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Best trigonometric approximation and modulus of smoothness
of functions in weighted grand Lebesgue spaces

In this work, first of all, Lf?’e (T) weighted grand Lebesgue spaces and Muckenhoupt weights is defined.
The information about properties of these spaces is given. Let T}, be the trigonometric polynomial of best
approximation. The approximation of the functions in grand Lebesgue spaces have been investigated by
many authors. In this work the relation between fractional derivatives of a T, trigomimetric polynomial and
the best approximation of the function is investigated in weighted grand Lebesgue‘spaces. In that regard,
the neccessary and sufficient condition is expressed in Theorem 1. In addition, in this work in weighted
grand Lebesgue spaces a specific operator is defined. Later on, with the help of this operator the fractional
modules of smoothness of order 7 of function f is defined. Also, in this work; using the properties of modulus
of smoothness of function, the relationship between the fractional modulus of smoothness of the function
and n—th partial and de la Vallée-Poussin sums of its Fourier series in subspace of weighted grand Lebesgue
spaces are studied. These results are expressed in Theorem 2.

Keywords: heneralized grand Lebesgue spaces, fractional derivative, fractional moduli of smoothness,
n — th partial sums, de la Vallée-Poussin sums, best approximation by trigonometric polynomials.

Introduction andthe main results

Let T denote the interval [—m,7]. We denote by LP(T), 1 < p < oo, the Lebesgue space of all measurable
functions f on T, that is, the space of all such functions for which
1/p

= / F@)lPde| < oo
T

A function w is called asweight »on T if w : T — [0, 0o is measurable and w=!({0, 00}) has measure zero
(with respect to Lebesgue measure).

Let w be a 27 periodie weight function. We denote by LP(T), 1 < p < oo, the weighted Lebesgue space of
all measurable functions on T for which the norm

1/p

1£1, = / F@)Pwdz| < ool
T

We define a class LZ)’G(T), 0 > 0 of 27 periodic measurable functions on T satisfying the condition
1/(p—¢)
eb -
sup —/|f(:c)|p “w(z)dw < 0.
O<e<p—1 | 27
T

The class L‘Zf,)’g('l[‘), 6 > 0, is a Banach space with respect to the norm

1/(p—e)

1 —€
oy =, 5w o [1r@l “w@ds )
T

0<e<p—1
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The class Lf,)’e(ﬂl‘) with the norm (1) is called as the weighted generalized grand Lebesgue space. Note that
non- weighted grand Lebesgue space LP)(T) was introduced by Iwaniec and Shordone [1]. Information about
properties of these spaces can be found in [2—4]. The embeddings

LP(T) ¢ LP)(T) C LP~,

hold. According to [2] LP(T) is not dense in LP)(T). Also, if §; < 65 and 1 < p < oo, for weighted generalized
grand Lebesgue space, the following relations hold:
LP(T) CLE)?(T) cL?)2(T) CLE = (T).

The closure of the space LP(T) by the norm of LZ)’Q(']I‘), 0 > 0, we denote by LP?(T).
Let 1 < p < oo and let A,(T) be the collection of all weights on T satisfying the condition

-1

oo (4 [[w(e)pda (L o) <o @)
(i i),

where the supremum is taken over all intervals I with length |I| < 27./The/ condition (2) is called the
Muckenhoupt -A,, condition [5] and the weight functions which belong to'A,(T), {1 < p < o), are called
as the Muckenhoupt weights.

Suppose that f € Lfi)’e. We define the operator by

.’L’-‘r%
1
Ahf(x)::E/f(t)dt, reT 0<h<l.

T—3

Note that 0 < p < 0o, 8 > 0 and w € A, then the operator A is bounded in Lﬁ)’e. For f € LZ)’Q, we define

Uﬁf(fv): (L —Ap)" f(x) =

N k
A heT,0<
ZF k-+ 7‘—]{7+1)(h)7x7 eT,0<r,

where I is the identity operator and I' is gamma function.
Let we A, and f € Lﬁ)’e. If 0 <7 we can define the fractional modules of smoothness of order r of f as

[r]
QT'(f? 5)1)),0,0.1 = sup H (I - Aiu) Ufr}f 5 0 > 07

0<h;, t<4 ||
Shi, TS0,
p),0,w

where [r] denotes the integer part of the real number r and {r} := r—[r] .— Note that Qo (f,9),) 4., = Il

