMa CyIeCTBOBAHUs U eIMHCTBeHHOCTH pernenus. [lokaszano, 4To g0boe penrenne TaHHOTO MHTEIPO-
nuddepeHnaIbHOr0 ypaBHEHNs! SIBJISIETCsI OJHOBPEMEHHO U PelleHHeM WHTErPaJIbHOrO ypaBHEHUs, U, 00-
paTHO, TPU JTOMOJHUTEILHOM YCIOBAU HA SIAPO, UTO JIIOOOE PEIeHWe 3TOTO WHTErPAJBHOTO yPABHEHUST
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SABJISIETCSI PEIIEHUEM JTaHHOTO MHTerpo-anddepeHnnaabHOro ypaBHeHus. Vcnosnb3ys yKa3aHHbIE PE3YJIbTa~
TBI, JJOKa3aHa IJI00aJIbHAsI TEOpEMa O CyIIeCTBOBAHWY, €IMHCTBEHHOCTH U CIIOCOOE HAXOXKEHUs PEIICHUsT
nHTErpo-auddepeHnnaabHOro ypaBaenns. [loka3aHo, ITO 9TO pereHne MOXKHO HANTH METOIOM IOCTIE0-
BATEJIbHBIX NPHUOJINKEHNN TNKAPOBCKOTO THIIA, IIPU 9TOM U YCTAHOBJIEHA OI[EHKA CKOPOCTH MUX CXOIMMOCTH.
IIpuBeiernl mpUMeEpPHI, WLTIOCTPUPYIOIIUE Oy YEHHBIE PE3YJIbTATHI.

Kmouesvie caoga: maTErpo-nuddepeHnuaibHOe YPaBHEHNE, CTENEeHHAs HeJTMHEHOCTh, PA3HOCTHBIE sIIPa,
METOJ] BECOBBIX METPUK.
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