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Cohomology of simple modules for algebraic groups

In this paper, we consider questions related to the study of the cohomology of simple and simply connected
algebraic groups with coefficients in simple modules. There are various calculating methods for them. One
of the effective methods is to study the properties of the Lyndon–Hochschild–Serre spectral sequence with
respect to the infinitesimal subgroup, the Frobenius kernel of a given algebraic group, and the properties of
various cohomological sequences. We have studied the properties of various short exact and corresponding
long exact cohomological sequences of modules over an algebraic group associated with simple modules with
highest restricted weights. Some properties of the cohomology of the Frobenius kernel with coefficients in
simple modules with higher restricted weights are described. We also studied the properties of the Lyndon–
Hochschild–Serre spectral sequence on the first quadrant for simple modules with highest restricted weights.
The limiting values of the points of the first quadrant of the spectral sequence are described. It is proved
that for the simple, simply connected algebraic group G over an algebraically closed field k of characteristic
p > h with an irreducible root system R and for a simple G-module V with restricted highest weight, there
is an isomorphism of G-modules

Hj(G,V ) ∼= HomG(k,Hj(G1, V )(−1)) for all j ≥ 0,

whereG1 is the Frobenius map kernel forG, h is the Coxeter number of the root system R. This isomorphism
allows us to reduce the calculation of the cohomology of group G with coefficients in simple modules with
higher restricted weights to the calculation of the corresponding cohomology of the Frobenius kernel G1.

Keywords: algebraic group, Chevalley group, representation of Lie group, Frobenius kernel, simple module,
cohomology, spectral sequence, exact sequence, restricted weight.

Introduction

The cohomology of simple modules is known only for small degrees cohomology and for small groups. For
example, the first degree cohomology of simple modules are completely calculated for SL2 [1], SL3 [2], Sp4 [3],
G2, p ≥ 13 [4]. Similar results for the second cohomology of simple modules were obtained for the following
groups: SL2 [5], SL3 [6], Sp4, p > 7 [7], and G2, p ≥ 7 [8]. The third degree cohomology of simple modules is
described for all simple algebraic groups of rank two [9].

In this paper, we continued the research which started in [10], [11]. We studied the cohomology of simple,
simply connected algebraic groups with an irreducible root system over an algebraically closed field of positive
characteristic with coefficients in simple modules with restricted highest weights. Let G be a simple, simply
connected algebraic group over an algebraically closed field k of characteristic p > 0 with an irreducible root
system R, g be a Lie algebra of the group G, and G1 be the kernel of the Frobenius map FG : G→ G. We will
also apply the following standard notation:

B is the Borel subgroup of G,
T is the maximal torus of G,
R+ is the set of positive roots,
S = {α1, · · · , αl} is the set of simple roots,
λ1, · · · , λl are the fundamental weights,
X(T ) is the additive character group of T,
X+(T ) = {λ ∈ X(T ) | 〈λ, α∨〉 ≥ 0 для всех α ∈ S} is the set of dominant weights,
X1(T ) = {λ ∈ X(T ) | 0 ≤ 〈λ, α∨〉 < p для всех α ∈ S} is the set of restricted weights,
sα,rp · λ = λ− 〈λ+ ρ, α∨〉α+ rpα, α ∈ R+, r ∈ Z is the action of the affine Weyl group Wp on X(T ),
kλ is the one-dimensional B-module,
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H0(λ) = IndGB(kλ) is the G-module induced from the one-dimensional representation kλ of the Borel
subgroup,

L(λ) is the simple G-module with the highest weight λ ∈ X+(T ).
For a rational G-module L, denote by L(d) the Frobenius twist of degree d. Thens, there is a unique d > 0

and a rational G-module V such that V (d) = L. Denote it by L(−d).
We say that G-module L admits a good filtration (or H0-filtration) if the filtration factors are isomorphic to

the modules induced from the one-dimensional representations of the Borel subgroup of G. A rational module L
over an algebraic group G is called acyclic (or G-acyclic) if Hj(G,L) = 0 for all j > 0. For a simple G-module
V with restricted highest weight, the following isomorphisms of G-modules were obtained before:

H1(G,V ) ∼= HomG(k,H1(G1, V )(−1)) (see [10, (2.4)])

and
H2(G,V ) ∼= HomG(k,H2(G1, V )(−1)), p ≥ 3h− 3, (see [11, (3.2)]).

