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O CymeCTBOBaHAN N €JMHCTBEHHOCTHU CHUJIBHOI'O pellieHunuda
a,HTI/IHepI/IO,Z[I/ItIeCKOﬁ 3aJa491 AJId YypaBHEHHA TEIIJIOIIPOBOJHOCTH C
OTKJIOHAIOINNMCA apryMeHnToM

B crarbe gokaszaHa cujibHAg pa3peNIMMOCTb CMEIIAHHON 3aJauM Il YPABHEHUS TEILIOIPOBOJI-
HOCTH C OTKJIOHSAIOIAMCS APTYMEHTOM M C OJHOPOTHBIMH AHTUTIEPUOJUIECKUMY KPACBBIME Y CITOBUAMI
ug(x, T —t) + uge (2, 1) = f(2,t), ul,_g=0,ul,_o+ u|l,_; = Ue|,_o+ Uz|,_, = 0 B mpocTpancTBe L3(2).

Kmouesvie ca06a: OTKIOHSAIOMMUICS apryMeHT, YpaBHEHNE TEIJIONMPOBOIHOCTH, CIIEKTPAIbHAS 3aa4a, co0-
CTBeHHbIE (DYHKIINY, COOCTBEHHbIE 3HAYEHMUS.

Teopuu paspemnmocTu mapabOINIeCKUX YPABHEHUN TOCBSIIEHO OOJIBIIOE KOJINIeCTBO padboT: J10C-
TarouHo orMeTuTh MoHOrpadun [1-2]. Teopun obbiKHOBEHHBIX HUMOOEPEHINAIBHBIX YPABHEHHUN C
OTKJIOHSIONIUMCS apryMEHTOM MOCBSIIEHA MOHOTPadust [3] CuekTpaJjibHble CBOMCTBA KPAEBbIX 3aJ1a4
Jst b depeHnuanbHbIX YPaBHEHUI ¢ OTKJIOHSIOIINMCST apLy MEHTOM Hcc/ieioBanbl B pabore [4]. B pa-
6ore [5] ycraHOB/IEHA BOJBTEPPOBOCTH CMEIIAHHO 3a/a9i JIIsl YPAaBHEHUs TEIIoNpoBojHocTH. 1lpu
OTKJIOHEHUHM apryMeHTa B YPaBHEHUHU TEIJIOMIPOBOJHOCTH TMOABIACTCA CIEKTP, ITO3TOMY CTAHOBUTCHA
BO3MOXKHBIM HCIIOJIb30BAHNUE CIEKTPAJIHLHON TeOpuU JTMHEHHBIX OIIepaTOpoB. PaboThl [6—12] IIOCBSIIIIEHBI
CUJIBHOI Pa3penmMOCTd NEePBOM CMEITaHHON 3a/1a49M, BTOPOIl CMEITaHHON 3a1a49n, CMEITaHHON 3a1a9n
C NEePUOAUYCCKUMU I'DAHUYHLIMU YCJIOBUAMHU, CMEIIAHHONA 3aJa4u C HIepUOAUYICCKUMU I'DAHUYHLIMUA
YCJIOBUSIMU U € MJIQJIIUM WieHoM (nepuoaieckas 3agada CMY) s ypaBHEHUS] TEIIONPOBOIHOCTH
C OTKJIOHSAIOIUMCsST aprymMeHToM. B paberax [12-13] oxapakTepu3oBaHO BJIUSIHUE MJIQJIIIETO YIEHA Ha
CUJIbHYIO Pa3pEHIMMOCTD IIEPUOINICCKON 381491 JJIs1 YPABHEHU A TEIJIOIIPOBOAHOCTH € OTKJIOHAIOIIUMCS
aprymenToM. CribHasi pa3pelnmMoCTh MOJIy3aKPeIJIeHHON 3a1a49n J/IsT YPaBHEHUs TEILJIOIPOBOIHOCTH
C OTKJIOHSIIOIIUMCST apIyMEHTOM HCCHeIoBana B pabore [14].

B nacrosmeit pabore nccaeayencs CuibHasg pa3spelmMOCTb AaHTUIIEPUOINIECKON 3a0a49n JIJIsT YPaB-
HEHUA TEIJIONPOBOJHOCTH (€ OTKJIOHAIOIINMCA apI'yMEHTOM.

