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On weighted integrability of the sum of series with monotone
coefficients with respect to multiplicative systems

In this paper, we consider the questions about the weighted integrability of the sum of series with respect
to multiplicative systems with monotone coefficients. Conditions are obtained for weight functions that
ensure that the sum of such series belongs to the weighted Lebesgue space. The main theorems are proved
without the condition that the generator sequence is bounded; in particular, it can be unbounded. In the
case of boundedness of the generator sequence, the proved theorems imply an analogue of the well-known
Hardy-Littlewood theorem on trigonometric series with monotone coefficients.
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Introduction

In the theory of trigonometric series, the Hardy-Littlewood theorem on series with monotone
coefficients is known [1, 2]: in order to the series

∑∞
n=0 an cosnx, where an ↓ 0 at n→∞, was the Fourier

series of some function f(x) ∈ Lp[0, 2π], 1 < p <∞, is necessary and sufficient to
∑∞

n=1 a
p
nnp−2 <∞.

An analogue of this theorem for the Walsh system was proved by Moricz F. [3], for multiplicative
systems with bounded generating sequences p (1 ≤ supn pn < c) was proved by Timan M.F., Tukhliev K.
[4].

The weighted integrability of the trigonometric series’ sum with generalized monotone coefficients
was studied in the works of Tikhonov S.Yu., Dyachenko M.I. [5, 6] and others. Weighted integrability
for the sum of series with respect to multiplicative systems is considered in the works of Volosivecs
S.S., Fadeev R.N. [7, 8], Bokayev N.A., Mukanov Zh.B. [9].

In this paper, we consider weight functions with other conditions.

1 Notation and Preliminaries

In this paper we consider series with monotone coefficients on multiplicative systems. We investigate
the problem: under what conditions imposed on the weight function and the coefficients of the series, the
sum of this series will belong to the space Lp with weight. Let us give a definition of the multiplicative
systems.

Definition 1. Let {pk}∞k=1 is a sequence of natural numbers pk ≥ 2, k ∈ N, sup
k
pk = N < ∞. By

definition let us put
m0 = 1, mn = p1p2 · · · pn, n ∈ N.

Then every point x ∈ [0, 1) has a decomposition

x =

∞∑
k=1

xk
mk

, xk ∈ Z ∩ [0, pk), (1)
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where Z is the set of integers. Decomposition (1) is uniquely defined if for x = n/mk take a decomposition
with a finite number of nonzero xk. If n ∈ Z+ := {0, 1, 2, . . . } is represented as

n =
∞∑
j=1

αjmj−1, αj ∈ Z ∩ [0, pj),

then for the numbers x ∈ [0, 1) we put by definition

ψn(x) = exp

2πi
∞∑
j=1

αjxj
pj

 , n ∈ Z+.

It is known that the system {ψn}∞n=0, called the Price system, is an orthonormalized system that
is complete in L1(0, 1) (see [10] or [11]). If all pk = 2, then {ψn}∞n=0 coincides with Walsh system in
the Paley numbering.

Let Lp(G), G := [0, 1), 1 ≤ p <∞, be a Lebesgue space with a norm

‖f‖p =

(∫
G
|f(x)|pdx

) 1
p

, ‖f‖∞ = ess sup
x∈G
|f(x)|.

Definition 2. Let ϕ(x) be a non-negative measurable function on [1,∞). We say that ϕ(x) satisfies
condition B1, if for all x ≥ 1 ∫ ∞

x

ϕ(t)

t2
dt ≤ Cϕ(x)

x
,

where C is a positive number independent of x.

For example, the function ϕ(t) = tα (α < 1) satisfies condition B1.
To prove the main results, we need the following auxiliary assertions.
Lemma A. (Potapov M.K. [12]). If an, bn ≥ 0 (n = 1, 2, . . .) , 1 ≤ p <∞ and

∑∞
m=n bm = γnbn,

then

∞∑
m=1

bm

(
m∑
n=1

an

)p
≤ Cp

∞∑
m=1

bm (amγm)p .

Lemma B. (Simonyan A.S. [13, 14]) Let 1 < p < ∞, 1
p + 1

p′ = 1, f(x) ∈ L[0, 1], f(x) ≥ 0 and

function [ϕ(x)]−p
′
satisfies condition B1,

F (x) =

∫ x

0
f(t)dt.

Then ∫ 1

0
ϕp
(

1

x

)(
F (x)

x

)p
dx ≤ Cp

∫ 1

0
ϕp
(

1

x

)
fp (x) dx.