In this paper, it is proved that a similar isomorphism is also hold in the general case. The main result is as
follows

Theorem 1. Let G be the algebraic group with an irreducible root system over an algebraically closed field k
of characteristic p > h and V be a simple finite-dimensional G-module with restricted highest weight. Then

Hj(G,V ) ∼= HomG(k,Hj(G1, V )(−1)) for all j ≥ 0.

To obtain the condition p > h we use the following known facts:
• If p > h and λ = w · 0 + pν for some ν ∈ X+(T ) and w ∈W, then

Hi(G1, H0(λ))(−1) ∼= H0(S(i−l(w))/2(u∗)⊗ kν), (1)

where u is the maximal nilpotent subalgebra of the Lie algebra g that corresponds to negative roots and S(u∗)
is the symmetric algebra of u∗ [12, p. 478], [13].

To apply formula (1) to calculate Hi(G1, H0(w · 0 + pν))(−1), we will use the following character formula
[12; 501]:

χ(H0(S(i−l(w))/2(u∗)⊗ kν)) =
∑

µ∈X+(T )

∑
w∈W

(−1)l(w)P(i−l(w))/2(w · µ− ν)χ(µ), (2)

where P(i−l(w))/2(w · µ− ν) is the dimension of (w · µ− ν)-weight subspace of S(i−l(w))/2(u∗).

• It is well known that the cohomology groups Hm(G1, H0(λ))(−1) (λ ∈ X1(T )) as G-modules admit a good
filtration [12, Lemma 4.5]. Recall that a more hard condition was used in [11], the completely reducibility of
the G-module H1(G1, V )(−1).
• If λ ∈ X+(T ) and j > 0 then Hj(G,H0(λ)) = 0, that is, the induced module H0(λ) is G-acyclic

[14, Corol. 3.4], [15, Lemma 2.1, (iii)], [16, II.4.13, (1)].
To prove Theorem 1, we will also use the properties of the Lyndon–Hochschild–Serre spectral sequence. For

the short exact sequence of group schemes

1→ G1 → G→ G/G1 → 1

and the G-module V , the following Lyndon–Hochschild–Serre spectral sequence holds [16, I.6.6.(3)]:

Enm2 = Hn(G/G1, Hm(G1, V ))⇒ Hn+m(G,V ); (3)

Let V be a simple G-module with restricted highest weight. According to [17, Sec.1, p. 768],

Hn(G/G1, Hm(G1, V )) ∼= Hn(G,Hm(G1, V )(−1)).

Hence,
Enm2

∼= Hn(G,Hm(G1, V )(−1)). (4)

If Enm∞ is the stable value of the point (n,m) of the spectral sequence (3) then for any j ≥ 0,

Hj(G,V ) =
⊕

n+m=j

Enm∞ . (5)
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1 Properties of the Lyndon-Hochschild-Serre spectral sequence

First, we prove the properties of the spectral sequence (3) necessary for the proof of Theorem 1.
Lemma 1. Let p > h and V be a simple G-module with highest weight λ ∈ X1(T ). Then for all m > 0 there

is an exact sequence of G -modules

0 −→ Hm−1(G1, H0(λ)/V )(−1) −→ Hm(G1, V )(−1) → Hm(G1, H0(λ))(−1) −→ 0. (6)

Proof. A simple G-module V is the socle of the induced module H0(λ), i.e. there is a short exact sequence

0 −→ V −→ H0(λ) −→ H0(λ)/V −→ 0.