1. Iocmanoexa 3adavu

Iycrs  C R? — "eThIpexyroybHUK, orpanmdennbii orpeskamu AB : 0 <t < T,z = 0;BC : 0 <
r<lLt=T;0D:0<t<T,x=1;DA:0<z<I[,t=0.

Yepes C?1(Q) obosnadmm MHOMKECTBO DYHKIIH u(2, t), TBaZKIB HETPEPBIBHO b dOepeHIIpYeMBbIX
110 T U eIWHOXKJBLI HellpepblBHO nuddepeniupyembix 1o ¢t B objactu (). Ilox rpanwuneit obimactu €2
nomIMaeM CoBoKymHocts orpeskos I' = AB|JAD|JCD.

Anmunepuoduueckas 3adava. Haiitn pernenne ypaBHeHUsT

Lu=ui(x, T — t) + uze(x,t) = f(x,t), (1)
yJ:LOBHeTBOpHIOLuee I‘paHI/ILIHbIM yC.HOBI/IHM

ulyg + ul,my = Ul + sl =0, (2)
u uly—g =0, (3)
rie f(z,t) € La(Q).
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Onpedenerue 1. Perymspueim perrennem 3ama<in (1)—(3) Oymem Ha3bBaTH QyHKINIO
ue CH Q) C(9),

obpalamoIiyo B TOXK1eCcTBO ypaBHenue (1) u kpaesble yciaosus (2)-(3).

Onpedenenue 2. @yukumio v € Ly(€)) HA30BEM CHILHBIM DeIIEHUEM 3aJ1a49H, €CJH CYIIECTBYET
nocyieioBaTenbHocTh dynkmuit {u,} € C*HQ)NC(Q), n =1, 2, 3, ..., yI0BIETBOPAIONIAs KPACBHIM
ycsioBusiM, Takast, 9ro {un} u {Lu,}, n=1, 2, 3, ..., cxougarcs B Lo(£2) coorBercTBeHHO K U U f .

Onpedenenue 3. Kpaesas 3amaua (1)—(3) HasplBaeTCsl CUIBHO PA3PEIINMOIi, €CIIN CUIILHOS PELIeHNe
3a/1a49 CyIIECTBYeT Jyisi Jiioboit mpasoit wactu f(z,t) € Lao(§2) u equncreento [1].

Hempio HacTOsIE!l pabOTHI SIBJISIETCS JOKA3AaTEIHCTBO CUJILHON Pa3perinMOCTH KPaeBoil 3adadn
(1)-(3) B mpocrpamncrse La(€2).

2 O cnexmpe anmunepuoduveckots 3adavu

2.1 O cummempuyrocmu

Jlemma 2.1. Oneparop L, coorBercTByIommii kpaesoii 3a1ade (1)-(3), cummerputen [2].

2.2 O bazucrocmu cobcmeernbir 6eKmopos. PaccMoTpuM ClieKTpaIbHYIO 318y, COOTBETCTBYIONLYIO
Halreil kpaesoi 3ajaue,

ut(ﬂj',T—t) +u:m:(x7t) = /\U(l’,t), (4)
u|x:0 + u|z:l = ux|:c:0 + u$|x:l — 07 (5)
ul;_g:= 0- (6)

Jljtst pertieHust 9TON 3a/1a9u BOCIOJIH3YEMCs METOIOM pasjesieHust nepemeHunix. [losaras
ufz, t) < w(t)sw(z), (7)
UMeeM:

ul,eg=v(0) - w(z) =0, = v(0) = 0;

Ugg + it = () - [w(0) + w(®)] = 0, = w(0) + w(l) = 0;
alpg + el = 0(8) - [W(0) + /()] = 0, = w/(0) +w'(1) = O;

[Toncrasus(7) B ypaBuenue (4), mouaydum:

(T —t) - w(z) +o(t) - w”’(x) = X-v(t) - w(z);
o(T =) w(@) =v(t) - [\ w(z) —w'(@)];

(T —t) _ Aw(z) — w"(z)
v(t) w(z)

