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PHYSICOMATHEMATICAL MODEL OF CALCULATINGW6CONTINUOUS
BEAMS WITH ELASTIC YIELDING SUPPORTS

In this work there has been studied the rod system operation dependemee on the action of
external force effects. The system presents a multi-span centintious \heam with elastic yielding
supports. To identify the stress-strain state of the object underistudy, a’precise analytical method
of forces is used. The method of five moments is used asghelzesolying (canonical) equations. The
final results are the parameters of the stress-strain st@te for ‘@five-span continuous beam with
variable compliance coefficients on 5 intermediate supports and an absolutely rigid left extreme
support, deflections, bending moments, sheagjyforces, and support reactions.Theoretical provisions
and practical results can be used in the designjef load-bearing beam structures in buildings and
various engineering structures.
Key words: continuous beams, suppoft, vertical displacements of beam nodes, compliance
coefficient, force method, equations of fivelinoments, deflection diagrams.
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Ceprimai-ukeMmai TipeKTepi 8ap TyTac apKaJbIKTapbl ecenTeyAaiH dusnKa-MaTeMaTUKAJbIK
moiesi

Byn xymbricray cTepakingi Jkyitere, siFHU CepIiMIi-MKeM i TipeKTepi 0ap KemapajbIKThl TYTac
apKAJIbIKRA CHIPEKBI KYIITED dcepiHiH opekeri 3eprresinmai. 3eprreseTiH OObeKTIiHIH KepHeyJi-
aédopManisiaHFal KyHiH aHbIKTay VIIH HAKThl aHAJMTUKAJIBIK KYIITED 91iCi Haii aiaHblIIbl.
ITerugrmi(kaHOH/IBIK) TeHJEeyIep peTiHje Gec MOMEHTTep dici KosaHblibl. COHFBI HOTHIKETIEP
PemFiTIe CoJl »Karbl KaTaH OeKITIINeH YKoHe becapaJibiK, TipeKTep e e3repmeti Kosddumumentrepi 6ap
OecapadabIKThl TYTAC aPKAJBIKTBIH, KepHeYIIi-TedopManusiaHFal KYWiHiH TapaMeTpJIepiHia uiiy,
iy MOMEHTTEPI, KOJIJIEHEH KYIITEPi, TipeK peakIusaIapbl KeJITipiireH.
AJIBIHFAaH TEOPUsSIIBIK, KOHE IPAKTUKAJIBIK HOTHXKEJED FUMaparTap MeH 9pTYpPJi HHKEeHepJIK
KYPBLIBICTAPIAFBl TYTAC apPKAJIBIKTAD KYPBLIBIMBIH YKO0AJIAY Ke3iHe KOJIIAHBLIA aJaJIbl.
Tyitin ce3mep: Tyrac apkaJbIKTap, TIPEKTIiH HUKEMITIK KOIMDPUIMEHTI, apKAJLIKTBIH TYHiH-
JEepiHiH TiK XKBIIXKYDbI, UKEeMIUNK KO3(MUIMEHTi, KYIITep dici, 6ec MOMEHTTEPIiH TeHIeyaepi,
MaibICy IIIOPACHI.
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Pdusnko-MaTeMaTudecKasi MOJ€EJIb pacueTa Hepa3pe3HbIX 0aJIOK € YyIIPyro-nmoJaTJINBbIMU
ornopamMu

B nannoit pabore BBITOJHEHO HUCC/IEIOBaHWE pabOTHI CTEPKHEBOU CHCTEMBI HA JIEHCTBUE BHEIII-
HAX CHUJIOBBIX BO3JEHCTBUIA, MPEICTABJISIONIE MHOTOIPOJIETHYIO HEPAa3PE3HYI0 OaJIKy, OIOPLI
KOTODBIIl SBJISETCA YIPYTO-MOAATIUBLIMA. J[Jisi BBISBICHUS HAIPIKEHHOTO-1e(DOPMUPOBAHHOTO
COCTOSIHUSI M3y4aeMOI'o OObeKTa IPUMEHSEeTCs TOYHBIN aHAJUTUYeCKuil MeTon cuil. BiKauecTBe
pasperaonyx (KAHOHUIECKUX) yPABHEHMI MCIIOIBb30BAH MeETOJ HSTH MOMEHTOB. (B Kauecrse
KOHEUYHBIX PE3yJIbTATOB IIPUBEJIEHBI MMapaMeTPhl HAIPSKEHHOTO-1e(DOPMUPOBAHHOIO COCTOSTHIUS
IS TATHUIIPOJIETHON Hepa3pe3HOoil OajKu ¢ mepeMeHHBIMU KOdI(DMUIMEHTAMA [IOAATAUBOCTI
Ha H-TH [POMEXKYTOUYHBIX OIOpaxX M abCOJIIOTHO JKECTKOH JIeBOH KpailHe#POTOpOii,) 1Iporuodsl,
n3rubaroIe MOMEHTHI, IIOIepeYHble CHJIBI, ONOpHbIE peaknuu. Teoperrdeckue MIONOXKEHUA U
MPAKTUYIECKUE PE3yIbTaThl MOTYT HUCIOJIb30BATHCSA IMPU MPOCKTUPOBAHME, HEEYNX OaTOTHBIX
KOHCTPYKIIAH B 3JaHUSX U PA3JINYHBIX NH?KEHEPHBIX COOPYXKEHUSX.