Consider the corresponding long cohomological exact sequence of G1-cohomology

· · · −→ Hm(G1, V )(−1) −→ Hm(G1, H0(λ))(−1) −→ Hm(G1, H0(λ)/V )(−1) −→ · · · . (7)

We apply induction on m. According to [18, 4.9], formula (6) is true for m = 1. If it is true for all m ≤ a − 1,
then from the exactness of sequence (7) it follows that the sequence

0 −→ Ha−1(G1, H0(λ)/V )(−1) −→ Ha(G1, V )(−1) −→ Ha(G1, H0(λ))(−1) −→ · · · (8)

is also exact. If Ha(G1, H0(λ))(−1) = 0 then as it can be seen from (8), that the sequence (6) is exact for m = a.
If

Ha(G1, H0(λ))(−1) 6= 0

then according to (1) and (2),
Ha+1(G1, H0(λ))(−1) = 0.

In this case, from the long exact sequence (8) it follows that the sequence

0 −→ Ha−1(G1, H0(λ)/V )(−1) −→ Ha(G1, V )(−1) −→

−→ Ha(G1, H0(λ))(−1) −→ Ha(G1, H0(λ)/V )(−1) −→ 0

is exact.
We prove that Ha(G1, H0(λ)/V )(−1) = 0. Indeed, the highest weight µ of any composition factor H0(λ)/V

in Jantzen filtration is strongly linked to λ and µ � λ [19, p. 54]. Therefore,

Ha(G1, H0(λ)/V )(−1) = 0.

Thus, the short sequence (6) is exact for any m > 0.

Lemma 2. Let p > h and λ ∈ X1(T ). Then Hn(G,Hm(G1, H0(λ))(−1)) = 0 for all n > 0 и m ≥ 0.
Proof. According to (1) and [12, Lemma 4.5], G-module Hm(G1, H0(λ))(−1) admits good filtration for all

m ≥ 0. It is well known that non-trivial induced modules are G-acyclic [14, Corol. 3.4], [15, Lemma 2.1, (iii)],
[16, II.4.13, (1)]. Therefore,

Hn(G,Hm(G1, H0(λ))(−1)) = 0

for all n > 0 and m ≥ 0.
Proposition 1. Let p > h and V be a non-trivial simple G module with the highest weight from the restricted

region. Then En,m2 = 0 for all n > 0 and for all m ≥ 0.
Proof. According to the formula (4), En,m2 = Hn(G,Hm(G1, V )(−1)). Let us prove the statements of

the lemma by induction m. Since V is a nontrivial simple G1-module with highest restricted weight, then
H0(G1, V )(−1) = 0. Therefore, En,02 = 0 for all n > 0. Assume that En,s2 = 0 for all n > 0 and s < m, we prove
triviality En,m2 for all n > 0. Consider a long cohomological sequence of G-cohomology that corresponds to a
short exact sequence (6)

· · · −→ Hn(G,Hm−1(G1, H0(λ)/V )(−1))

−→ Hn(G,Hm(G1, V )(−1)) −→ Hn(G,Hm(G1, H0(λ))(−1)) −→ · · · . (9)
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According to Lemma 2, Hn(G,Hm(G1, H0(λ))(−1)) = 0 for all n > 0. Then from the exactness of sequence (9)
it follows that, for all n > 0, there is an isomorphism

Hn(G,Hm(G1, V )(−1)) ∼= Hn(G,Hm−1(G1, H0(λ)/V )(−1)). (10)

Now we prove that Hn(G,Hm−1(G1, H0(λ)/V )(−1)) = 0. By the induction hypothesis,

En,s2 = Hn(G,Hs(G1, V )(−1)) ∼= Hn(G,Hs−1(G1, H0(λ)/V )(−1)) = 0

for all s < m. This means that the socle of G-module H0(λ)/V has G1-cohomology of all degrees up to the
degree m − 2, which direct summands have zero G-cohomology. Let L(µ) ⊂ socGH

0(λ)/V. Then, applying
Lemma 1 for V = L(µ), we obtain the following exact sequence:

0 −→ Hm−2(G1, H0(µ)/L(µ))(−1) −→

Hm−1(G1, L(µ))(−1) −→ Hm−1(G1, H0(µ))(−1) −→ 0. (11)

Let Hm−2(G1, H0(µ)/L(µ))(−1) = 0, then

Hm−1(G1, L(µ))(−1) ∼= Hm−1(G1, H0(µ))(−1),

Hence Hm−1(G1, L(µ))(−1), as G-module, admits a good filtration. Thus,

Hn(G,Hm−1(G1, L(µ))(−1)) = 0.