= M

IJie (@ — HEKOTOpas MOCTOsiHHasl. TakuMm obpasoM, ecau pernenue 3agaqdu (4)-(6) mmeer Bug (7), TO
dbyukunm v(t) 1 w(x) ABISIOTCA PEIICHUSIMA CIEKTPAIBHBIX 3a/1a4:

a) —w"(x) = v w(z), w(0) +w(l) = w'(0) +w'(l) = 0,

b) (T —t) = p-v(t), v(0) =0,
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TIoe Y = fh — A.
Jlemma 2.2. CrekrpasbHas 3a1a4a

—w" (z) = 7w (x), (8)
w(0)=w()=0 9)

nMeeT DECKOHEYHOE MHOXKECTBO COOCTBEHHBIX 3HAYCHUI

2”2

= (2n+1) A n=0,1,2,...,

U COOTBETCTBYIOIIUX UM COOCTBEHHBIX (DYHKITHI

2 2
wy” (x) = \/;cos (2n+1) %x, wy, T (7) = \/;sin (2n+1) %az, n=0,1,2,..., (10)

KOTOpbIe 06pa3yioT OPTOHOPMHUPOBAHHBIN 6asuc npocrpancrsa Lo (0, 1)
Jloxasamenvcmeo. Haiijem cobcTBeHHbBIE 3HAUEHUS aHTUIIEpUOArIeckoil 3a1adu. OOiee penienne

ypasuenus (8) umeer Bu: w(x,y) = Acos /vy x+ B Smﬁx, riae A, B ~—~mpou3BOJIbHBIE TOCTOSIHHBIE,

BOOOITIE TOBOPSI, 3aBUCSIIUE OT CIEKTPAILHOrO napamerpa . [[o1cTaBuB 910 BbIpazkeHne B IpaHIIHOE
ycsiosue (9), nmeem

sin /71
A= —Acos /4l — B 1
VY Ve

B = A,/ysin /4l —Bcos /vl

nJjim

sin /71
A(1+cos/ql) + B—— = 0;
( VL) N

—A\/Asin \/yl+ B (1 4 cos /1) = 0.

DTa cucremMa ypaBHEHHUI nMeeT HETPUBUAJIBHOE PEIeHNe JIUIIh JIJI TeX 3HAYEHUN -y, IPU KOTOPBIX
ee ompejieuTesb obpalaercs 8 Hynb. OmpejesnTesieM 3TON CUCTEMbI OyIeT

in 1
1—|—cos\ﬁl) sin 4l 2. ..o
A(~y) = ( Vel =(1+ 0+ =142 I+1=2(1+ .
D= sin vl (Wb eos | eI oV (ol

HpI/IpaBHHB K HYJIIO 9TOT OlIpeae/INTe/Ib, UMEEM

cosyl=—1,\Al=2nr+m7, /7= (2n+1)§,
27
= (2n+1) Tz n=0, £1, £2,...
NsyunM KpaTHOCTH HAWJEHHBIX COOCTBEHHBIX 3Hadenwii. Ilpm v = (2n + 1)2’;—22 BCe 3JIEMEHTHI

omnpeenuresisi A(y) obpariaiTcs B HyJb, CI€J0BATEIBHO, BCe COOCTBEHHbIE 3HAYECHUS JBYKPATHBI,
T.e. KaxKJOMy COOCTBEHHOMY 3HAYEHUIO OTBEYAeT Iapa COOCTBEHHBIX (GyHKIWNA. Ajrebpamdeckast
KPaTHOCTb COOCTBEHHBIX 3HAUEHUN HE MEHBIIIE TeOMETPUIECKO, U B CAMOM JieJie

d l l
—A(y) =-2 sin\/Yl = ———————=sin(2n + 1)7 = 0;
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d? l
A7) = ( fl—cosfl)
dy? y=(2n+1)2 77 VW V7 2V
12 14
=————cos(2n+1 - #0
(2n + 1) (2 L) 2(2n + 1)%x2 #

Bce cobcTBenHbIe 3HAYEHUsT JBYKPATHBI (reomerpudecku u ajreOpandecku. CoOCTBEeHHBIMU (YHK-
[UASIMH SIBJIAIOTCHA PYHKIIUN

2 2
\/;cos (2n+1) %m, 7 sin (2n 4+ 1) % n=0, +1, +2,
Kax oMy cobcTBeHHOMY 3Ha4YeHUO Y, = (2n + 1) ”—2 COOTBETCTBYET Iapa COOCTBEHHBIX (DYHKIINN.
SamenuB n Ha —n,n = 1,2, ..., TTOJyIIM
2 2
\/;cos(—Qn—i-l % = lCOS (2n—1) 7:1:

