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The embedding theory of spaces of differentiable functions of many variables studies important connections
and relationships between differential (smoothness) and metric properties of functions and has wide applica-
tion in various branches of pure mathematics and its applications. Earlier, we obtained the embedding
theorems of different metrics for Nikol’skii-Besov spaces with a dominant mixed smoothness and mixed
metric, and anisotropic Lorentz spaces. In this work, we showed that the conditions for the parameters of
spaces in the above theorems are unimprovable. To do this, we built the extreme functions included in the
spaces from the left sides of the embeddings and not included in the. “slightly narrowed” spaces from the
spaces in the right parts of the embeddings.
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Introduction

One of the first results related to the theory of embedding of spaces of differentiable functions was a
result of S.L. Sobolev [1]. This theorystudies important relations of differential (smoothness) properties
of functions in various metrics. Further development of this theory is associated with new classes of
function spaces defined and studied in the works of S.M. Nikol’skii [2]|, O.V. Besov [3], P.I. Lizorkin [4],
H. Triebel [5], J. Bergh and J. Léfstrom [6], and many others. The development of this research was
determined both by its internal problems and by its applications in the theory of boundary value
problems of mathematical physics and approximation theory (see, for example, [7—11]).

In the 1960s, in the works of S.M. Nikol’skii [1], A.D. Dzhabrailov [12] and T.I. Amanov [13]
begins the study of spaces with a dominant mixed derivative. Further study of spaces with a dominant
mixed derivative-which is related with the theory of embedding and interpolation and the theory of
approximations is associated with the works of A.P. Uninskij, V.N. Temlyakov, E.D. Nursultanov,
D.B. Bazarkhanov, A.S. Romanyuk, G.A. Akishev, K.A. Bekmaganbetov, Ye. Toleugazy and others
(see, for example, [14-20]).

In a serie of articles [21-23] we studied various properties of Nikol’skii-Besov spaces with a dominant
mixed derivative and with a mixed metric. In these articles, we investigated the interpolation properties
of these spaces, obtained limit embedding theorems for these spaces and anisotropic Lorentz spaces,
and proved theorems on traces and continuations of functions.
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In the work of K.A. Bekmaganbetov, K.E. Kervenev, Ye. Toleugazy 22|, embeddings for Nikol’skii-
Besov spaces with a dominant mixed derivative and a mixed metric and anisotropic Lorentz spaces
were studied. In this article we are showing that the conditions in the embedding theorems from the
work [22] are unimprovable. We build the extreme functions included in the spaces from the left sides
of the embeddings and not included in the “slightly narrowed” spaces from spaces in the right parts of
the embeddings.

Preliniminaries and auxiliary results

Let f(x) = f(x1,...,2,) be a measurable function defined on T". Let multiindexes 1 <p =
(p1,...,pn) < 00. A Lebesgue space Lp(T") with mixed metric is the set of functions for which the
following quantity is finite

pn/pnfl 1/pn

p2/p1
HfHmem)Zi jﬁ (.” (}Q[f(xl,”.,xn)wldm1> ...) dmn

1/p
Here, the expression </ ]f(t)\pdt> for p=oc is understood as esssup;cr|f(t)|.
T

For multiple trigonometric series f(x) ~ " .z axe'® %) we denote by

As(fix) = Y aw(f)e'®,

kep(s)

n
where p(s) = {k = (ki,...,ky) € Z" : 2571 <'|ky| < 2% i = 1,...,n}, (k,x) = ij:vj is the inner
j=1
product of vectors k and x.
Let o = (av,...,a,) € R" and 1 < 7= (71,...,7,) < 0o. The anisotropic Nikol’skii-Besov space
with generalized mixed derivates and mixed metric Bg™(T") is a set of the series f ~ Z aye’ )

kezZn
such that

flagr = [|[{22 186Dy ], < o0,

where |[|-[|; is the norm of a discrete Lebesgue space with mixed metric ;.

We will also need the anisotropic Lorentz spaces which introduced by E.D. Nursultanov in [24].

Let f(x) = f(x1,...52,) be a measurable function defined on T™. We denote by  f*(t) =
= f*t*n (g, .. .yty,) the function obtained from f(x) = f(z1,...,x,) by applying the non-increasing
rearrangement successively with respect to each of the variables z1,...,z, (the other variables are
assumed to be fixed).

