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Non-standard analysis in electrical engineering.
Ideal DC inductive circuits with infinitesimal parameters of different orders

The analysis of DC circuits with ideal inductive elements using standard methods of theoretical electrical en-
gineering is too difficult or even impossible, because when using them, it is often necessary to reveal type 5

uncertainties. In this regard, the article proposes to use not the usual mathematical analysis, but a non-
standard one, in which the frequency of the direct current is taken not as zero, but as an infinitesimal number
o . In this case, the reactances of the inductive elements will be equal to alL , and it becomes possible to ap-
ply all standard methods of theoretical electrical engineering. The article considers examples of the analysis
of ideal DC inductive circuits, with particular attention paid to circuits whose calculation requires the use of
infinitesimal numbers for inhomogeneous parameters. In such cases, the order of these numbers is determined
based on individual considerations, and this is a non-standard task.

Keywords: infinitesimal number, infinitude, hyperreal number, unconventional number, ideal reactive ele-
ment
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Introduction

When solving various scientific and technical problems, it becomes necessary to reveal type o uncer-

tainties, but when using classical methods for this purpose, significant difficulties may arise. Therefore, in
such cases, the use of ideas and methods of non-standard analysis is promising. Based on the ideas of non-
standard analysis, which consist of and are based on the direct use of infinitesimal numbers, Leibniz and
Newton created the foundations for the development of differential and integral calculus. In the scientific
works of Cauchy and other scientists, infinitesimal numbers were not used; the mathematical apparatus of
differential and integral calculus was created on the basis of numerical and functional sequences and limiting
relations of quantities, which ensured its axiomatic rigor, but complicated the solution of a certain range of
problems [1-5].

Non-standard analysis began to be widely used in the middle of the last century, when a new axiomatics
of mathematical analysis was proposed. This axiomatics is based on the set of hyperreal numbers, which, in
addition to standard (real) numbers, also contains non-standard numbers (infinitely small numbers, infinitely
large numbers, and their combinations with standard numbers) [6, 7]. Methods of non-standard analysis have
been actively developing since the end of the last century to the present and are used in various fields of sci-
ence and technology [8, 9]. The use of non-standard analysis methods in the identification of internal param-
eters of electric motors, which in many cases cannot be solved by traditional methods, is promising [10-15].
The use of non-standard analysis allows for effective solutions to some problems in calculating electrical
circuits [16-18].

Formulation of the problem

The calculation of DC electrical circuits is usually carried out using unified methods based on Ohm and
Kirchhoff’s laws. There are certain tasks in this field for which the direct use of unified methods is impossi-
ble. Such tasks include, for example, the calculation of DC circuits with ideal reactive elements. The com-

plexity of calculations in such circuits is due to the fact that at constant current the resistance of an ideal in-
ductance tends to zero, and the resistance of an ideal capacitance tends to infinity. Typically, to solve such
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problems, energy characteristics of inductances and capacitances are used, which significantly complicates
the calculation of these circuits, especially for complex circuits. Therefore, it is relevant to use the mathemat-
ical apparatus of non-standard analysis, which allows using unified methods for calculating such circuits.

The aim of the article is to identify a class of non-standard electrical engineering problems aimed at an-
alyzing DC electrical circuits that include ideal inductances, and to extend non-standard analysis methods to
problems of analyzing electrical circuits with ideal reactive elements. This article considers the non-standard
analysis of ideal DC inductive circuits with infinitesimal parameters of different orders.

Research results

Let consider the foundations of the non-standard analysis axiomatics [3, 6, 16-18]. Let denote by R the
ordered set of real numbers. The number o is called an infinitesimal number if and only if

VreR(a<r). )
With infinitesimal numbers, it is possible to perform all algebraic operations (addition, subtraction,
multiplication, division, exponentiation, etc.) and apply all theorems (commutativity, associativity, etc.).
Infinitesimal numbers of various orders are used, namely: o >o?>a®>a* — infinitesimal numbers
of the first, second, third, and k-th order. Together with the real numbers r € R, the infinitesimal numbers
form an ordered set of hyperreal numbers *R .
It is customary to call real numbers r e R standard or Archimedean numbers in contrast to non-standard
(non-Archimedean) numbers *r e *R. Every non-standard number contains a standard part
*r=rta, 2)
that is,
r=st(*r). (3)