Kutouessbie ciaoBa: Hepaszpesnsie 6aiku, kKo3pUIMEHT TOJATINBOCTH OHOP, BEPTUKAJIBHBIE CMe-
MEHUS Y3JI0B O0AJIOK, KOIMDDUIMEHT TOMATINBOCTH, METOJ, CTJL, ‘VPABHEHNS [IsITH MOMEHTOB, SIIOPHI
pOrudoB.

1 Introduction

Multi-span continuous beams are widely used in bridge, industrial and civil construction [1-
3] in the form of load-bearing beams, columns®®f multi-storey frames of high-rise buildings.
They are also the base of the carriageway of pontoon bridges.

Intermediate supports of such stfagtures can have elastic displacements at the joints of
adjacent structures, which significangly affects their stress-strain state.

Continuous or multi-span Beams are statically indeterminate beams that span several
spans (two or more) and depnot have intermediate hinges. Continuous beams constitute
an important class offstatically indeterminate rod systems and are often found both in
construction and indotheér branches of present day technology. The most widely used general
method of calculating statically indeterminate systems in practice is the method of forces. It
is covered in détaillin the scientific literature on the mechanics of structures [4-6].

The method ‘of, calculating continuous beams using the equations of five moments also
has & numberjef Significant advantages and is only a modernization of the method of force
tramsfomation (2, 7|.

When gélculating the main beams as a part of various beam cells, it becomes necessary
to identify the parameters of their stress-strain state, that is, the values of displacements
(deflections), internal forces, etc. In power engineering, such structures are used as load-
bearing structures for mechanisms and machines |7, §|.

The purpose and the tasks of the study. The purpose of this work is to study the stress-
strain state of rod beam systems with a high degree of static uncertainty with supports of
both rigid and elastic yielding types using the precise analytical method of forces for their
calculation.

At this, the following tasks are realized: developing the resolving canonical equations of
the method of forces; obtaining expressions for calculating their elements taking into account
the compliance coefficients of the supports; developing a methodology of calculating the
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compliance coefficients of the supports of a five-span continuous beam, and their effect on
the parameters of the stress-strain state.

2 Theoretical provisions and calculation methods

yielding supports under the action of concentrated nodal forces Py, Ps,. ..
variable bending stiffness of the spans.

o) _ . . _
a 5 lF, 455?/2/'0 15 447;?%0 le 4507KA2f/ le 557{5%0 lﬂ J62kN
T
| =35m | K
b) 14 i
j 4167

Figure 1: Towards the cal continuous beam: a) preset continuous beam; b) the
curve of initial (preset) de ctions o the beam nodes; ¢) the main system of the force method

The support 15 determined by the coefficient of their compliance: C; (i=1,2,...,m)

“i—th” support caused by the action of a unit force (FP; = 1) on it;
ent of C; is em/kg. Let the supports of the beam (except for the support
nitial displacements (Figure 1, b), then the compliance coefficients of the
e the following values:

is the movemen

1.62 _ Yo _ 3.24 _
- " —374-107° : —  —7347-1076 ;
13310 3.74-10"°em/kg; Co = B~ 11108 73.47-10"em/ky;
YD 41 _6 Y 522 6
Cp P, 13107 95.35-10°em/kg; Cg P RI10° 37-10°em/kyg;
Yyr 6.32

Cr = = 174.59 - 10~%cm/kg.

P 36.2-103
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We take the exact analytical method of forces [9-11] as the method of calculating such
continuous beams. The main system is taken a multi-span beam divided by hinges in the
supports into single-span beams. The main unknowns are the support moments (Figure 1,
¢). The canonical equation for the n-th support will have the form of the equation of five
moments |9, 10].