Let multiindexes 9 = (¢1,...,qn), 0 = (61,...,0,) satisfy the conditions: if 0 < ¢; < oo, then
0 < 0; < o0, if g = oo, then 0; = oo for every j = 1,...,n. An anisotropic Lorentz space Lqg(T") is
the set of functions for which the following quantity is finite

[ £l oo (Tny =

1/0n
o dt \ /0 gt

(o ([ 0t 2 )™
T T 1 n

The following theorems were obtained in the work [22]:
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yay,) < 00,1 <71 =(7,.

Theorem A. Let —0o < ag = (a,...,ad) < a3 = (ai,...
and 1 < po = (p),...,p2),p1 = (p},...,p.) < co. Then the embedding
Bp1™(T") — Bpo™(T")
holds for ag — 1/po = a1 — 1/p1.
yqn) <ooand 1 <7 =(1y,...,7,) < 00. Then

Theorem B. Let 1 < p = (p1,..
the embedding

'7pn)<q:(q17”'

BT (T") — Lqr(T™)
holds for « = 1/p — 1/q.
,pn) <ooand 1 <7 =(71,...,7) < 0o. Then

Theorem C. Let 1 < q = (q1,...
the embedding

7Q7’L) <p: (plv"'
LqT(Tn) — BST(TTL)

holds for « = 1/p — 1/q.
Main results

In this work, we show that the conditions for the parameters providing attachments are unimprovable.

The proof of these facts in Theorems A—C we carry out by constructing extreme functions.
The following theorem shows that the condition under which the embedding from Theorem A is

,a}l)<oo,1§7':(7'1, o) < 00,

valid is unimprovable.
a1 — 1/p1, then for arbitrary

Theorem 1. Let —00 < ag = (af,...,ad) < a1 = (ai;. ..
1 <po=(p,.-..p) P1 = (p,--,p) < 00 and o — 1/po =
en) > 0 and § = (d1,...,0,) > 0 there'is a function fél) € Bpi7(T") such that fél) ¢

e=(e1,...,
BIT(Ty U B,_O0 . 7(T™)

po (Po+9) '

Proof. Taking into account the estimate for the norm of a one-dimensional Dirichlet kernel, we

obtain the relation b 4
Z &ilk:") ~ 20/ 1 < p < +oo.
Y Ly(T)
From this relation in the'multiple case we have
251
e ,
losOlpem = || 32 € ~ 2L/P), (1)
ke=2e7t Lp(T")

Consider the function fél)(x) = Z 2~ (0%) 54 (x), where
s=0

1 1
at+et+ —, 00+ —Fo5 ) -
( P (P0+5)’>

1 .
a1 + — < < min
p 0

1

According to estimate (1) we have

A 17
159 5], ) ) -
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() 1/7
(Z (292709 o, o) ) i
s=0

SN R
:<Z<2 ! Py’ ) ) < +00,
=0

S

a,sa1+pfl/1—6<0.

This means that fél) € BpoT(T™).
Similarly, we obtain that

(1) - ag+e,
Hfg HB(a0+5)7— () (Z (2( o+e€,s)

- 1/7
) ). =
— Lpo(T7)

(5 smemlt) )
s=0
o (§ () YN

a8

s=0
as ag + € + - — 8> 0. Therefore fﬁ ¢ B O‘OJFE)T('JI'”)
Further, we Wlll show that fﬂ ¢ B 0 T (T™). We have

po+5)
T 1/7—
il ) e

Hfﬁ H 20,7 = (SZ:(:) <2(ao,s)
(S ) )
0
=Y (i <2 (a1+(p01+5)/ B,s)>T> 1/7 e
s=0

1 « T n
ﬁ — > 0. Therefore fg ) ¢ Bpets) (T™).

Thus, we have shown that fﬁ ¢ B a0+€) (T™)u B( o )T(Tn)

considering that ag +

The proof is complete.
The following theorem shows that the condition under which the embedding of Theorem B is valid,
is not improved.

Theorem 2. Let 1 < p = (p1,---,Pn) < a4 = (q1,-..,qn) < o0 and @ = 1/p — 1/q. Then for an
arbitrary € = (e1,...,&,) > 0 there is a function féz) € By (T") such that féz) ¢ Lgie(TT).

Proof. First, let’s show that féz) € Bp7(T"). Consider the function f 22 ()

where o + ,<ﬁ q+€
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By analogy with Theorem 1, we have

oo /7
i~ (D7) e

S=

147

as a+ 5 — 3 < 0. It means that f[(f) € ByT(T").
In order to show that féz) ¢ Lgte(T™) we use Theorem C.

