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Cohomology of simple modules for algebraic groups

In this paper, we consider questions related to the study of the cohomology of simple and simply connected
algebraic groups with coefficients in simple modules. There are various calculating methods for them. One
of the effective methods is to study the properties of the Lyndon-Hochschild—Serre spectral sequence with
respect to the infinitesimal subgroup, the Frobenius kernel of a given algebraic group, and the properties of
various cohomological sequences. We have studied the properties of various short exaet. and corresponding
long exact cohomological sequences of modules over an algebraic group associated with simple modules with
highest restricted weights. Some properties of the cohomology of the Frobenius kernel with coefficients in
simple modules with higher restricted weights are described. We also studied the properties of the Lyndon—
Hochschild—Serre spectral sequence on the first quadrant for simple modules with highest restricted weights.
The limiting values of the points of the first quadrant of the spectral sequence are described. It is proved
that for the simple, simply connected algebraic group G over an algebraically closed field k of characteristic
p > h with an irreducible root system R and for a simple G-module V with restricted highest weight, there
is an isomorphism of G-modules

H'(G,V) = Home(k, H (G*, V)2 for all j > 0,

where G is the Frobenius map kernel for G, h is the Coxeter number of the root system R. This isomorphism
allows us to reduce the calculation of the cohomology of group G with coefficients in simple modules with
higher restricted weights to the calculation of thé corresponding cohomology of the Frobenius kernel G*.

Keywords: algebraic group, Chevalley group, representation of Lie group, Frobenius kernel, simple module,
cohomology, spectral sequence, exact sequence, restricted weight.

Introduction

The cohomology of simple modules is known only for small degrees cohomology and for small groups. For
example, the first degree cohomology of simple modules are completely calculated for SLs [1], SLs [2], Sp4 [3],
Ga, p > 13 [4]. Similar results for the second cohomology of simple modules were obtained for the following
groups: SLs [5], SL3 [6], Spa, pi>'7 [7], and G, p > 7 [8]. The third degree cohomology of simple modules is
described for all simple algebraic groups of rank two [9].

In this paper,we continued the research which started in [10], [11]. We studied the cohomology of simple,
simply connected algebraic groups with an irreducible root system over an algebraically closed field of positive
characteristic. with  coefficients in simple modules with restricted highest weights. Let G be a simple, simply
connected algebraic group over an algebraically closed field k of characteristic p > 0 with an irreducible root
system R, g'be a Lie algebra of the group G, and G* be the kernel of the Frobenius map Fg : G — G. We will
also apply thefollowing standard notation:

B is the Borel subgroup of G,

T is the maximal torus of G,

Ry is the set of positive roots,

S ={ai, - ,q} is the set of simple roots,

A1, -+, A are the fundamental weights,

X(T) is the additive character group of T,

X (T)={X e X(T)|(\,a¥) >0 nna scex a € S} is the set of dominant weights,

X1(T)={Xe X(T)|0 < (\a") <p mna Becex a € S} is the set of restricted weights,

Sapp A=A — (A+p,a¥)a+rpa, « € Ry, r € Z is the action of the affine Weyl group W), on X(T),

k» is the one-dimensional B-module,
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H°(\) = Ind%(ky) is the G-module induced from the one-dimensional representation k) of the Borel
subgroup,

L()) is the simple G-module with the highest weight A € X (T).

For a rational G-module L, denote by L(? the Frobenius twist of degree d. Thens, there is a unique d > 0
and a rational G-module V such that V(9 = L. Denote it by L(=9).

We say that G-module L admits a good filtration (or HC-filtration) if the filtration factors are isomorphic to
the modules induced from the one-dimensional representations of the Borel subgroup of G. A rational module L
over an algebraic group G is called acyclic (or G-acyclic) if H’(G,L) = 0 for all j > 0. For a simple G-module
V' with restricted highest weight, the following isomorphisms of G-modules were obtained before:

HY(G,V) = Homg(k, H(G*, V)(7V) (see [10, (2.4)])

and
H*(G,V) = Homg(k, H*(G*, V)V, p>3h —3, (see [11,(3.2)]).

In this paper, it is proved that a similar isomorphism is also hold in the general case. The main result is as
follows

Theorem 1. Let G be the algebraic group with an irreducible root system over an algebraically closed field k
of characteristic p > h and V be a simple finite-dimensional G-module with restricted highest weight. Then

HI(G,V) = Homg(k, H(G*,V)(=V) for all j > 0.