If Hm−2(G1, H0(µ)/L(µ))(−1) 6= 0 then by induction hypothesis,

Hn(G,Hm−2(G1, H0(µ)/L(µ))(−1)) = 0 for all L(µ) ⊂ socGH0(λ)/V.

Then, due to the exactness of the sequence (11),

Hn(G,Hm−1(G1, H0(λ)/V )(−1)) ∼=
⊕

L(µ)⊂socGH0(λ)/V

Hn(G,Hm−1(G1, H0(µ))(−1)) = 0.

Since for all L(µ) ⊂ socGH
0(λ)/V, G-module Hm−1(G1, H0(µ))(−1) admits a good filtration, then

Hn(G,Hm−1(G1, H0(λ)/V )(−1)) = 0. Therefore, according to the formula (10), Hn(G,Hm(G1, V )(−1)) = 0.
Thus, it is proved that En,m2 = Hn(G,Hm(G1, H0(λ)/V )(−1)) = 0 for all n > 0 and for all m ≥ 0.

Lemma 3. Let p > h and V be a simple G-module with highest weight from the restricted region. Then
E0,j

2 = E0,j
∞ and Hj(G,V ) = E0,j

2 for all j ≥ 0.
Proof. According to the definition, En,mi+1 is the cohomology of the sequence

En−i,m+i−1
i → En,mi → En+i,m−i+1

i .

Then it is obvious that E0,j
j+2 = E0,j

∞ . Thus, E0,j
2 = E0,j

∞ , if

E0,j
2 = E0,j

3 = · · · = E0,j
j+2. (12)

Let us prove the condition (12) by induction on j. For j = 0, this is obvious. Let (12) holds for all j < a. Let us
prove that it is true for j = a. Since, according the induction hypothesis, En,ma+2 is the cohomology of sequence

En−a−1,m+a
2 → En,m2 → En+a+1,m−a

2 ,

then E0,a
a+1 = E0,a

a+2, if
E−a−1,2a

2 = Ea+1,0
2 = 0 whenever E0,a

2 6= 0.

Let E0,a
2 6= 0. Thus, it is obvious that E−a−1,2a

2 = 0 and, according to the Proposition 1, Ea+1,0
2 = 0. Therefore,

the condition (12) is true for all non-negative j, and E0,j
2 = E0,j

∞ for all j ≥ 0.

According to the Proposition 1, En,m2 = 0 for all n > 0 and m ≥ 0. If j = n + m, then Ej−m,m2 = 0 for
0 ≤ m < j − 1. Then Ej−m,m∞ = Ej−m,m2 = 0 for all 0 ≤ m ≤ j − 1. Thus, according to the formula (5),
Hj(G,V ) = E0,j

∞ = E0,j
2 for all j ≥ 0.
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2 Proof of Theorem 1

According to Lemma 3, Hj(G,V ) = E0,j
2 for all j ≥ 0. Using the formula (4), we obtain

E0,j
2
∼= H0(G,Hj(G1, V )(−1)).

Since
H0(G,Hj(G1, V )(−1)) ∼= HomG(k,Hj(G1, V )(−1))

then E0,j
2
∼= HomG(k,Hj(G1, V )(−1)). Therefore,

Hj(G,V ) ∼= HomG(k,Hj(G1, V )(−1)).