Thus, an ordinary real number is a standard part of some non-standard number. It is obvious that there
can be an infinite number of such numbers. Two standard numbers a and b are equal if and only if

a=-b=0. 4
Two non-standard numbers *a and *b are called equivalent, or infinitely close to each other, if and on-
ly if
*a—*b=~a. 5)
The sign ~ means the equivalence of two non-standard numbers.
For standard numbers m and n, let write the following relations that follow from (1-5):

mo. M moe m K .
— =—,—=—o,Ma+N~nma‘+n=~n,sina~a,cosa~1. (6)
no N n n
Let consider several examples of the use of non-standard numbers in mathematical analysis, namely,
that is let determine the derivatives of some functions using non-standard analysis methods. For all the fol-
lowing examples of determining the derivatives of mathematical functions, let introduce the substitution
dx=a.
Let define the derivative of the function y=x".

X" +n7!x”’1a + ni!x”’z(x2 +
dy (x+a)'=x" = 1(n-1)! 2!(n-2)!
dx a B o
n! 2 n-2 n! n-1 n n
X"t X" +a" =X
2i(n-2)! U(n-1)! nt n! he
= X+ X o+ @)
o 1(n-1)! 21(n-2)!
n! 2 _.n-3 n! n-2 n-1 _ n-1
+—2!(n_2)!xa +—1!(n_1)!xa +o" = nx"

Let define the derivative of the function y = iﬂ :
X
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1 1
1 1 n n! n-1 ' n-1 n _F
T X'+ X"+ Xxa" +a
dy (x+a) X" " T1(n-1) 1(n-1)! )
dx o - a -
Xn _Xn _ n' n—la_ _ n' X n-1 an
1(n-1)! T o(n-1)
2n n' 2n-1 n! n+l_ n-1 n_n
71!(n—1)!x a+'"+71!(n—1)!x o'+ x"a
= = (®)
(04
_ n! n-1__ n! n-2 _ _ n-1 _ n! n-1
B T T T (o) K -y n
- 2n + n! X2n—la+m+ n! Xn+lan—1+xnan " in - Xn+1
1(n-1)! 1(n-1)!

Let define the derivative of the function y = Jx.
ﬂ_\/X+a_\/;_(vx+a—\/§)(vx+a+\/§)_ X+ 0 —X 1

1
dx a a(m+\ﬁ) _a(m+\ﬁ) (m+ﬁ)~2\ﬁ.

Let define the derivative of the function y=tgx.

(©)

Sin(X+a) _siNX  sinxcoso +sinccosx  sinx
dy _ cos(x+a) cosx _ COSXCOS0—SiNXSiNo.  COSX _
dx a a
_ COS XSiN XCOSa. + Sin 0. COS” X — SiN X COS X COS o + Sin® Xsin o N (10)
0.COS” X COS oL — 0.COS XSiN XSin o
a(cos® x +sin’ x) cos? X +sin? x 1
" 0cos? X — 02 COSX-SiNX  COS® X —0LCOSX-SiNX  COS® X
Let define the derivative of the function y =ctgx.

COS(X+e) €0SX  cosxcosa—sinxsina  cosx
dy _sin(X+a) SiNX  sinxcosa+sinacosx sinx _
dx o o
~ sinxcos xcos o —sin’ xsin o — €0s xsin Xcos o —sina.€os” X _
\ o.5in% XCOS o + . SiN 6.COS XSin X -
) —ai(sin” x+cos ) . —(sin® x + cos” x) =

asin? X +a?cosxsinX  sin? X+ acosxsinX  sin?x’

(11)

Let define the derivative of the function y =secx. Because secx = i, that
COS X

1 1 1 1

dy _ COS(X+0) COSX _ cosxcoso—sinxsina  COSX _

dx o - o B
_ COosx—cosxcoso+sinxsino a.sin X N sinx _ sinx
 .CoSZ XCOSaL—0LCOS XSinXsina  oCos® X —a? COSXSiNX  COS” X — o COSX-SiNX  COSZ X