0
and ] (I'— Ap,) of f := o] for 0 <r < 1. The modulus of smoothness Q,.(f,0),)s.., 7 € RT, is a nondecreasing,
i=1

nonne_gative function of 9, and

Qr(f+975)p),9,w < (fa ) 0w + Q4 ( 5)p),9,wa
;1_1% Qr(f7 5)1)),9,0.) =0
for f,g € LP)"’.
Let -
% + Z Ap(f,x), Ap(f, ) = ar(f) coskx + by (f) sinkx (3)
k=1
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be the Fourier series of the function f € L(T), where ay(f) and by (f) are Fourier coefficients of the function f.
The nth partial sums and de la Vallée-Poussin sums of the series (3) are defined, respectively, as:

Su(fio) = T Y Alfa),
k=1

2n—1

Valf) =13 St

We denote by E,,(f)y(), (n=0,1,2,...) the best approximation of f € Lg;) by trigomonetri¢ polynomials
of degree not exceeding n, i.e.

Eu( Py = 0 {If = Tallyy g T € T},

where II,, denotes the class of trigonometric polynomials of degree at most n.

We use the relation a,, = O(8,), n = 1,2, ..., that is, there exists a constant C.> 0 such'as «,, < Cf,,
n=172,...

The approximation problems of the functions by trigonometric polynomials in'grand Lebesgue spaces have
been investigated by several authors [6-13].

In the present paper, in weighted generalized grand Lebesgue spaces we investigate the relation between
derivatives of a polynomial of best approximation and the best approximation of the function. In addition,
relationship between fractional modulus of smoothness of the function and nth partial and de la Vallée-Poussin
sums of its Fourier series in subspace of weighted grand Lebesgue spaces are studied. Simillar results in different
spaces have been investigated in [14-34]|, and [5]. Note that, in_the proof of the main results we use the method
as in the proof of [27, 28|.

Our main results are the following:

Theorem 1. Let T, (f) € II,, be the polynomial of best. approximation to f, let r, « € R*. In order that

L D] |y Q0 (> a>0)

it is necessary and sufficient that

En(f)p)ﬁ,w = O(nia)'

Theorem 2. Let 1 <p < oo, >0, 7€ RT and we A,. If f € E’:;“’ (T), then

1.
1 —aT T
esuls ~)p .o <177 ||V, >(f,~)Hp) L+ @) =Vl Yy g <
1
< C5Qr(fv E)p),@,w» (4)
where the constants ¢4 and c; are dependent on p and 7.
2.
1 — r
C6Qr(f7 E)p)ﬁ,w <n 2 Sr(LZ )(f7 ) )0, + Hf(x) - Sn<f7 ')Hp),@,w <
1
< C7Qr(f» E)p),G,w» (5)

where the constants ¢ and c7 are dependent on p and r.
Proofs of the main results

Proof of Theorem 1. Let us assume that

En(Ppow = 1F =Tl 00 =00, (a>0). (6)
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is satisfied. We can write

n—1
0@ =17 + 3 {1 - 10w}
v=0

Using Bernstein inequality for the spaces Ef}ﬂ (T) in [35] we have

From (6), (7) and the last relation we conclude that

(r)

()

o = & T (Dllpy,0.0

7. (f)

v < cgciopn'n”* < ecpn” .
p),0,w

Now we suppose that

T (0| =ow.

p),0,w

Use of [9] and (8) leads to

1T2n(f) = Ta(Ton (P py 6.0 < N = Ton()lpy 0.0 + 1F =La(T2nlH) 6.0 <

T:lr) (f)H <asn .

<cian™" ’
p),0,w

On the other hand, since T;,(T%,(f)) is a polynomial of order n the following inequality holds:

T2 (f) = To(Ten(F) )00 = I = TalT2n(F)) = (f = Ton(f)l,) 0.0 =
2 Lf = Ta(Tan(F) ) 0@ =l = T2n () ) 0.0 =
> En(f)p).0.0 =Fon(f)p),6.w = 0.
Use of (9) and (10) gives us

0< En(f)p),@,w - E2n(f)p),9,w <cpan .