By

Dn(x) =
n−1∑
k=0

ψk(x), n = 1, 2, ...,

denote the Dirichlet kernel of the system {ψn(x)}.
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Lemma C. (see [10] or [11]) For any k ∈ N and x ∈ [0, 1) the Dirichlet kernels have the following
properties:

Dmk =

{
mk, if x ∈

[
0, 1

mk

)
,

0, if x /∈
[
0, 1

mk

)
.

(2)

The Dirichlet kernel Dn(x) satisfies the estimate

q(x)

2
≤ sup

j≤pn+1

|Djmk
(x)| ≤ 2q(x), (3)

where q(x) is the function introduced in [15]:

q(x) =
mn(x)

sin πl(x)
pn(x)+1

, x ∈ [0, 1], (4)

where n(x) is the number of the last zero in the initial series of the decomposition of the element
x ∈ [0, 1], l(x) is the value of the first nonzero coordinate of this decomposition.

Lemma 1. Let Sn (x) =
∑n−1

k=0 akψk (x) , (n = 0, 1, 2, . . .) ak ↓ 0 at k → ∞. Then for any
x ∈

[
1

mν+1
, 1
mν

]
,

|Sn (x)| ≤
mν−1∑
k=0

ak + amν ·mν+1.

Proof of Lemma 1. Let x ∈
[

1
mν+1

, 1
mν

]
, 0 ≤ ν <∞. Considering, |ψk (x)| = 1, we have

|Sn (x)| ≤
ν−1∑
k=0

ak +
n−1∑
k=ν

akψk (x) .

Applying the Abel transformation for the second sum, by inequality (3) we have∣∣∣∑n−1
k=mν

akψk (x)
∣∣∣ =

∣∣∣∑n−2
k=mν

∆akDk+1 (x) + an−1Dn (x)− amνDmν (x)
∣∣∣ ≤

≤ q (x)
∣∣∣∑n−2

k=mν
∆ak + an−1 + amν

∣∣∣ ≤ 2amνq (x) ,

but for the function q (x) at x ∈
[

1
mν+1

, 1
mν

]
, an estimate

q (x) ≤ mν+1

2

holds (see (4)).
Consequently,

|Sn (x)| ≤
mν−1∑
k=0

ak + amν ·mν+1.

Lemma 1 is proved.
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2 Main Results

The following theorems about integrability with weight of the series’ sum with monotone coefficients
are valid.

Theorem 1. Let 1 < p <∞, 1
p + 1

p′ = 1

f(x) =
∑∞

k=0 akψk (x) , ak ↓ 0 at k →∞

and let ϕ (x) is a non-negative measurable function on [1, ∞). Then
10. If ϕ

(
1
x

)
∈ Lp (0, 1) and

∞∑
n=1

(
mn−1∑
k=0

ak + amnmn+1

)p ∫ 1/mn

1/mn+1

ϕp
(

1

x

)
dx <∞, (5)

then ϕ
(
1
x

)
f (x) ∈ Lp (0, 1).

20. If the function ϕ−p′ (x) satisfies the condition B1 and ϕ
(
1
x

)
f (x) ∈ Lp (0, 1) , sup

n
pn = K <∞,

then
∞∑
n=1

(
mn+1−1∑
k=0

ak

)p ∫ 1/mn

1/mn+1

ϕp
(

1

x

)
dx <∞.

Theorem 2. Let 1 < p <∞, 1
p + 1

p′ = 1

f(x) =
∑∞

k=0 akψk (x) , ak ↓ 0 at k →∞

and let ϕ (x) be a non-negative measurable function on [1, ∞). Then
10. If function ϕp (x) satisfies condition B1 and

∞∑
n=0

apmn ·m
p
n+1

∫ 1/mn

1/mn+1

ϕp
(

1

x

)
dx <∞, (6)

then ϕ
(
1
x

)
f (x) ∈ Lp (0, 1).

20. If ϕ−p′ (x) satisfies condition B1 and ϕ
(
1
x

)
f (x) ∈ Lp (0, 1), then

∞∑
n=0

apmn+1
·mp

n+1

∫ 1/mn

1/mn+1

ϕp
(

1

x

)
dx <∞. (7)

In the case sup pn = k <∞ theorem 1 is equivalent to the following theorem:

Theorem 3. Let 1 < p <∞, 1
p + 1

p′ = 1,

f(x) =
∑∞

k=0 akψk (x) , ak ↓ 0 at k →∞

and let ϕ (x) be a non-negative measurable function on [1, ∞), sup
n
pn = N <∞. Then

10. If the function ϕp (x) satisfies condition B1 and

∞∑
n=1

apn · np
∫ n+1

n

ϕp (x)

x2
dx <∞,

then ϕ
(
1
x

)
f (x) ∈ Lp (0, 1).