(12)

Let define the derivative of the function y =cosec(x). Because cosec(x)= 1 that
sinx
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1 1 1 1
dy _sin(x+a) SiNX _inxcoso +sinocosx _sinx _
dx a o (13)
Sin X —Sin X cos o — Sin o CoS X N —0LCOS X _ CosX

~ asin? xcosa + asinocosxsinx  asin? X+ o2cosxsinx  sin?x’

Let define the derivative of the function y =e*. Because e=Iim (1+ Ej , then within the framework of

n—oo n

1 X
non-standard analysis we can write e~ (1+a)«, € = (1+a)«.

dy (1+a) e —(1+a)s  (1+a) (L+a)s —(1+a)  (1+a)s (1+a)s —(1+a)s
dx - 104 B a B o B
. . (14)
(1+a). [(1+oc)a _1} <o X
_ _ (1+oc) [1+oc 1]=(1+oc)5zex.
(04 o

Not only the set of real numbers, but also the set of complex numbers can have the same structure.
Based on this, taking into account (6), we can write:

Mo+ jn= jn,m+ jna~m. (15)

Next, we will consider how non-standard analysis methods can be used to analyze DC circuits with ide-
al inductive elements. Before proceeding to the application of the above expressions to solve applied prob-
lems, it should be noted that there are no general rules for choosing a parameter that should be equated to an
infinitely small or infinitely large number. This choice is made by the researcher depending on the context of
the specific task. It should be noted that in the case of the need to replace several heterogeneous parameters
in one problem with infinitesimal numbers, determining the relationships between these numbers is in most
cases very difficult and sometimes requires additional research.

Next, let consider examples of solving problems using inhomogeneous infinitesimal parameters. Since a
DC circuit can be considered as a sinusoidal AC circuit, with an alternating current of zero frequency, the
symbolic method can be used to solve such problems, provided that m=a . Taking o= a., for the complex
resistance of the inductance we can write

Z, ~joL. (16)

Consider the first example, in-a DC circuit (Fig. 1), the task is to determine the currents in all branches
of the circuit.

U L % 2 ‘L

O

Figure 1. Circuit with shorted ideal inductance

In the circuit shown in Fig. 1, the inductance L, is short-circuited. The question arises as to how best to
represent a branch that is switched on in parallel with L, . If this branch is represented as an ideal resistor R
with zero resistance, then two different infinitesimal numbers o~ a, and R= o, will appear simultaneously
in the problem. At the same time, the ratio between o, and o, is unknown to us, and it is difficult to even
estimate this ratio. Therefore, it is appropriate to represent this branch as an ideal inductance Z,, in which
L, = a, . In this case, the total complex resistance of this branch can be written as
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Z~ jo,a,. 17

The product of two infinitesimal numbers is an infinitesimal number of higher order than each of the
factors, so one of the inequalities holds

joya, < jma’, (18)
or
joyo, < jmod. (29)

Let's solve the problem for the first inequality (obviously, the result will be similar for the second). The
total complex resistance of the circuit is given by the expression

jou jma. i2mo
_szr+(J_ lLl)(J_ 12)=r+_ ) moy L, =r+jmaf#, (20)
Jou Ly + jmoy jou (L +moy, ) (L +moy)
and according to (15)
Z, ~r. (21)
Hence | = v , and the voltage on the parallel branches is
r
U, = jmad —2 1 =2 o 2 (22)

(L+moy)” r (L +may)
and after transformations, we get

L U. LU, -

~— jmo Ez?Jmal.

(L+moy) r

Then the current in the branch with inductance is determined by the expression

QL :E jmalz
r

U U jma? Um
L :—J 1 :——(Xlzo, (24)

Tjel el T L

=1

and in the parallel branch

U U jmel U
= - (25)
Jjmo; r jma; r

L

More interesting is the case when, in a circuit with ideal inductances, the active resistances of the coils
are infinitesimal numbers of different orders. Consider the second example, the DC circuit, which is shown
on the Figure 2.

U

O .