To obtain the condition p > h we use the following known facts:
elfp>hand A=w-0+ pv for some v € X, (T) and w € W, then

H(GH 1) = HOSE N (g k), W

where u is the maximal nilpotent subalgebra of the Lie algebra g that corresponds to negative roots and S(u*)
is the symmetric algebra of u* [12; p. 478|, [13].

To apply formula (1) to calculate H*(G*, HO(w - 04 pv))=1), we will use the following character formula
[12; 501]:

X(HO(SEHED2 () @ k) = o0 (=1 Py o (w - = v)x(), (2)
neXy (T) weW
where P;_y(u))/2(w - 1 — v) is the dimension of (wt — v)-weight subspace of S(~1()/2(y).

e It is well known that the cohomology groups H™(G*, HO(\))(=1 (X € X,(T)) as G-modules admit a good
filtration [12, Lemma 4.5]. Recall that a more hard condition was used in [11], the completely reducibility of
the G-module H*(G*,V)(=1),

e If A € X, (T) and j >0 then H’(G,H°()\)) = 0, that is, the induced module H°(\) is G-acyclic
[14, Corol. 3.4], [15, Lemma 2.1, (iii)], [16, 11.4.13, (1)].

To prove Theorem lywe will also use the properties of the Lyndon—-Hochschild—Serre spectral sequence. For
the short exact sequence of group schemes

1=-G'—-G—=G/GF =1
and the G-module V', the following Lyndon—Hochschild—Serre spectral sequence holds [16, 1.6.6.(3)]:
Ey™ = H(G/)GY, H™(G", V)) = H"™™(G,V); (3)
Let V be a simple G-module with restricted highest weight. According to [17, Sec.1, p. 768],

H™(G/GY H™(GY, V) = H™(G, H™(G*, V)(7Y).

Hence,
Ey™ = HY(G,H™(G', V)Y). (4)
If E77™ is the stable value of the point (n,m) of the spectral sequence (3) then for any j > 0,
H(G V)= @ EZ (5)
n+m=j
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1 Properties of the Lyndon-Hochschild-Serre spectral sequence

First, we prove the properties of the spectral sequence (3) necessary for the proof of Theorem 1.
Lemma 1. Let p > h and V' be a simple G-module with highest weight A € X1(T'). Then for all m > 0 there
is an exact sequence of G -modules

0 — H™ G, H'\)/V)Y — H™(GY, V)Y - H™(GY HO(N) Y — 0. (6)
Proof. A simple G-module V is the socle of the induced module H%()), i.e. there is a short exact sequence
0—V — H°(\) — H°(\)/V — 0.
Consider the corresponding long cohomological exact sequence of G'-cohomology
oo — H™(GH, V)Y — H™(GH HOON) Y — H™(GH HO(N) V)Y (7)

We apply induction on m. According to [18, 4.9], formula (6) is true for m = 1. If it.is true for'all m < a — 1,
then from the exactness of sequence (7) it follows that the sequence

0 — HYGHLH' W) /V)TY — HY(GYH, V)Y — HYGH H(\) G — ... (8)

is also exact. If H*(G, H°(\))(=Y = 0 then as it can be seen from (8), that the sequence (6) is exact for m = a.
If
HY(G', H°(\)"V #£0

then according to (1) and (2),
Ha+1(G1,H0()\))(_1) =0.

In this case, from the long exact sequence (8) it follows that the sequence
0 — HYGYH, H' W)/ V&Y — g(GY V)Y —
— HY(G', H°(\) &Y — H(G*, HO(\)/V)D — 0

is exact.
We prove that H(G', H(\)/V )& = 0. Indeed, the highest weight p of any composition factor HO(\)/V
in Jantzen filtration is strongly linked to A and p < A [19, p. 54]. Therefore,

HY(G, H'(\)/V)=Y =0,

Thus, the short sequence (6) is éxact for any m > 0.

Lemma 2. Let p>hrand X € X1(T). Then H™(G, H™(G', H*(\))("Y) =0 for all n > 0 u m > 0.
Proof. According te (1) and [12, Lemma 4.5, G-module H™(G*, H°(\))(=1) admits good filtration for all
m > 0. It is well known that non-trivial induced modules are G-acyclic [14, Corol. 3.4], [15, Lemma 2.1, (iii)],
[16, 11.4.13; (1)]» Therefore,
H"(G, Hm(G1> HO()‘>)(_1)) =0

for alllm > 0 and m > 0.