5n,n—2Mn—2+5n,n—1Mn—1 +5n,nMn+6n,n+1Mn+1 +5n,n+2Mn+2+Anp - O; (Z¢ M ) )
1)

B\

The coefficients of canonical equation (1), taking into account elasti of the supports
will take the form:

Gy b Cea( 1 1Y G A 1Y
MR Ll T 6B, b\l T, b st )
ln ln+1 Cn_l C(n-i-l
5nn = Cn ) 2
’ 3E‘Jn * 3EJnln—l-l * ln2 * ln ln+ > - n+1 ( )

1 Cn,
+ ) ;5n,n+2 = I L

5, = lns1 _Cn+1<1 1>_Cn<
et 6EJn+1 ln—f—l ln +2 ln+1 n+lln+2 ’

B? A2 1 1 Chni1
An = - +n_+1 n— _Cn — + Rn+n—+Rn )
" EJ, FE ! lp  lpga Crgr i
where R, 1, s e respectively the support reactions n — 1, n, n + 1 in the
composition of ic system; BY AP 1 are respectively fictitious reactions of the support

considered in n'and n+1 spans of the beam (for example under the action of the uniformly
distributedqload ‘g for a span with the length /; these reactions are equal to BP = AP =

ction on the n-th support of the beam, taking into account their elastic
to the total response of this support multiplied by C,,, that is:

M,,_ 1 1 M,,
Yo = C, L=+ M, + 1) + R,. (3)
I, ln lnt1

3 Results

Let’s accept the proposed theory of calculation for the preset continuous beam (Figure 1,a).
1. Support “A” (n = A)

6A,AMA+5A,BMB+5A,CMC+AA,P:0' (4)
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Let’s calculate the coefficients of equation (4):

0 10-8 3.74- 107
Saa= =0.0445 - 107%;
A= 3T 3730806 T (35002 ’

10~8 3.74-107% /1 1
dapg = — — 4+ — ) =—0.05417 - 10°8;
AB = 6737806 350 (35 * 35) ’\
3.74-1076 374 10 6 &%
o= ————=0.0305-10"8% 4p= +43.3-1 4 1073,
A,C (350)2 b A,P

2. Support “B” (n = B) @
0\\‘ s

108 108 1 \? 73.47-10°¢
5 +(37.4-1079), =0.2131-107%;
BB 33806 3-2.4-8.06 350) T
5 Ul 374 =4 —0.05417 - 1078;
BAT 673806 350 T 350 AB =
108 374-10°° /1 1
5 = —0.1724-10"%;
B.C = 694 %06 350 350 350 (350 + 350)
1 73.47-1076
— 4+ —}-433-10°+ ———— - 44.1-10% = 0.00322 - 10~3:
350 + 350) T 350 ’
73.47 1076
— =0. -1078,
a0 30 — 0.059976 - 10

3. Support “C” (n = C)

37.4-107¢
350 - 350
1078 37.4-107% /1 1 73.47-107% /1 1
6-24-806 350 '(350+ﬁ)_ 350 '(%Jrﬁ

Soa= = 0.03053 - 107%;

Oc.p = ) = —0.1724-107%;
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1078 108 37.4-1076 1)\?
Sco = 73.47-107% - [ — + —
CC = 3.94.806  3-18-806 (3507 (350 * 350) *
93.35-1076
e . —(.386842- 1078
(350)2 ’
108 93.35-107637.4-10° 1 1
So.p = - NEERE
6-1.8-8.06 350 (350)2 350 ' 350 * \
73.47 - 1076 1 1 \
[ — 4+ — ) = —0.26414 - 107%;
350 (350 + 350> ’ 6
95.35-10~6
===~ —.077837-107%;
@F ™ 7350350 ’ K
37.4-1076
Agp="-—"°.433-10>—-7347-1075 - [ — 1-10°
“F 350 (350 35 *
95.35-1076

+

e o .433-10°=—2.1731-1075.
4. Support “D” (n = D)

350

5D,BMB+5D,CMC+5D,DMD+6D,E + ’EZO

73.47 1076
bpp=———"—" =0. 1075
DB 7350 - 350 00599%’
S 10°  7347-1 L £ 9335-107° /1 L]
e 6.1.8-8.06 0 ' 350 350 350 ' 350
1078 73.47-107° 1 1
Op,p = +95.35-107°. (— +—

ort “E” (n

0806 (350)

350 350 ' 350 350 350 ' 350

:E)

6E7CMC + 5E,DMD + 5E,EME + 6E,P = O

dp,p =

dp,E

10-8

6-1.8-8.06

10~8

93.35-1076 / 1 N 1 _137-10—6 1 N 1
350 350 350 350 350 350

1078 97.35 1

T 3.12-806  3-06-8.06 (35002

350 350

)

1

> = —0.2652-107%;

2
) =0.5471-107%;

137-1078 / 1 1 95.35-1076 / 1 1\?
( N >_—( + ):—0.3622-10_8;

= —0.3621-1078;

2
137-107% . [ — + —
+ <350+350) +
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174.6 - 1076
- —0.77164-107%;
(350)2 ’
95.35-10°¢ 1 1
dpp= — —.43-10°—-137-107%- [ — + — ] - 38.1-10°
Br 350 (350 * 350) *
. \
174.6 - 1076
4+ .36.2-10®> = —0.539-1073.