Figure 2. Circuit with ideal inductances in which the active resistances
of the coils are infinitesimal numbers of different orders
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The electric circuit shown in Figure 2 will be considered a circuit with ideal inductances if the re-
sistances r,, r, are infinitely small numbers, i.e. r,~o,, I, ~o,. This problem, it is necessary to consider

three different infinitesimal numbers w~a, r,=a,, r, =a,, the order ratio of which is unknown in ad-

vance.
Let consider possible variants of the relations between these different infinitesimal numbers. In this
case, it makes sense to assume that the resistances r, r,, are infinitesimal numbers of the same order. There

are a total of three subsequent variants of the above relationships.
Variant 1. The order of the direct current frequency o is equal to the order of the resistances r,, r,, i.e.

aroy=o,. (26)
Variant 2. The order of the direct current frequency o is greater than the order of the resistances r;, r,,
i.e.
a<(oyxa,). (27)
Variant 3. The order of the direct current frequency o is less than the order of the resistances r;, r,, i.e.
a>(a, ~a,). (28)
Let determine the currents in the branches of the circuit for each of the above variants. Let consider the
first variant. In general form, we can write
o, ®Ma, o, =no, (29)
where m, n — arbitrary standard numbers (in particular 1).
Then for the impedances of the circuit branches (Fig. 2) we can write

;1:1‘1+ij1=0(1+joclemoc+jOLL1=0L(m+jL1), (30)
;2=r2+ij2=oc2+jocL2=noc+jocL2=oc(n+jL2), (31)
Z,=r,. (32)

The impedance of the entire circuit (Fig. 2) is given by the expression
Z -7+ 2,7, _ a(m+jL)o(n+jL,) _r +O°(m+jL1)(n+jL2)zr3_ (33)

Z,+2, 3+(X(m+jL1)+(X(n+jL2)_ *oman+j(L+L,)

Hence | = E, and the voltage on the parallel branches Z, and Z,

r3
) a(m+ jL)(n+jL,) :Ea(m+ iL)(n+jL,) (34)
=T man+j(L+L)  r min+j(L+L,)
and the currents in the branches
Boc(m+jL1)(n+jL2)
| y, m+n+j(L+L,) U(n+jL,) (35)
oz, a(m+ L) Cr[men+j(L+L)]
U a(m+jL)(n+jL,)
p YT m+n+j(L+L,) _ U(m+jL,) (36)
2z, a(n+jL,) rfm+n+j(L+L,)]

As follows from expressions (35) and (36), in the first variant, despite the constant voltage, the currents
in the inductances are complex quantities.
Let consider the second variant. In general form, we can write

o~ mos, o, =Na,, (37)

where m, n — arbitrary standard numbers (in particular 1).
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Then for the impedances of the circuit branches (Fig. 2), we can write
Z,=r+ jol, =a, + jal, = o, + jmayLy,

Z,=r,+ joL, =a, + joL, =na, + jmo;L,,

Zy=1,.
The impedance of the entire circuit (Fig. 2) is given by the expression
7 7 . 2.2, - (ocl + jmale)(nal + jmoc; L2) e (al + jmochi)(n+ jmaf‘le)
== zo4z, % o+ jmatfL +nag+ jmafl, % 14 jmat L +n+ jmoliL,

(ay + jmof Ly )(n+ jmay 'L, )
n+l+ jmat(L+L)

3

Hence | = E and the voltage on the parallel branches Z, and Z,
r3

-1 (0‘1 + jmo‘f'ﬂ)(”"‘ jmalffle) v (OL1 + jmale)(n+ jmai‘*le)
~z 1 —_— ,

n+1+ jmoy (L +L,) r n+l+ jmog (L +L,)
and the currents in the branches

U (o + jmoLy )(n+ jmey 'L, )

| :Q_Z:T n+1+ jmoy (L +L,) _ U(n+ jmaiL, ) _Un

oz (o, + jmayL,) r{n+1+ jmoy (L +L,)] r(n+1)’
9(0‘1 + jmoc'le)(n+ jmoc'l‘"le)

oY T n+1+jmo, " (L +L,) U (1+jmoc'1“1L1) . u

2z, no, + jmalL, Crn+ls jmaft(L+L,) r(n+l)