The proof of Theorem 1 is complete.
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Ш.Ш. Ыбыраев, Л.С. Каинбаева, С.Қ. Меңлiқожаева

Алгебралық группалар үшiн жәй
модульдердiң когомологиялары

Мақалада жәй бiрбайланысқан алгебралық группалардың коэффициенттерiнiң жәй модульдердегi
когомологияларын зерттеуге байланысты сұрақтар қарастырылған. Оларды есептеудiң әртүрлi
әдiстерi бар. Тиiмдi есептеу әдiстердiң бiрi – бұл, инфинитезимальдi iшкi группаға – берiлген ал-
гебралық группаның Фробениус ядросына қатысты Линдон–Хохшильд–Серр спектрлiк тiзбектерiнiң
қасиеттерiн және әртүрлi когомологиялық дәл тiзбектердiң қасиеттерiн пайдалану. Авторлар үлкен
салмағы шектелген жәй модульдерге қатысты алгебралық группа модульдерiнiң әртүрлi қысқа дәл
және сәйкестi ұзын дәл когомологиялық тiзбектердiң қасиеттерiн зерттедi. Фробениус ядросының
коэффициенттерi үлкен салмағы шектелген жәй модульдердегi когомологияларының кейбiр қасиет-
терi сипатталды. Сонымен қатар, үлкен салмағы шектелген жәй модульдер үшiн Линдон–Хохшильд–
Серр спектрлiк тiзбектерiнiң бiрiншi квадранттағы қасиеттерi зерттелдi. Спектрлiк тiзбектiң бiрiншi
квадранттағы нүктелерiнiң шектiк мәндерi есептелдi. Сипаттамасы p > h алгебралық тұйық k өрiсiне
қатысты жәй бiрбайланысқан, түбiрлер жүйесi R келтiрiлмеген G алгебралық группасы және жоғары
салмағы шектелген жәй V G-модулi үшiн:

Hj(G,V ) ∼= HomG(k,Hj(G1, V )(−1)) барлығы j ≥ 0,

мұндағы G1 – G үшiн Фробениус бейнелеуiнiң ядросы, h – R түбiрлер жүйесiнiң Кокстер саны. Бұл
изоморфизм G группасының коэффициенттерi жоғары салмағы шектелген жәй модульдердегi кого-
мологияларын есептеудi G1 Фробениус ядросының сәйкестi когомологияларын есептеуге әкеледi.

Кiлт сөздер: алгебралық группа, Шевалле группасы, Ли группасының көрiнiсi, Фробениус ядросы,
жәй модуль, когомология, спектрлiк тiзбек, дәл тiзбек, шектелген салмақ.

Ш.Ш. Ибраев, Л.С. Каинбаева, С.К. Менликожаева

Когомологии простых модулей для
алгебраических групп

В статье рассмотрены вопросы, касающиеся изучения когомологии простых односвязных алгебраи-
ческих групп с коэффициентами в простых модулях. Существуют различные методы их вычисления.
Одним из эффективных методов является использование свойств спектральной последовательности
Линдона–Хохшильда–Серра относительно инфинитезимальной подгруппы – ядра Фробениуса данной
алгебраической группы и свойств различных точных когомологических последовательностей. Авто-
рами изучены свойства различных коротких точных и соответствующих длинных точных когомоло-
гических последовательностей модулей над алгебраической группой, связанных с простыми модулями
со старшими ограниченными весами. Описаны некоторые свойства когомологии ядра Фробениуса с
коэффициентами в простых модулях со старшими ограниченными весами. Кроме того, исследова-
ны свойства спектральной последовательности Линдона–Хохшильда–Серра на первом квадранте для
простых модулей со старшими ограниченными весами. Описаны предельные значения точек первого
квадранта спектральной последовательности. Доказано, что для простой односвязной алгебраичес-
кой группы G над алгебраически замкнутым полем k характеристики p > h с неприводимой системой
корней R и для простого G-модуля V со старшим ограниченным весом имеет место изоморфизм G-
модулей

Hj(G,V ) ∼= HomG(k,Hj(G1, V )(−1)) для всех j ≥ 0,

где G1 – ядро отображения Фробениуса для G; h – число Кокстера системы R. Данный изоморфизм
позволяет свести вычисление когомологии группы G с коэффициентами в простых модулях с ограни-
ченными старшими весами к вычислению соответствующих когомологии ядра Фробениуса G1.
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