350

The system of linear algebraic equations (5) (SLAE) for the prese oras beam will
have the form:
A-M=P, (5)

L 4
where A (5x5) is the square matrix of the 5" order (Table =W M4, Mg, Mc, Mp, Mg}|
is the vector of the moments at support of the basi P = { Pg, Pc, Pp, Pg, Pr}| is
the vector of free members taking into account d preset for the beam.

Table 1 — matrix of the force method forgcalculating Ssspan continuous beam with elastic
yielding supports
Ne | My Mg Mc | Mp Mg Right part
1 10.0445 -0.05417 | 0.03053 - -4.627x10°
2 |-0.05417 | 0.2131 -0.1 .059976 | — 0.00322x10°
3 10.03053 |-0.1724 | 0386842 [=0.2652 | 0.07784 | 2.1731x10°
4 |- 0.0599% @ 0.05417 | -0.3624 | -
0.74176x10°

07784 | -0.3624 | 0.77164 | 0.0539x10°
hation (6), we obtain the moments at support of the continuous

5 _
By solvmg the syste '@
bean:

(6)

is given solution for equation (6):

~1.513-107 (kgem); Mp = —3.434-10° (kgem); Mg = 7.982-10° (kgem);

Mp = 8.398 - 10° (kgem); Mg = 3.205-10° (kg - cm).
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Let’s calculate the largest deflection (at the “F” point) by multiplying the curves M
(Figure 2, b) z)md M r (Figure 2, ¢) according to the Vereshchagin rule (7).

) _ — — — _
F=433u B=441x R=430kH R=381sl B=362u
1 A U G- G - S
A N S N S 4
| s5m | 35m | 35m | 35m | 35m |
A £ £ A = |
b) \\
My
oy by
= N = = % =
SN &2 5 e 5
n T 2 = 5
S = b T i
= = =
A =] [ £ E F
N O A T T I T o
c) 4 5 C 0 E Fo
= £ 3 i
- S &8 - i
2 =
[l
et
o)
by
=
3
= (F
e
7531107 4.6800Y ijfﬁxmf/ 0.91 51 0 &, kg
i B | o T I A
g=33.41x10% Vp=17.4707 W= 25c10° Vp=s1.64x10° p=338710° Vp=3711x10

Figure 2: The results offalculating beams:a) preset continuous beam; b) the curve of

moments; c¢) single curve “ofythe™noments; d) the curve of transverse forces; e) support
reactions

S . L/ —
R NG5 = 5500 () = . 1)

Aegordigg to (7), we have

YF = Ymax = 0.48 cm.

The (yp = Ymax = 6.48 cm) value is close enough to the initial value (Figure 1, b; yp =
6.32 cm, the error is about 2.53 %), which confirms reliability of the theoretical provisions of
this work, as well as the accuracy of practical calculations.

Using the ordinates of the obtained curves of moments (Figure 2, b), according to
Zhuravsky rule, we determine the ordinates of the diagrams of transverse forces (Figure
2, d) and then the values of the support reactions (Figure 2, f).

Let’s check the condition of equilibrium of the continuous beam.
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Y Fey=)Y_P. (8)

According to Figure 2, a, e, based on expression (8), we have:

Ri+Rg+Rc+Rp+ R+ Rrp=P +P+P;+ P,+ P, ‘\

yo = RO+ (MMI—Mn)—i(Mn—MM)l(i @ (9)

ln—l—l

4 Conclusions \

1. In this work, there has been studied theSgtress-strain state (SSS) of a five-span
with different bending stiffness of the

spans under the action of nodal forces (

2. The applied research method isahe precise analytical method of forces; in this case, the
unit and load coefficients a etermined taking into account the coefficients of elastic
compliance of the su @ > beams.

rt
xf five moments, the supporting bending moments

3. Based on the
My, Mg, Mc, D@Ve been determined (Figure 2, b), and then, according to the
Zhuravskygule, th sverse forces on the spans (Figure 1, d) of the beam have been
calculated, a support reactions have been determined;

o, greéatest Wleflection has been calculated (at the "F"point); at this, sufficient
i its value to the initial value of the deflection in Figure 1, b has been
d, which confirms the correctness of the theoretical provisions of the study

$o
withtheir practical implementation.

5. In the course of the study, it has been found that the presence of elastic yielding supports
reduces the highest value of the corresponding parameters of the stress-strain state in
comparison with the cantilever bar as follows:

- for bending moments by 4.74 times;

- for deflections by 14.92 times;

This suggests that in order to reduce the material consumption of a continuous beam, the
presence of elastic yielding supports is advantageous.
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