We have . o
H%1%ﬁﬂmzﬂh\ba§ﬁ@ﬂ=
(> <2<; ) a2, > "
s=0 Lp(T™)
e 11 1 ™\ Y7
_¢, (Z <2<pws>2<ms>) ) _
s=0
> 1,1 N\ VT
- (Z (2(p+pl—q+€—ﬂ S)) ) /4
s=0
00 1/7 00 A\ U7
— 03 <Z (2(1_‘11‘F‘5_ﬁ’s)>7> = 03 (Z <2(@l+15)"8’s>> > = 400,
s=0 s=0
as (q+ — > 0. It means that fﬁ ¢ Lyte-(T7).

The proof is complete.

The following theorem shows that the condition, under which the embedding of Theorem C is valid,
is not improved.

Theorem 3. Let 1 < q = (q1,.-4qn) <P = (p1,..-,pn) < o0 and o = 1/p — 1/q. Then for an
arbitrary € = (1,...,&,) > 0 and 6 = (d1,...,0,) > 0 there is a function fé3) € Lq,-(T™) such that

3 a-+€,T i, aT n
50 ¢ By U BT 5 (TP

Proof. Let’s choose a function fé‘g) (x) the same as in Theorem 1 with j, satisfying the condition
1<B<min<a+8+ia—|— 1 >
q - p" (p+0)

In order to show that fé3) € Ly, (T") let’s use Theorem B. We have

B, <0l -
> A U7
- <S=Zo <2<p ) ‘As(fé?’))H (Tn)) ) -
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o 1 T 1/T e 1 T 1/T
—Cs (Z (2(1‘6‘/375)) ) = Cs <Z (2(?‘5’5‘)) ) < +o0,
s=0 s=0

as % - <0, ie. fég) € Lqg-(T").
Let’s show that fz ¢ Bpa(T™).
Let us estimate the norm of this function from below

Hfé?’)HBm?)T(Tn) = (i (2(a+s,s)

s=0

NGB

- 1/7
)) =
Lp(T™)
1/7

(35 (remnleo) )
— Gy (i <2(“+5+$"575)>T> T +00,

s=0
asa+e— [+ & >0, ie. fgg) ¢ B(atf)T(']I‘”).
Further, we will show that fﬁ(g) ¢ B 0 T(T™).

Po+9d)

Considering that ag + — >0, we have

1
(Po+9)’

A (i =

N Vs
A ) R
Bipo+e) s=0 ‘ ’ HL(P0+5>(W)

0 T\ 1/7
> <Z (2(04075)2((;)016)' ﬁ’s)> ) =

s=0

> (Oél-i-%—ﬁas) YT
=Cyq (Z (2 (Po+5) ) ) — 400,

s=0

as 5 ¢ B0, (T").

Thus, we have shown that fé?’) ¢ B(O‘OI;;E)T () U B(p:£ 6)7 (T™).
The proof'is complete.
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Ycrem apaJjiac TybIHABICHI 2K9HE apaJjiac MeTpUKachl 0ap aHM30TPOIITHI
Hukosbcknii-bBecoB KeHicTiKTepi »KoHe aHN30TponThI JIopeHiy
KEHICTIKTEpPi YIIIiH eHy TeopeMaJIapbIHbIH, >KeTiJIAipiJAMenTiHIiri
Ty paJIbl

E. Teseyraser', K.E. Kepsenes?

1 . .o
M.B. Jlomonocos amuimdaes, Mackey memaexemmix yrusepcumeminiy, Kasaxeman guasvanv, Acmana, Kazaxceman;
2 Axademur E.A. Boxemoe amuimdaes. Kapazandv. yrusepcumemi, Kapaeandw, Kazaxeman
(E-mail: toleugazy.yerzhan@gmail.com, kervenev@bk.ru)