[\

2
\/;sin( 2n+1) — \/;sm 2n —1)

CilefioBaTeIbHO,  OTPHUIATENbHBIE MHJEKCHl HE JIAIOT | HOBBIX COOCTBEHHBIX  (DYHKIHIA,
IIO3TOMY MO2KEM OTPAHUYIUTHCA HEOTPUIlATEIbHBIMU HWHIACKCaAMU. TpI/IFOHOlVIeTpI/ILIeCKaH CucreMa
sinnt, cosnt, n = 0, = 1, 2,... mosna B npocrpancrse Lg(0,27) [3]. OproronasbHocTh cOGCTBEH-
HbIX (QYHKIUii crekrpaiabHoil 3agaun (8)—(9) siBisieTes €aeJCTBUEM ee CUMMETPUYHOCTH. B cuiy
reopeMbl Pucca-®uinepa cucrema cobcrsennbix dynkuumit (10) ob6pasyer opToHOPMUPOBAHHBIN Has3uc
npocrpanctsa Lo (0,1).

Jlemma 2.3. CrexkTpaabHas 3a1ada

O(T=%) = pu-v(t), (11)
v(0) =0

uMeeT DeCKOHEYHOEe MHOXKECTBO COOCTBEHHBIX 3HAYCHUI
1\«
n
IU’TL:(_l) <n+2 T? 77,:0, 17 27"'7

U COOTBETCTBYIOUIUX UM COOCTBEHHBIX (DYHKIUI

2 1\ 7t
vn(t):\/Tsin<n—|—2>7TT, n=0,1,2,..., (12)

KOTOpBle 06pasyoT OPTOHOPMUPOBaHHbIi 6asuc npocrpancrsa Ly (0,7).

Hemma 2.4. Ecmu cucrema dyskimii { ¢, ()}, m =1, 2, ..., 0b6pa3yeT opTOHOPMUPOBAHHBII 6a3KC
npocrpancrsa Lo (0,1), a cucrema dynkuuii {¢, ()}, n =1, 2,..., obpa3dyer opTOHOPMUPOBAHHBII
6asuc npocrpancrsa Lo (0,7"), To cucrema QYHKIUAN Uy, (T,1) = O () Uy (£), m, n =1, 2,...,

obpasyer oproHOpMUpOBaHHbI 6asuc npocrpancrsa Lo (), rae Q = [0,1] x [0, 7.
13 dopmya (7), (11), (12) caemyer, uro cobcrBeHHbIMEU (DYHKIMSIMU ClIeKTpaJsibHOl 3amaqu (4)- (5)
SIBJISTIOTCS (DYHKIUN

2 1
Umn (2, 1) = \/ﬁcos(Qm—}—l) laz sin <n+2> %t; m, n=0,1, 2,...;
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U+ (2, 1) =

1
Sin(2m+1)ﬂx-sin<n+2> %t; m, n=0,1, 2,...,

2
VTI !
KOTOpBIE B CHJIY JIeMMBI 2.4 06pa3yloT OpTOHOPMHUPOBaHHBIN Oasuc mpocrpancTBa Lo (2), rtme Q =
= [0,1] x [0,T].

CobcrBeHnble 3HAUCHUS A, HaillieM 110 dpopMmyJie
mn

1\« 2
Amn = fn — Ym = (—1)" <n+2)T—(2m+1)212, m,n=0,1, 2,....

Teopema 2.1. CrekTpajbHast 3a1ada

Lu =w(x, T —t) + ugg(x,t) = Au(z, 1),
ulimo =05 ttlymg + Ulymy = Ualpog + Ual,my =0
nMeeT GECKOHETHOE MHOXKECTBO COOCTBEHHBIX 3HAYECHUIL:

1 2
Amn = fn — Ym = (=1)" (n + 2> % - (2m+ 1)27;—2, m, n=20, 1, 2, ... (13)

U COOTBETCTBYIOIINX UM COOCTBEHHBIX (DYHKITUI

2 1
Umn (2, 1) :ﬁcos(2m+1) ?x-sin <n-|—§) %t; m, n=0,1, 2,...; (14)
U™ (2, 1) = 2 sin(2m—|—1)zx sin n—l—1 Tt omyon=0, 1, 2 (15)
mn ) - \/ﬂ l 2 T ) ) - ) ) AR
KOTOpBIe 06pa3y0T OPTOHOPMHUPOBaHHBIH Gasuc mpoerpancTsa Lo (2), rme Q = [0,1] x [0, 7.