20. If ϕ−p′ (x) it satisfies the condition B1 and ϕ
(
1
x

)
f (x) ∈ Lp (0, 1), then it takes place (6).
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From this theorem in the case of theWalsh system follow the corresponding results of A.S. Simonyan [13].
Remark. If the weight function ϕ (x) has the form ϕ(x) = xα, then in this case ϕp(x) and ϕ−p′(x)

satisfy condition B1 at − 1
p′ < α < 1

p and condition (7) has the form

∞∑
n=1

apn · np(α+1)−1 <∞.

Proof of Theorem 1. 10. By Lemma 1 and condition (5) we have

∫ 1

0
ϕp
(

1

x

)
|f (x) |p dx =

∞∑
n=0

∫ 1/mn

1/mn+1

ϕp
(

1

x

)
|f (x)|p dx ≤

≤
∞∑
n=0

(
mn−1∑
k=0

ak + amn ·mn+1

)p ∫ 1/mn

1/mn+1

ϕp
(

1

x

)
dx <∞,

that is
f (x) ϕ

(
1

x

)
∈ Lp [0, 1] .

20. Let
ϕ

(
1

x

)
f (x) ∈ Lp (0, 1) and ϕ−p

′
(

1

x

)
∈ L (0, 1) .

By Gelder’s inequality

∫ 1

0
|f (x)| dx ≤

(∫ 1

0
ϕp
(

1

x

)
|f (x) |p dx

)1/p(∫ 1

0
ϕ−p

′
(

1

x

)
dx

)1/p′

<∞.

Consequently, f (x) ∈ L (0, 1) and ak = ak (f).
Let F (x) =

∫ x
0 |f (t) | dt. By (2) from Lemma C we get

mn−1∑
k=0

ak (f) =

mn−1∑
k=0

∫ 1

0
f (x)ψx (x)dx =

∫ 1

0
f (x)

mn−1∑
k=0

ψk (x)dx =

=

∫ 1

0
f (x)Dmn (x) dx = mn

∫ 1/mn

0
f (x) dx ≤ mnF

(
1

mn

)
,

where F (x) =
∫ x
0 |f (x) | dx.

From here, using the monotonicity of the sequence {ak} and Lemma B, we obtain

∞∑
n=0

(
mn+1−1∑
k=0

ak

)p ∫ 1/mn

1/mn=1

ϕp
(

1

x

)
dx ≤

∞∑
n=0

[
mn+1F

(
1

mn+1

)]p ∫ 1/mn

1/mn+1

ϕp
(

1

x

)
dx ≤

≤ Cp
∞∑
n=0

∫ 1/mn

1/mn+1

ϕp
(

1

x

)(
F (x)

x

)p
dx ≤ Cp

∫ 1

0
ϕp
(

1

x

)
|f (x)|p dx <∞.

Theorem 1 is proved.
Proof of Theorem 2. 10. We denote

bn =

∫ mn+1

mn

ϕp (t)

t2
dt.
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Then
∞∑
n=ν

bn =

(∫ ∞
mν

ϕp (t)

t2
dt

)(∫ mν+1

mν

ϕp (t)

t2
dt

)−1
bν = γν · bν ,

where

γν =

(∫ ∞
mν

ϕp (t)

t2
dt

)
·
(∫ mν+1

mν

ϕp (t)

t2
dt

)−1
.

The function ϕp (x) satisfies the condition B1, therefore

γν = 1 +

(∫ mν+1

mν

ϕp (t)

t2
dt

)−1
·
∫ mν+1

mν

(∫ ∞
x

ϕp (t)

t2
dt

)
dx ≤

≤ 1 + C1

(∫ mν+1

mν

ϕp (t)

t2
dt

)−1
·
∫ mν+1

mν

ϕp (x)

x
dx ≤ C2.

Using the Lemma A we have

∞∑
n=1

bn

(
mn−1∑
k=0

ak

)p
=

∞∑
n=1

bn

n−1∑
k=0

mk+1−1∑
j=mk

aj

p ≤ C ∞∑
n=1

apmn ·m
p
n · bn;

consequently,
∞∑
n=0

(
mn−1∑
k=0

ak + amn ·mn+1

)p
· bn ≤ C

∞∑
n=0

apmn ·m
p
n+1 · bn <∞.