(38)
(39)
(40)

(41)

(42)

(43)

(44)

As follows from expressions (43) and (44), in the second variant, the currents in the inductances do not

depend on the values of the inductances themselves.
Let consider the third variant. In general form, we can write

k k
o, Mo, o, ~nho ,

where m, n — arbitrary standard numbers (in particular 1).
Then for the impedances of the circuit branches (Fig. 2) we can write

Z, =t + job, =a, + jol, =ma* + jol, :(x(mock’l + le),
Z,=1,+ joL, =a, + joaL, =na* + jal, =oc(nock’1+ jL2) ,
Z;=1,.

The impedance of the entire circuit (Fig. 2) is given by the expression

Zex = Z3 +

2z, omat+ Lot teil) o a(mot jl)(nat L)

Hence | = E and the voltage on the parallel branches Z, and Z,
r-3

OL(mOLk’1 + le)(nock’l + jLz) U oc(mock’1 + le)(nock’l+ jLZ)
(men)a +j(L+L)  r (mrn)at+j(L+L)
and the currents in the branches

=7 :l 1
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(45)

(46)
(47)
(48)

=T, (49)

(50)
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Hoc(mock’l + le)(nOLk’1 + jL2)

U, r (m+n)a+j(L+L,) U(notk_l+ jLz) UL,
I_l:_: - = - ~ , (51)
Z a(ma* + Ly ) r[(m+n)a*+j(L+L)] r(L+L)
Boc(mock'l + L )(na*? + L, )
u, r (m+n)a"t+j(L+L) U (mo + L ) uL,
I, = = ; = - ~ . (52)
Z. amol i) r(mene ()] L)

As follows from expressions (43) and (44), in the third variant, the currents in the inductances depend
only on the values of the inductances themselves. It is this variant that conceptually corresponds to the ap-
plied problems of the theory of electrical circuits.

Conclusions

1. The authors first identified the class of non-standard electrical engineering problems aimed at the
analysis of DC electrical circuits that include ideal inductances. It has been proven that solving a selected
class of problems using standard methods of theoretical electrical engineering is very difficult, or sometimes
impossible.

2. In order to solve the identified problems, it is proposed to use non-standard analysis methods for ana-
lyzing DC electric circuits with ideal inductances. The advantages of implementing such an approach are
confirmed by examples of calculations of electrical circuits with inductances and inhomogeneous infinitesi-
mal parameters.

3. To expand the scope of use of non-standard analysis methods, it is recommended to outline similar
tasks in those branches of science and technology in which limit transitions and differential calculus are
used, and in which the solution of the corresponding tasks by standard methods is significantly limited or
impossible.
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C. Kaupis, B. Kyxapuyk, B. Manesipos, B. Kyuepyk, I1. Kynakos, M. I'putos

JJIEKTPTEXHUKAAAFbI CTAHAAPTTHI eMeC TajAay. Op TYPJIi PeTTi meKci3
Kili mapamerpJiepi 0ap TYpaKThbl TOKTBIH HAeaJAbl HHAYKTUBTI Ti30eKTepi

TeopHsUIBIK JIEKTPTEXHUKAHBIH CTAHAAPTTHI SAICTEPiH KONIaHa OTHIPHII, UJIealIbl HHAYKTHABTI SIeMEHTTepl
6ap TypakTel Tok DC Ti30ekTepiH Tanjay eTe KypAeli HeMmece TINTi MyMKiH eMec OO0Jybl MYMKiH, OHTKeHi

. . . 0 . L . .
oJiapJibl Imanjajlany KeE31HIC KeOiHece 6 THIITIK 6GHFICI3Z[1KTepI[1 AHBIKTAy KaXKET. Ocpiran 0OaiiTaHBICTBI