3. 0 cywecmeosaHuu U eOUHCMGERHOCTNU CUNDHO20 peweHusAa aumunepuo@u%ec%oﬁ 3adayu

Paccmorpum JsinHeiiHbI oniépaTop, cooTBeTCTBYIONIMIT Kpaesoii 3aja4e (1)-(3):
Lu = w(z, T —t) + ugy(z, 1),

Homycrum, ure ipw Hekotopom v € D(L), u # 0, umeer mecro paserncrBo Lu = 0. Torma B cuiy
CUMMETPUIHOCTH omepaTopa L mveeM

0= (Lu7 umn) = (u7 Lumn) = )\mn (u7 umn) .

Eem Ay # 0, TO B CHILY TIOJHOTBI CHCTEMBI { Uy, } TOJIyauM u = 0, 9TO IPOTHBOPEYUT HAIEMY
npejyioxkennio.  [losTomy mpum HEKOTOPOM 3HAYEHUHW WHJIEKCOB MMEET MECTO PABEHCTBO Ap, = O.
Ob6paTHO, eciiu cpei COOCTBEHHBIX 3HAYEHUI €CTh HyJIeBOe COOCTBEHHOE 3HAUEHHEe, TO IIPU HEKOTOPOM
u # 0 umeer Mecto pasencTso Lu = 0. st cymecrsoBanns obparHoro omeparopa L~ neobxomumo u
JIOCTATOYHO, YTOOBI nMesIo MecTo paBeHcTBO ker L = {0}. [Ijis1 BBIIIOJIHEHHSI 5TOTO yCIOBHs HEOOXOIUMO

7 JOCTATOYHO BBIMTOJHEHUE YCJIOBUA Ay, = 0, V.m, n =0, 1, 2,.... OueBngaHo, 91O
\ _ 3\ o T2 _
montl = — 2n+§ f—(2m+1)l—27§0, m,n=0,1, 2,....
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[TosToMy HEOOXOAUMBIM M JTOCTATOYHBIM yCJIOBHEM OOPATHMOCTH OIl€paToOpa OyIeT yCaoBue

1\ 7 2
)\m,2n:(2n+2)T(2m+1)212#0, m, n=0,1, 2,...,

njan, COKpaTuB Ha 7T, UMeEeM

T 2n—|—%
27 @2m+1)¥

[Tpu BBIIOJHEHUH ITOTO YCJIOBUS Oneparop L B3aMMHO OJHO3HAYHO 0TOoOpazkaer MHOKeCTBO D(L) Ha
R(L), 7o 06 orparmdennocTn obpaTHoro omeparopa L~ ! pedn me muer.

Teneps nocTponm obpaTbii onepatop L1, Iyers u € D(L), f € R(L) n nMeer MeCTo paBeHCTBO
Lu = f. Paznoxus B psigy @ypbe 110 cucreme {Uy,, } (3HAUKN omycTuM 1jist y06CTBa) JTEBYIO M IPABYIO
9acTh 9TOrO paBeHCTBa [4], nmeem

Lu = ZZ (L, Upp) * U, (22, 1) Z Z/\mn Uy U ) * Unnn (2, 1)

m=0n=0 m=0n=0

F=00 0 (f thn) - i (2, 1) -

m=0n=0

CpaBauBast KO9(pPUIUEHTHI 3TUX PA3JIOXKEHUN, Oy IUM

UWWJ

(u7 umn) — )\mn

CremoBaTebHO,

u(z,t) = L7 f(a)t) Z Z (f; thmn) mn (2,1) . (16)

m=0n=0

[Tosryuennoe Boipazkenne (16) sBseTes CHIIBHBIM pelnenneM Kpaesoii 3agattu (1)—(3) [em. 5]. s
CHJIBHOMN Pa3penImMOCTH HeoOXOIMMO M IOCTATOYHO BhinoaHeHns yciosus R(L) = Lo(Q), T.e. obnacTsb
3HaueHus onepaTopa L cosrajiaer co Beem npocrpanctsoM Lo () (pasymeercs, mpu cylecTBOBaHUI
L_l). Takum obpa3oM, JoKa3aHa CJIELyoIast

Teopema 3.1. JIjisi_eJTMHCTBEHHOCTH CUJIBHOIO pelieHusi KpaeBoil 3amaun (1)-(3) HeobGxomumo u
JIOCTATOYHO BBILOJIHEHHS! YCTOBIST

ﬂ# 2n+%

—_—, m, n=0,1, 2,....
27 2m+1)?