Condition E,(f)p),6.. — 0 is satisfied. Therefore, from the inequality (11) we have

SOLER )y 00 — Barrr (P o} s > 275,
k):’ﬂg k:n()

Thus,

Eayno (f)p),6.0 < €1627 0%

By (12) we conclude that E,,(f)p) 6.0 < c15(n™%).
This completes the proof Theorem 1.
Proof of Theorem 2. By [9] the inequality

1 —or r
Qr(Tn )p),O,w < Cl7(pa ’I")’I’L 2 T’I’(L2 )

,—
n

p)ow

holds, where T, € II,,. On the other hand, using the properties of modulus of smoothness Q,.(f, %)p)

we find
1
Qr <f7 )
"/ p)

gcR@JoQu—zmm@w+n2T

1 1
S Qr (f_Tnv) +Q7 (T’ru) S
0.0 "/ p)ow "/ p)ow
p),97w>.

s

Tr(LQ’I“)
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Now we estimate the modulus of smoothness Q.(f,-),)0,., from below. According to reference [10] the
following inequalities hold:

27
En(f)p)ﬁ,w < C19 (p7 T) QT (f7 m) ; (14)
p),0,w
w2 o] <en@ro () (15)
" p),0,w n+1 P).0,w

Let V,,(f,z) be de la Vallée-Poussin sums of the series (3) and let 7' € II,, be the polynomial of best
approximation to f in L5’ (T), that is ||f — Tl 0.0 = En(f)p),00- Then we get
1 = V(s Mpyo.0 S =Tallpy 0w + 170 = Valfs )l 0.0 <
< en(P)En(fp)ow + 11ValTy = f,)lpy 60w <

< C22(p)En(f)p),97w- (16)
Using (14), (15) and (16) we have

n—2r

VED(f,)

+ Hf - Vn(fﬂ ')Hp),&,w -

p),0,w

< c23 (pa T’) <Qr(vn7 %)p),@,w + En(f)p)ﬁ,w) <
< caa (p,7) (Q (fs ! )p) 0.0+ Qe(f — Va, *)p) 6,0+ En (f)p),é',w) <

1
S C25 (p7 T) Qr(fa ﬁ)p),t‘),ﬁw

which completes the estimation (4) of Theorem 2.
Let T}, be the best approximation polynomialfor f;.i.e.,

En(f)p),e,w 4 ||f - Tan) 0

By [9], Theorem 5; [10], Theorem 2.1 there exists a constant co5(p) such as

1 = Sn(fs )y o<W = Tnllp) 0.0 + 190 (T = £y 0.0 < c26(P)En(f)p).0.0- (17)

Using inequality (17) and the scheme of proof of the estimation (4) we have the estimate (5).
Proof of Theorem 2 is completed.
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C.3. /Ixxadapos

En >kKaKbIH TPUTOHOMETPUSIJIBIK >KYBbIKTay koHe JlebertiH cajiMaKThIK

32

rpaHa-KeHiCcTiKTepiHaeri pyHKIIMAHBIH TEriCTiriHiH MOMIYJIi

MakaJsrazia 6ipinmni kesekre Jlebertiy caaMaKTBIK I'paHI-KeHiCTiKTepi >KoHe:MakeHxaymnr Lf,)’g (T) caun-
MaKTapbl aHBIKTAIIbI. OChl KEHICTIKTEPIH KACHETTEP] Kalibl akmapar 6epiiai. T, €H KaKblH *KYbIKTay-
JIBIH, TPUTOHOMETPHUSIBIK, TOJIMHOMBI OOJICHIH. JIleOerTiH rpaHI-KeHiCTIKTepiHaeri dyHKIHUSHBI ATPOKCHMa-
[USIJIay KOIITereH aBTOPJapMeH 3epTTesIji. Byl )KyMbICTa TPUTOHOMETPUSILIK, MOMKEHOMIArbl 1), OeJinexk
TYBIHIBI MeH JIeberTiH caJMaKTBhIK IPaH/-KeHICTIKTEDIHJIEr eH YKaKbIH XKYBIKTay apachbIHIAFbl OailIaHbIC
KapacThIpbUIabl. Ochbiran 6aiIaHbICTBI KAXKETTI XKoHe KeTKIIKTI maprrap 1-reopemana kenaTipiaai. Asrop
Jleberrin caJMaKTBIK I'PaH/-KEHICTIKTEepiH/ie HAKThI OIlepaToOp/bl aHbIKTaraH. Keitinipek O6yJ1 oriepaTop/IblH
koMeriMeH [ MYHKIMACHIHBIH 7 peTTi Tericririniy 6estmmekTi MOIyIbepi anbikTaabl. CoHbIMEH KOoca OyiI
KYMBICTa QYHKIMSHBIH, TETiCTITiHIH MOMYTIHIH KACHETTEPIH KOIIaHa OTHIPHIN, TEriCTIKTIH OoJtmeKTi Mo Ty
MeH Jlebertin caaMaKTBIK I'paH/I-KeHicTiriHiyg imki kenicriringeri @ypbe kaTapbiubiy je Basute-Ilyccennin
n — th mepbec KOCHIHABLIAPHI apaChIHIAFbI ©3apa OalllaHbIC KAPaCThIPbLIIbl. Byl HOTIXKeIep 2-TeopemMaia
KeJITipijIreH.