Proposition 1. Let p > h and V' be a non-trivial simple G module with the highest weight from the restricted
region. Then E3"™ =0 for alln > 0 and for all m > 0.

Proof. According to the formula (4), E5"™ = H"™(G,H™(G',V)(=Y). Let us prove the statements of
the lemma by induction m. Since V is a nontrivial simple G'-module with highest restricted weight, then
HO(G', V)1 = 0. Therefore, E5*° = 0 for all n > 0. Assume that E5** = 0 for all n > 0 and s < m, we prove
triviality E5°™ for all n > 0. Consider a long cohomological sequence of G-cohomology that corresponds to a
short exact sequence (6)

oo — HY(G,H™ (G, HO (V) V)

— HY(G,H™(G', V)Y — H™(G, H™(G', H'(\)"Y) — ... . (9)
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According to Lemma 2, H"(G, H™(G', H°(A\))(=Y) = 0 for all n > 0. Then from the exactness of sequence (9)
it follows that, for all n > 0, there is an isomorphism

H™ (G, H™ (G V)TD) = B (G, H™ (G HOY () /V) ), (10)
Now we prove that H™(G, H™~Y(G*, H°(\)/V)(=Y) = 0. By the induction hypothesis,
Ey® = HY(G, HY(G", V)" = H(G,H*"1(G" H°(\)/V)"D) =0

for all s < m. This means that the socle of G-module H°()\)/V has G'-cohomology of all degrees up to the
degree m — 2, which direct summands have zero G-cohomology. Let L(u) C socgH°(M)/V. Then, applying
Lemma 1 for V' = L(u), we obtain the following exact sequence:

0— H™ (G, H(n) /L) —
H (G L)) — H™1(G HO (1)) — 0, (11)
Let H™2(G, H()/L(12))=" = 0, then
HP (G, L)) = H™ 1 (G, HO ()3
Hence H™ 1(G', L(1))(=Y, as G-module, admits a good filtration. Thus,
H™(G,H™ Y(GY, L(n)) V) = 0.
If H™=2(G', H(u)/L(1))=") # 0 then by induction hypothesis,
H™(G, H™2(GY, HO(u)/L(1)) ™) = 0 for all L(p) C socaHY(N)/V.

Then, due to the exactness of the sequence (11),

H™M(G,H™ NG HO(\) V)Y = D H™(G,H™ (G, HO (1)) ™) = 0.
L(u)CsoegHO(XN)/V

Since for all L(u) C socgH°(N\)/V, G-module H™ G, H°(1))~" admits a good filtration, then
H™(G,H™Y(G', H(\)/V)(=1) = 0. Thereforeyaccording to the formula (10), H™(G, H™(G',V)=1) = 0.
Thus, it is proved that Ey™ = H™(G, H™(G', H*(\)/V)(~1) = 0 for all n > 0 and for all m > 0.

Lemma 3. Let p > h and V _be 'a simple G-module with highest weight from the restricted region. Then
Ey7 = E% and HY(G,V) = ES7 for all 7> 0.

Proof. According to the definition, £} is the cohomology of the sequence

E;_rl—z,m-‘rz—l N Ezz,m N E;’L+z,m—z+1.
Then it is obvious that EV7, = E%J. Thus, Ev? = E%, if
j+2 7 oo - » 2 T Moo

EY) =Byl = = E)Y,. (12)
Let _us prove the condition (12) by induction on j. For j = 0, this is obvious. Let (12) holds for all j < a. Let us

n,m

prove that it is true for j = a. Since, according the induction hypothesis, E;}5 is the cohomology of sequence
Enfafl,era _ En,m N En+a+1,mfa
2 2 2 3

O,a _ 10,0 .
then B = E, ', if

Ey 12 = BST0 — 0 whenever E® # 0.
Let ES® # 0. Thus, it is obvious that E, “~"** = 0 and, according to the Proposition 1, ES™"" = 0. Therefore,
the condition (12) is true for all non-negative j, and Eg J = E%J for all j > 0.
According to the Proposition 1, E5"™ = 0 for all n > 0 and m > 0. If j = n + m, then EJ ™™ = 0 for
0 <m < j—1. Then EI;mm = ngm’m =0 for all 0 < m < j — 1. Thus, according to the formula (5),
HI(G,V) = E% = EJ7 for all j > 0.
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2 Proof of Theorem 1