HpI/I BBIIIOJIHEHUM 9TOI'O YCJIOBUA CHJIBHOE pElIeHrne 3aJa4Yi CyIIeCTBYCT U UMEET BUL

Z Z f Umn . Umni (l‘,t)

m=0n=0

1t Beex f(x,t) € La(€2), yI0BIETBOPSIOMNX YCIOBHIO

>0y |

m=0n=0

< 400,

e Amn, Umn~ (T,1), Umn ™ (2, 1) 3anatorca dopmynamum (13)—(15).
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4. O camoconpatcernocmu 6 CywecmeeHHom onepamope L

Hemma 4.1. FEciu cummerpudeckuil onepaTrop A uMeeT TOJTHYIO CUCTEMY COOCTBEHHBIX BEKTOPOB,
TO 3aMBIKaHIE 3TOro oneparopa A camocomnpsizkeno B H, nHade ToBOpsi, orepaTop A caMOCOUPSIKEH B
CYTIECTBEHHOM.

HokazarebeTBo 01po6HO u30keHo B pabore [5]. Hamr omeparop yioBieTBopsieT BceM yCIOBHIM
9TO JIEMMBI, TTIO9TOMY UMEET MECTO

Teopema 4.1. Oueparop

Lu = w(z, T —t) + ugz(zx,t),
u|t:0 = u‘:c:() + u|a::l = u55|3::0 + u$|x:l =0

CaMOCOIIPSIZKEH B CYIIIECTBEHHOM B 1ipocTpancTBe H = Lo(§2), rme Q = [0,1] x [0, T/~ IpsiMOyroIbHUK,
JleKaluit Ha BepxHeil mosymIockoctn (x,t) € R2.
N3 reopem 3.1 u 4.1 caexyer
Teopema 4.2. Ecnu
7wl 2n + %

2 m,n=0,1, 2.,
z 7 (2m 4 1)?

TO 0bpaTHLII onepaTop L~ cyImecTByeT u caMOCONpPsIZKEeH:

- -1
Zoxazameavcmeo. CyiectBoBaHue omeparopa L ciieyeT m3 TeopeMbl 3.1, ocTtajgbHOE — U3
— —1\* *\ T —\—1 .
[IeTOYKN paBeHcTs | L =L = (L ) , B KOTOPOIl memorb30Bana Teopema 4.1 m u3BecTHasd

JIeMMa (A_l)* = (A"L
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A I.IMTannan6aes, M. T.IMMomanbaeBa

AprymMeHTi aybITKUTBIH XKbIIy TEHJIeyi YIIIH aHTUIIEPUOIUKAJIBIK,
ecebiHiH mrentiMi 6ap »KoHe JKAJFbI3 00JIybl XKOHIHIE
Maxasmana apryMeHTi aybITKUTHIH KbUTy Tedgeyinin ui(z,T —t) + uze(x,t) = f(z,t), wul,_y =0,

o+ ul,_, = Uzl,_o + Us|,_, = 0, aHTHEEPHOAWKANLIK IIEKAPAJLIK MApTHl Gap eceGinmin mremrimyi
mostesienred. Byur ecenrig Lo () keHicTikTe menmiMiHig 6ap »KoHe »KaJiFbl3 GOJIYbIHBIH NIAPTHI TAOBLIFAH.

A .Sh:Shaldanbayev, M.T.Shomanbayeva

About the existence and uniqueness of strong solution of the

antiperiodic problem for the heat equation with deviating argument

90

In this paper we have proved the strong solvability of a mixed problem for the heat equation with deviating
argument and with the antiperiodic homogeneous boundary conditions u:(x,T — t) + uzz(z,t) = f(x,t),
Ul = 0, 0|, o+ ul,_; = Ue|,_o + Uzl|,_, =0, in the space L2(£2).
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