Huddepennmranmanarsiel GYHKIASIIAD KEHICTIKTEPIHIH €HTi3y TEOPHsICHI 9PTYPJIi METPUKAIAPIAFEl (DYHK-
usaapaply, quddepesnuanapk (TericTimiKTiK) KacueTTepiniy MaHbI3/(bl GaliIaHbICTApbl MEH KATBIHACTA-
pbIH 3eprTeiiai. MareMaTnKa bk (PU3NKAHBIH IEKTIK €CENTED TEOPUSICHIHIA, XKYBIKTaY TEOPUSCHIHJIA KOHE
MaTeMaTUKAHLIH OacKa /da cajajapblHlIa KeHiHeH KoJJaHbIicka me. MakaJjaga ycreMm apaJjiac TericTijiri
2KoHe apaJrac meTpukacel 6ap Hukonbckwnit-BecoBThin kenicTikTepi yirin kone JIopeHIITiH aHU30TPONTHI
KEeHICTIKTepl YIIiH €Hri3y TeopeMaJsiapbl OepiireH. Y ChIHBIIFAH XKYMBICTa YKOFAPbI/Ia KOPCETLINEH TeopeMa-
JIapJarbl TapaMeTPJIeP/IiH KeTiiaipiameiTingiri kepcerinai. OcbiHBI KOpCceTyTe 613 COJT JKAKTAFBI €HYJIepP/Ier]
KEHIiCTIKTep YINiH MeKTi GDyHKIUsIap/Ibl KypaMbI3 >K9HE 0Jiap OH, >KaKTarbl eHyJiep/ie “coJl FaHa »KiHilKep-
TireH” KeHICTIKTEpP/Ie KATIANTHIHIBIFBI KOPCETLITEH.

Kiam cosdep: JlopeHnTis anu30TponTs! KeHicTikrepi, Hukobcknit-Becos Tunrec KeHictrikrep, ycreM apaJiac
TYBIH/IbI, apaJjac MeTPUKa, eHy TeopeMaJjaphbl.
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O Hey/1y4dlllaeMOCTH TeopeM BJIO2KEeHUA 1JId aHNU30TPOITHBIX

npoctpancTB Hukosbckoro-becoBa ¢ JoMUHUPYIOIEl cCMenTaHHO’

l'IpOI/I3BO,Z[HOI71 1 CMeNIaHHO MeTpI/IKOﬁ n aHU3O0TPOIIHBIX IIPOCTPaHCTB

194

JlopeHia
E. Toneyrasot!, K.E. Kepsenes?

! Kazaxcmancruti guruan Mockoscrkozo zocydapemsennozo yrusepcumema umeny M.B. Jlomonocosa,
Acmana, Kazaxcman;
2 Kapaeanduncrut yrusepcumem umenu axademura E.A. Byxemosa, Kapaeanda, Kasaxcman
(E-mail: toleugazy.yerzhan@gmail.com, kervenev@bk.ru)

Teopust BozKeHUsT TPOCTPAHCTB AU PepEeHIINPYEMBIX (DYHKIIAN MHOTUX TIEPEMEHHBIX N3YYaeT BaKHBIE CBSI-
3 U COOTHOIIEHUsS MKy A depeHnnaabHbIMu (IVIAIKOCTHBIMA) U METPUYIECKMMU ‘CBOHCTBAMY (DYHKIHAIH
U MMeeT MINPOKOe IIPUMEHEHNE B PA3JIMYHBIX pa3/esiax YUCTO MaTEMAaTUKNU U ee IPUIIOXKeHuAX. Panee Hamu
OBLTN TIOJTyYEeHBI TIPEe/IeIbHBIE TEOPEMBI BIIOYKEHUsT pa3HbIX METPUK JJIsT TpocTpancTB Hukombckoro—becosa
C JOMUHUDPYIOMEH CMEIIaHHON IVIAJIKOCTBIO U CO CMEIITaHHOW METPUKON U JJIs aHU3O0TPOIHBIX IIPOCTPAHCTB
Jlopenna. B nannoit paboTe MBI IIOKA3aJIH, YTO YCJIOBUS HA IaPAMETPHI IIPOCTPAHCTB B-OTMEYEHHBIX BbIIIE
TeopeMax SIBJISIFOTCST HEyJIydIaeMbIiMu. [yt 9TOro Mbl mocTpomin KpaiftHue (PYHKIMYM, BXOISIIE B IIPO-
CTPaHCTBa U3 JIEBBIX CTOPOH BJIOJKEHUN U He BXOJAIINE B «HEMHOI'O 3ayzKeHHBbIe» IIPOCTPAHCTBa, YeM IIPO-
CTPaHCTBA, CTOAIINAE B NPABbIX YaCTAX BJIOXKECHUN.

Karouesvie crosa: AHU30TPOIIHbIE IIPOCTPAaHCTBa ﬂopeHua, IpocTpaHCcTBa HI/IKO.HLCKOI‘O*}SGCOBB,7 JOMUHHN-
pymwinasl CMelllaHHad IIPOU3BOJHAA, CMEIIaHHasd METPUKa, TEOPEMBL BJIOZKECHUA.
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