Kiam cesdep: JleGertiy >KaJlblIaHraH MPAH-KEHICTIKTepl, GOJIIEKT] TybIHIbI, TEriCTIKTiH 6eJmekTi Mo-
aynbaepi, n — th nepbec koceiHabLIapsl, aeBamne-Ilyccen KoChIHBIIAPHI, TPUTOHOMETPUSIIIBIK, TOJIMHOM-
JIApMEH €H YKAKbIH YKYBIKTAY.

C.3. Hxadapon

Haunnydree Tpuroaomerpuyeckoe ImpudInKeHne m MOLyJThb
VIaJIKOCTHU (PYHKIMIT B BECOBBIX I'pPaHA-NIpocTpaHcTBax Jlebera

B crarne, B dlepByio odepenn, OIpejiesieHBI BECOBBIE I'DaHJ-IpocTpaHCcTBa JlebGera m Beca MakenxaynTa
o® (T). Hana wadopmanust o coiicrBax 3Tux npocrpacTs. Ilycrs T), GyJer TPUIOHOMETPHYECKHUM I10-
JIMHOMOM HAWJIydINero npubiukenus. AnmnpoxcuManus (GYHKIUNA B MPAHI-TIPOCTPaHCTBax Jlebera mccie-
J0BaJlach MHOTHMU aBTOpaMu. B 3T0if paboTe m3ydeHa CBA3b MEXK/Ly JPOOHBIMHU ITPOU3BOJHBIMU 1), TpH-
TOHOMETPUYECKOTO MOJMHOMA YW HAWIYJIINM TPUOIMKEHNEeM (DYHKIUA B BECOBBIX I'PAHJI-IIPOCTPAHCTBAX
Jlebera. B ¢Bsi3u ¢ 3TuM HEOOXOIMMOE U JOCTATOYHOE YCIOBUE BhIpazkeHo B Teopeme 1. Kpome Toro, B sT0it
paboTe B BECOBBIX I'paHjI-IIpocTpaHcTBax Jlebera orpesesieH KOHKpeTHbIH omeparop. [lo3xke ¢ momornbio
9TOro omeparopa OyJIyT ONpeIe/eHbl JIPOOHBIE MOJYJM TJIAAKOCTH Topsinka r dyakmun f. Takxke, uc-
MOJIb3Ysl CBOMCTBA MOYJIsT TVIQIKOCTH (DYHKITUN, ABTOPOM M3yUI€HA B3ANMOCBSI3b MEXKIY TPOOHBIM MOIYIEM
IJIAJKOCTU U N — th vacruanbiMu cymmamu nie Basue-Ilyccena psima @ypbe B moampocrpaHcTBe BECOBOTO
rpasa-mpocTpancTBa Jlebera. DT pe3yabTaThl BEIPaKEHBI B TEOpeMe 2.

Kmoueswvie caosa: 0bODOIIEHHBIE TpaH-IpOCTpaHCTBa Jlebera, mpobHasi TPOU3BOIHAs, TPOOHBIE MOJLYJIH
rIaJKoCT, N — th dYacTu4YHBIE CyMMbI, cyMMBI Je Basue-Ilyccena, nHamydiinee npub/inKeHUE TPUTOHO-
METPUYECKUMU ITOJIMHOMAM.
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