Hence, on the basis of the first point of Theorem 1 follows the first point of Theorem 2.
20. Due to the monotonicity of the sequence an

∞∑
n=1

(
mn+1−1∑
k=0

an

)p ∫ mn+1

mn

ϕp (x)

x2
dx ≥

∞∑
n=1

amn+1 ·m
p
n+1

∫ mn+1

mn

ϕp (x)

x2
dx.

Therefore, the statement of Theorem 2 follows from Theorem 1.
Theorem 2 is proved.
Proof of Theorem 3. Sufficiency. By the monotonicity of the sequence {an} and by the condition

sup pn = N <∞, we have

∞∑
n=1

apnn
p

∫ n+1

n

ϕp (x)

x2
dx =

∞∑
n=0

mn+1−1∑
k=mn

apkk
p

∫ k+1

k

ϕp (x)

x2
dx ≥

≥
∞∑
n=0

apmn+1
·mp

n

mn+1−1∑
k=mn

∫ k+1

k

ϕp (x)

x2
dx ≥ Cp

∞∑
n=0

apmn+1
·mp

n+2

∫ mn+1

mn

ϕp (x)

x2
dx ≥

≥ Cp
∞∑
n=1

apmn ·m
p
n+1

∫ 1/mn

1/mn+1

ϕp
(

1

t

)
dx.

Therefore, from the condition of point 10 of Theorem 3 it follows the condition of point 10 of the
Theorem 2. Therefore f (x)ϕ

(
1
x

)
∈ Lp (0, 1).

On the other hand, also due to monotonicity of the sequence {an} and boundedness of the sequence
{pn}, we have

∞∑
n=1

apnn
p

∫ n+1

n

ϕp (x)

x2
dx =

∞∑
n=0

mn+1−1∑
k=mn

apkk
p

∫ k+1

k

ϕp (x)

x2
dx ≤

Mathematics series. № 2(110)/2023 165

Buk
eto

v u
niv

ers
ity



M.Zh.Turgumbaev, Z.R. Suleimenova, D.I.Tungushbaeva

≤
∞∑
n=0

apmn ·m
p
n+1

mn+1−1∑
k=mn

∫ k+1

k

ϕp (x)

x2
dx = Cp

∞∑
n=0

apmn+1
·mp

n+1

∫ 1/mn

1/mn+1

ϕp
(

1

t

)
dt.

Therefore, from the point 20 of Theorem 3 follows the condition of point 20 of Theorem 2. From this
follows the necessity of the Theorem 3.

Acknowledgments

The research of first author was supported by the grant of the Ministry of Science and Higher
Education of the Republic of Kazakhstan (project no: AP14869887).

References

1 Бари Н.К. Тригонометрические ряды / Н.К. Бари. — М: Физматгиз, 1961. — 936 с.
2 Zygmund A. Trigonometric Series / A. Zygmund. — Cambridge University Press; 3rd edition,

2010. — 781 p.
3 Moricz F. On Wolsh series with coefficients tending monotonically to zero / F. Moricz // Acta

Mathematica Academiae Scientiarum Hungaricae. — 1981. — 38. — No. 1–4. — P. 183–189.
https://doi.org/10.1007/BF01917532

4 Тиман М.Ф. Свойства некоторых ортонормированных систем / М.Ф. Тиман, К. Тухлиев //
Изв. вузов. Матем. — 1983. — № 9. — С. 65–73.

5 Dyachenko M.I. Piecewise General Monotone Functions and the Hardy–Littlewood Theorem /
M.I. Dyachenko, S.Yu. Tikhonov // Proceedings of the Steklov Institute of Mathematics. — 2022.
— 319. — P. 110–123. https://doi.org/10.1134/S0081543822050108

6 Tikhonov S.Yu. Trigonometric series with general monotone coefficients / S.Yu. Tikhonov //
Journal of Mathematical Analysis and Applications. — 2007. — 326. — No. 1. — P. 721–735.
https://doi.org/10.1016/j.jmaa.2006.02.053

7 Volosivets S.S. Weighted integrability of double series with respect to multiplicative systems /
S.S. Volosivets, R.N. Fadeev // New York: Journal of Mathematical Sciences. — 2015. — 209. —
No. 1. — P. 51–65. https://doi.org/10.1007/s10958-015-2484-4