According to Lemma 3, H7(G,V) = Eg” for all j > 0. Using the formula (4), we obtain

Since

By = HO(G,HI(GN, V)Y,

HY(G, H(G',V)"V) = Homg(k, H (G, V)(~1)

then B’ = Homg(k, H(G',V)(=1). Therefore,

H’(G,V) = Homg(k, H (G*,V)=V),

The proof of Theorem 1 is complete.
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AnrebpaJiblK TpymIaJgap yHiiH >Koi
MO/1yJIbJIEP/IiH, KOTOMOJIOTUSIJIaPhI

MakaJsraza »koit 6ipbaitlaHbICKaH aJaredpaJiblK, IpyIaIap/IbiH, KO3MAOUIIMEHTTEPIHIH KoM MOMY/IbIep/Ieri
KOTOMOJIOTHSIJIAPBIH  3epTTeyre OGallJIaHBICTBI CypakTap KapacThipblaraH. OJapibl eCenTeymiH oSpTypJi
omicrepi 6ap. Tuimai ecemrrey omicTepain 6ipi — Oys, mHGUHUTEINMATBAL 1MKi rpynmara — GepiiareH aJ-
rebpaJiblK rpynmnanbie, OpobeHnyc ssapochiHa KaThiCThl JInHgoH—Xoxmuaba—Cepp ClieKTpIik TisbeKTepiHiy
KACHeTTEPIH »KoHe 9PTYPJIl KOPOMOJIOTHSLIIBIK, JI9J1 Ti30eKTepIiH KacueTTepiH maiianiany.. ABropiap yiakeH
CaJIMarbl MIEKTEJITeH KOl MOJY/Ib/Iepre KATBICTHI aJreOpaJIbIK, TPYIIIa MOIY/IbAEPIHIH OPTYpPJI KBICKA DT
JKOHE COMKEeCTi Y3BIH JI9J KOTOMOJIOTHSJIBIK, Ti30eKTepHdiH KacueTTepiH 3eprrerni. PpodeHnyc SApOCHIHBIH
KOO PUITMEHTTEP] VIKEH CaJMaFbl MIEKTEITeH KOl MOYJ/IbIep/Ieri KOrOMOJIOTUsIJIAPBbIHBIH Keoip Kacuer-
Tepi cunartaaasl. COHBIMEH KaTap, YIKEH CAJIMAFDI IIEKTEJITEH YKoi MOy ibaep yimiH JIummon—Xoxmumiiba—
Cepp cuekrpuiik Tizbekrepiniy 6ipinmi KBajgpanTTarsl Kacuerrepi 3eprreiai. CuekTp/mik Tizbekriy 6ipinimi
KBaJIPAHTTAFbl HYKTEJIEPiHiH MEeKTIK MoHAepi ecenrresiai. Cunmarramace! p > h agredbpasbik TYHBIK k epicine
KATBICTHI K911 6ipbaiimanbicKaH, Tybipsep xKyiteci R kemripinveren G aareOpasibik, IPYIIACH] JKOHE YKOFaPbI
caJIMarbl IIeKTesred ko V' G-Mmojtysi yiriu:

H(G,V) = Homg(k, H (G*, V)<71)) 6apnbire j > 0,

myrgarsl G — G ymin ®pobennyc Getreneyinin spocsl, h — R Ty6ipsep xyitecinin Kokerep camsr. By
n3omopdusM G rpynnachbiHbiH, KoM MOUINEHTTEP] KOFAPhL CAJIMAEDI IIEKTEJNeH YKol MOYJIbIepIaeri Koro-
MoJtorusiIapbia ecenreyai G OpoBeHyC sIPOCHIHBIHICOAKECT] KOTOMOJIOIHSIJIAPBIH €CEIITEYTe OKETE.

Kiam cesdep: asnrebpasbik rpymnmna, [llesasuie rpynuacet, Jlu rpynnaceiasiy, kepinici, @pobenuyc sipocsl,
JK9M MOJIYJIb, KOTOMOJIOTHsI, CIIEKTPJIK Ti30€K; Aol TI30eK, IEKTE/INeH CaJIMaK.

