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Semi-integration of certain algebraic expressions

The theory of fractional calculus developed rapidly as the applications of this branch are extensive nowadays.
There is no discipline of modern engineering and science that remains untouched by the techniques. of
fractional calculus. In fact, one could argue that real world processes are fractional order systems in general.
In this article, we obtain the semi-integrals of certain algebraic functions in terms of difference of two
complete elliptic integrals of different kinds by using series manipulation technique.
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1 Introduction, definitions and preliminaries

Fractional Calculus is the integration and differentiation of non-integer (fractional) order. The concept of
fractional operators has been introduced almost simultaneously with the:development of the classical ones. The
idea of differentiation (and integration) to a non-integer order-has appeared surprisingly early in the history
of the Calculus. It is mentioned in a letter dated September 30, 1695, from G.W. Leibniz to G.A. L’Hépital,
and in another letter dated May 28, 1697, from Leibniz to J. Wallis: This consequently attracted the interest
of many well-known mathematicians, including Euler, Liouville; Laplace, Riemann, Griinwald, Letnikov, and
many others [1; 284].

In 1731, L. Euler extended the derivative formula in general form ([2; 80, Eq.(2.37)], [1; 285, Eq.(5)]):

a T(A+1) A—p

DH A= —g? = ,
e =g TO+1—p)"
where p is not restricted to integer values and p may be an arbitrary complex number and T'(14+ M), T(1+A—p)
are well-defined. When p is positive real number, then above formula stands for fractional differentiation and
when g is negative real number; then above formula represents fractional integration.

In this paper, we shall use the following standard notations:

N:={1,2.3,-F; No:=N{J{0}; z5 =2z J{0} ={0,-1,-2,-3,---}.

The symbols C, R, N, Z, Rt and R~ denote the sets of complex numbers, real numbers, natural numbers,
integers, positive and negative real numbers, respectively.

The classical Pochhammer symbol («), (a,p € C) is defined by ([3; 22, Eq.(1), p.32, Q.N.(8) and Q.N.(9)],
see also [1;23, Eq.(22) and Eq.(23)]).

A natural generalization of the Gaussian hypergeometric series o Fi [, 3;7; 2] is accomplished by introducing
any arbitrary/number of numerator and denominator parameters [1; 42, Eq.(1)].

Each of the following results will be needed in our present study.
Some complete elliptic integrals [4; 321, Eq.(25)]:

s l l.
2 cos? 6 27 2
B(x) :/0 = 2 o 22 | jxl <1,
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Complete elliptic integral of second kind [4; 317, Eq.(2)]:

3 S 2 P 3 3 )
x):-/o v/ (1 — 22 sin 9)d9:§2F1 x| Jx] <1

Complete elliptic integral of first kind [4; 317, Eq.(1)]:

— 2F1 z2 ; |.’L'| < 1

/ /(1 — a2 sm@

See [3; 70, Q.N.(10)]:

where |z| < 1 and 2a € C\Z, .

o, o+ 3; 1

2a—1
90 VA2 <1+\/lz> ’

where |z] < 1 and 2a € C\Z, .

Special value of the hypergeometrie function [5; 474, Entry(100)]:

2, 3
’ 9 4
oF x :@{2—(24—95)\/1—96}.
3;

Considering the work of Abramowitz et al. [6], Andrews [7, 1|, Gradshteyn et al. [8], Magnus et al. [9],
Srivastava et al. [10] and Qureshi et al. [11], we aim at obtaining the semi-integrals of certain algebraic functions.
In Section 2, semi-integrals of some algebraic functions are mentioned in terms of difference of two complete
elliptic integrals of different kinds. In Section 3, their proofs are given by using series manipulation technique.

2 Some results involving semi-integration

In this section, we obtain the semi-integration of some algebraic expressions in terms of difference of two
complete elliptic integrals of different kinds.

d—s —\z _2 (g
; = — {B(Vx) -D(\Va)}. (3)
de™2 | /g (1—|—\/1—m) ﬁ{ }

-z [ -1{20-172 +2? 2
At {m (M - 20+7:c> } -2 (B(vA) - 10m)}. (1
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a3 [2-(2+2)/(0-2
dz—3 T2
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d—3 3V _ 38 Iq 1
— =—= 1C(W2) - D). (7)
b {m(umf’} - g
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d-z x ByV(l-—2)—z+8) | _ 16 - A -
da=3 { (1 —l’> (1+ (1 —a:))4 } G {C(W) SK(\[)} ®)
d—3 x2—$+2(1— (1—%)) 4
. { i — D) - JE(va) | (10
d_i L e {ows - gxiva) (1)
dz™2 =) (1+ (l—x)) i
- { (5 _x)} -2 {KW5) - BWD) (12
3 Demonstration of the semi-integrals
Proof of the result (3):
d~z - -1 4 ~ 1 2 2
dx=2 {\/1—9: (1+\/1—x)2} 4 dp3 {f Vi—z <1+\/1—x> } (13)
Using equation (2).in equation (13), we get

Nj=

g
dr~

N

1 3 9.
-z -1 d: - » 5
{\/1_(5(1“"\/1—33)2}_ 4 dx—% {fQFll ]}

Bulletin of the Karaganda University



Semi-integration of certain ...

—x/T
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From right-hand side of equation (3), we have

1 1 1 3.
2 T 27 29 27 2
NG {B(vz) -D(Va)} = 2{ 2 F , x| — oF ) T ] } =
(L) (1) gn = (L) (3) on
_ \Zf{ T;) (2)712():)7;1' _nz:;) (2)n2()i)7»7| } _
)

3 3.
— 2727
= x8ﬁ 2F1 [ x ] .