8 Волосивец С.С. Весовая интегрируемость сумм рядов по мультипликативным системам /
С.С. Волосивец, Р.Н. Фадеев // Изв. Саратов. ун-та. Сер. Математика. Механика. Инфор-
матика. — 2014. — 14. — № 2. — С. 129–136. https://doi.org/10.18500/1816-9791-2014-14-2-
129-136

9 Bokayev N.A. Weighted integrability of double trigonometric series and of double series with
respect to multiplicative systems with coefficients of classR+

0 BV
2 / N.A. Bokayev, Zh.B. Mukanov

// Mathematical Notes. — 2012. — 91. — No. 4. — P. 575–578.
https://doi.org/10.1134/S0001434612030327

10 Агаев Г.Н. Мультипликативные системы функций и гармонический анализ на нульмерных
группах / Г.Н. Агаев, Н.Я. Виленкин, Г.М. Джафарли, А.И. Рубинштейн. — Баку: Элм,
1981. — 180 с.

11 Golubov B. Walsh series and transforms / B. Golubov, A. Efimov, V. Skvortsov. — Dodrecht,
Boston, London: Kluwer Academic Publishers, 1991. — 368 p. https://doi.org/10.1007/978-94-
011-3288-6

12 Потапов М.К. К вопросу об эквивалентности условий сходимости рядов Фурье / М.К. По-
тапов // Мат. сб. (нов. сер.). — 1965. — 68 (110). — № 1. — С. 111–127.

166 Bulletin of the Karaganda University

Buk
eto

v u
niv

ers
ity



On weighted integrability ...

13 Симонян А.С. Об интегрируемости рядов по системе Уолша–Пэли / А.С. Симонян / Деп.
ВИНИТИ № 1770–В87. — 1987. — С. 15.

14 Симонян А.С. Теоремы интегрируемости для рядов по системе Уолша–Пэли / А.С. Симонян
/ Деп. ВИНИТИ № 1771–В87. — 1987. — С. 35.

15 Shcherbakov V.I. Majorants of the Dirichlet kernels and the Dini pointwise tests for generalized
Haar systems / V.I. Shcherbakov // Mathematical Notes. — 2017. — 101. — No. 3. — P. 542–565.
https://doi.org/10.1134/S0001434617030154

М.Ж. Тұрғынбаев1, З.Р. Сүлейменова2, Д.И. Тұңғышбаева2

1Академик Е.А. Бөкетов атындағы Қарағанды университетi, Қарағанды, Қазақстан;
2Л.Н. Гумилев атындағы Еуразия ұлттық университетi, Астана, Қазақстан

Коэффициенттерi монотонды мультипликативтiк жүйелер
бойынша қатарлардың қосындысының салмақты интегралдануы

туралы

Жұмыста коэффициенттерi монотонды мультипликативтi жүйелер бойынша құрылған қатарлар қо-
сындысының салмақты интегралдануы туралы сұрақтар қарастырылған. Осындай қатарлардың қо-
сындысы салмақты Лебег кеңiстiгiнде жататынын қамтамасыз ететiн салмақты функцияларға шар-
ттар алынған. Негiзгi теоремалар жасаушы тiзбегiне шенелгендiк шарт қойылмағанда дәлелденедi;
атап айтқанда, ол шенелмеген болуы мүмкiн. Жасаушы тiзбегi шенелгендiгi жағдайында дәлелденген
теоремалар монотонды коэффициенттерi бар тригонометриялық қатарлар бойынша белгiлi Харди-
Литлвуд теоремасының аналогын бiлдiредi.

Кiлт сөздер: мультипликативтi жүйелер, жiктеу, қатарлар қосындысы, салмақты интегралдану, жа-
саушы тiзбек, монотонды коэффициенттер, Харди-Литлвуд теоремасы, Лебег кеңiстiгi.
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Об интегрируемости с весом суммы рядов с монотонными
коэффициентами по мультипликативным системам

В работе рассмотрены вопросы о весовой интегрируемости суммы рядов по мультипликативным си-
стемам с монотонными коэффициентами. Получены условия на весовые функции, обеспечивающие
принадлежность суммы таких рядов весовому пространству Лебега. Основные теоремы доказаны без
условия ограниченности образующей последовательности, в частности, она может быть неограничен-
ной. В случае ограниченности образующей последовательности из доказанных теорем следует аналог
известной теоремы Харди–Литлвуда о тригонометрических рядах с монотонными коэффициентами.

Ключевые слова: мультипликативные системы, разложение, весовая интегрируемость, сумма рядов,
образующая последовательность, монотонные коэффициенты, теорема Харди-Литлвуда, простран-
ство Лебега.
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