[I.III. 6paes, JI.C. Kaunbaesa, C.K. Menmukoxkaepa

KoromoJjiorum mpocTbhIxX MOIYJIEe AJIst
ajreopamvecKnx rpymil

B crarbe paccMoTpeHbI BOIIPOCHI, KACAIOINEC U3YYeHUsI KOTOMOJIOTHH IPOCTBIX OJIHOCBSI3HBIX aJredpan-
YeCKUX TPYIII.C KO3hPUIMEHTAMU B TPOCTHIX MOy IsiX. CyIeCTBYIOT pa3IndHbIE METOIbI UX BHIYUCIEHUSI.
OpmanM n3 3PpHEKTUBHBIX METOMIOB SIBISETCS MCIOJb30BAHNE CBONCTB CIEKTPAIBLHON MOCJIEI0BATETHHOCTH
JIunpona<Xoximmiasia—Ceppa 0THOCUTEIBHO NHMUHATE3NMAJILHON HOArpyIbl — sipa Ppobenunyca jaHHOR
aIrebpantIecKoll IPYIIBI U CBOWCTB PAa3/IMYHBIX TOYHBIX KOTOMOJIOTMYECKUX II0CJIeJ0BaTeIbHOCTEH. ABTO-
paM# u3y9UeHbI CBOWCTBA PA3IUIHBIX KOPOTKUX TOYHBIX W COOTBETCTBYIOMNX JJIMHHBIX TOYHBIX KOTOMOJIO-
CUYIECKUX TOCTIEIOBATEILHOCTEN MOy IeH HAT aJredpanyecKoi rpyioii, CBA3aHHBIX C TPOCTBIMU MOJLYJISIMU
CO cTapmuMy orpaHudeHHbIME Becamu. OmmcaHbl HEKOTOPBIE CBOicTBa Koromosiorun sijipa @pobenunyca c
KOO PUITMEHTAMH B TMPOCTBIX MOIYJISIX CO CTAPIIMMHU OMPAHMYEHHBIMU Becamu. Kpome TOro, mcciaemoBa-
HBI CBOMCTBA CHEKTPAJIbHON nocienoBarebHocTr JInanona—Xoxmuiabaa—Ceppa Ha IEPBOM KBaJ[PAHTE JIJIst
IPOCTBIX MOJIYJIEH CO CTAPIIUMU OTPaHUYeHHBIMU Becamu. ONUCaHbI Mpe/ie/TbHbIE 3HAYEHUSI TOUYEK IEPBOTO
KBaJIPAHTa CIIEKTPAJILHON IOCJIEI0BATEILHOCTH. JOKA3aHO, ITO MJIs MIPOCTOM OHOCBSIZHOM ajredpamdec-
Kot rpynnbl G HaJ| anrebpanyeckKy 3aMKHYTBIM [10JIeM k XapaKTepUCTUKH P > h ¢ HEIPUBOIMMON CUCTEMOMN
xopHeil R u mist npocroro G-mozyist V' co cTapiiuM OrpaHHYEHHBIM BECOM MMeeT MecTo um3omopdusMm G-
MOMyJIei
HY(G,V) = Home(k, H (G*,V)™) mst Beex j > 0,

rae G — sapo orobpaxkenns Ppobennyca mias G; h — uncio Kokerepa cucremsl R. JaHHbIA n30MopdhusM
MO3BOJISIET CBECTHU BBIUNC/IEHIE KOTOMOJIOTHH I'PYIIbl G ¢ KO3 DUIMEHTAMI B TPOCTHIX MOJIYJISIX C OTPAHU-
YEHHBIMH CTAPIIAMI BECAMU K BBIUKMCJIEHHUIO COOTBETCTBYIONMX KOroMoJoruu siipa ®pobennyca GL.

42 Bectnuk Kaparanmguackoro yuuBepcurera



Cohomology of simple modules...

10

11

12

13

14

15

16

17

18

19

Kmoueswvie caosa: anrebpamdeckast rpynmna, rpynna lllesaste, mpencrasiaenune rpymmst Jlu, sapo @pobe-
HHYyCa, IPOCTON MOLYJIb, KOTOMOJIOTHS, CIIEKTPAJIbHAS [TOCIEI0BATEILHOCTD, TOUYHAS TIOCIEI0BATEIbHOCTD,
OrpaHUYEHHBIN BeC.
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