From equations (14) and (15), we arrive at the result (3):
Proof of the results (4) to (8):

The proof of the results (4) to (8) follow the same steps as in the proof of the result (3). So we omit the
details.

Proof of the result (9):
d-3 \/ r BWATz-—z+8)| _ d=z v 8Vl—z— (z—28) _
de=t \V1-o 14 yT=0) de™2 1+vi—z)'vi—z
Sad {\/E (8\/1—33(1-1—\/1—96)—1—73:)}_
da~ b (1+vIi—2)'vi—z

:.dj {\/5 ( 8 + [ >}
du3 1+vi—2) (1+vi-2)'vi-=
4

d—> 2 ° Tz 2
= + . 16
dz—3% {\/E (1—&—\/1—3:) 16\/1—x(1+\/1—x) } (16)
Using equations (1) and (2) in equation (16), we get

_1 _1 22 33
3 . — 3 25 . PRI
d 1 \/ r 8VI—-z-=x +4 8) d AN . Tx JF, .
dr—2 1—=x (]_+ /1—.’E) dr—2 16
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2y 929 21 25 929
= x27r 2 F1 x % o F1 T . (17)
4; 5;
From right-hand side of equation (9), we have

3 3. 11,
16 1 20 o 2 2
3 8 3: 1.

% {C(ﬁ) - ;KW)} - i (3)(;1)(5)“ % (1 * ?;) -

2020, n! 128 — (5),, n!
3 3. 9 5 5.
27 27 21 29 29
TVE 2F1 X M 2F1 xT . (18)
2 " 128 5

From equations (17) and (18), we arrive at the result (9).

Proof of the results (10), (11) and (12):

The results (10),(11) and (12) are obtained in a similar manner by following the same steps as in the proof
of the result (3) and making use of the equation (2). So we omit the details here.

4 Concluding remarks and observations

In this paper, we have obtained the semi-integrals of certain algebraic functions in terms of difference
of two complete elliptic integrals of different kinds by using series manipulation technique. We conclude this
paper with the remark that the semi-integrals of various other functions can be derived in an analogous manner.
Moreover, the results deduced above are expected to lead some potential applications in several fields of Applied
Mathematics, Statistics and Engineering Sciences.
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M.U. Kypemmn, JI2x. Majekm

torcamus Musiua Heaamun (Opmanv yrusepcumem), Horo-Zleau, Yrndicman

Keiibip aaredpablK 6pHEKTEP/i >KapPThLIail MHTErpaJaaay

BeuiekTi ecenrey Teopusichbl Te3 JIaMbII KeJie i, cebebi Kasipri yaKbITTa OChI O0JIBLICTBIH, KOCHIMITIAJIAPHI 6T
keH. Ka3zipri 3aManfbl TEXHIKa MEH FHIIBLIMHBIH 6ip/1e-6ip MmoHI GOJIIIEKTI ecenTey oiCTEPIHEH THIC KAJFaH
xKok. [IIbrH MoHiHZE, HAKTHI 9JIeM MpOorecTepi OesmeKTi peTTi Kyitemep men aiityra Gosramabl. Makasia-
na aarebpaJsiblK, Py HKIUATAPABIH MKaPThLIail HHTerpaJIapblH KaTapjJapMeH MaHUITYJIAIUIIaY TeXHUKACHIH
KOJIZIaHa OTBIPBII, 9P TYPJIL €Ki TOJIbIK, JINITUKAIBIK, HHTErPAJIIAP/IbIH AbIPhIMbI TYPFBICHIHAH AJIBIHFAH.

Kiam ce3dep: TruiepreoMeTpUsIIIBIK, (DYHKITHASIIIAP, TOJBIK SJLIHIITHKAJBIK, HHTErpajaap, lloxraMmmep cumMBo-
JIbI, 2KapThlIainHTEr DALY .

M.U. Kypermmu, /Ix. Majekm

tocamus Musaua Heaamus (Lenmparorodi yrnusepcumem,), Horo-Zleau, Hnous

ITonymHaTerpupoBanie HEKOTOPHIX aJITeOpandecKnx BbIpayKeHUid

Teopust poOHOIO UCUKUCIEHUST OBICTPO PA3BUBAETCSI, TAK KaK IPUJIOYKEHUS ITOMU 00JIACTH B HACTOSIIIEE BPEMs
ovyenb mupoku. Hu omHa aucnuninHa COBPEMEHHOM TEXHUKU M HAYKH, B I[€JIOM, HE OCTAETCS HETPOHYTOU
MeTOo/IaMU JIPOOHOrO mcumciaeHus. Ha camMoMm jiesle MOXKHO yTBEPXKIATb, YTO IPOIECCHl PEATHHOTO MDA
ABJISIOTCSI CHCTEMaMHM JIPOOHOIO MOpsijiKa. B cTaTbe 1oty deHbl oIy nHTerpaJsibl HEKOTOPBIX aJredpandecKux
GYHKIUN B TEpMUHAX PA3HOCTU JABYX IMOJHBIX SJUIANTHYECKUX HUHTETPAJIOB Pa3HBIX BUJOB C MTOMOIIBIO
TEeXHUK ¥ MaHUIIYJIUPDOBAHUSA PAJAMU.

Karouesvie caosa: runepreoMerpudeckne (pyHKINY, TOTHBIE SIIANTHYECKHE HHTEerpaIbl, cuMBos [loxram-
Mepa, HOJIyUHTEeIDUPOBaHUE.
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