MaKasa/a TYPaKThl TOK KU1 HeJre TeH eMec, O IIEKCi3 a3 CaH PeTiHAe KaObUIIaHAThIH CTAHIAPTTHI eMeC
TaylayAbl KOJNAaHy YCHIHBUTFAH. ByJl jkarmaiiia MHAYKTUBTI SIEMEHTTepAiH peakTuBTepi ol TeH Oosamsl
JKOHE TCOPHSIBIK SIEKTPTEXHUKAHBIH OapJIbIK CTaHAApTThI 9liCTepiH KojnaHyra 6onanbl. Makanaaa TypaKThl
TOKTBIH HIeanabl WHIYKTUBTI Tiz0ekrepiH DC Tammay MbIcaigapbl KapacTBIPBUIFaH, oJapAblH eceOi
TeTeporeH i mapamMeTpliep YIIiH IIeKCi3 a3 caHaap.sl KOJNJIaHyAbl KaKeT eTETiH Ti30eKTepre epexiie Haszap
ayJapbUFaH. MyHail sxarqaiiinapaa OyJ1 caHaap sl OpHAJIACY PETi KEKe OMIap HETi3iH/Ie aHBIKTAa bl )KOHE
OYJ1 cTaHAAPTTHI €MeC TarchlpMma.

Kinm ce30ep: mekci3 a3 caH, HIEKCI3MiK, THIleppeai caHaap, IOCTYPJ eMec caHnuap, Wjaeasbl PeaKkTHBTI
JIIEMEHT

C. Kaupis, B. Kyxapuyk, B. Mansspos, B. Kyuepyxk, I1. Kynakos, M. I'pu6oB

HecrangapTHbiil aHAJU3 B dJIeKTpoTeXHUKe. M1easibHble MHAYKTUBHbIE LU
MOCTOSIHHOT0 TOKA ¢ 0€CKOHEYHO MAJILIMH NapaMeTPaMM Pa3HoOro Mopsiika

Ananmz ueneﬁ DC nmoctostHHOTO TOKa C HUICAJIbHBIMA UHAYKTUBHBIMHA 3JIEMEHTAMU C UCIIOJIb30BAHUEM CTaH-
JapTHBIX METOIOB TeOpeTI/I‘IeCKOﬁ QJICKTPOTEXHUKU CIIMIIKOM CJIOKEH HJIM JaXX€ HEBO3MOJKCH, IOCKOJIbKY

0
IPpHU UX HCITOJIbB30BAHUU YaCTO BO3ZHUKACT H606X0,HI/IMOCTI> BBIABJICHUA HCONPEICICHHOCTENU THUIIA 6 . B cBs3u

C 3THUM B CTaThe MPEAIaraeTcs UCIoIb30BaTh He OOBIYHBIA MaTeMaTHUECKUN aHAIN3, a HECTaHAapPTHBIN, IIPH
KOTOPOM YacTOTa IIOCTOSTHHOTO TOKa OepeTcsi He 3a HOJb, a 32 OECKOHEYHO Majoe YHCio o. B 3ToM ciyuae
PEaKTUBHBIC CONMPOTUBIICHHUS HHAYKTHBHBIX 3JIEMEHTOB OyAyT paBHBI (L, 1 CTAHOBHUTCS BO3MOKHBIM TIpUME-
HATH BCE CTAHJAPTHBIE METObI TEOPETUUYECKON DIIEKTPOTEXHUKU. B cTaThe paccMaTpuBarOTCs MpUMeEphI aHa-
JM3a UIealbHBIX MHAYKTUBHBIX 1enedl DC mocTosHHOro Toka, Mpu 3TOM 0coboe BHUMaHHUE YAEISIeTcs Iie-
MM, pacyeT KOTOPBIX TpeOyeT HUCMOJIb30BaHusl OSCKOHEUHO MaJIBIX YHMCEIl ISl HEOJAHOPOIHBIX MapaMeTpoB.
B Takux ciry4dasx MopsAaoK pacloyIOXKEeHUs 3THUX YUCEN ONpeneseTcss UCX0Ad U3 HHAUBUAYalIbHBIX cooOpa-
JKEHUH, U 3TO HECTaHJapTHAs 3a/1a4a.

Knrouesvie cnosa: OECKOHEUHO Maloe YucClJio, 6eCKOHe‘IHOCTB, TUTIEPPEATIbHBIC YUCIa, HETPAJUIITMOHHOE YU C-
J10, HJIeaTbHBIA peaKTI/IBHHﬁ JJICMCHT
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