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Well-posedness criteria for one family of boundary value problems

This paper considers a family of linear two-point boundary value problems for systems of ordinary differential
equations. The questions of existence of its solutions are investigated ‘and methods of finding approximate
solutions are proposed. Sufficient conditions for the eXistence\of a family of linear two-point boundary value
problems for systems of ordinary differential equationshare“established. The uniqueness of the solution
of the problem under consideration is proved@Algorithmsyfor finding an approximate solution based on
modified of the algorithms of the D.S. Dzhumabaev parameterization method are proposed and their
convergence is proved. According to the scheme of the)parafmeterization method, the problem is transformed
into an equivalent family of multipoint boundary value problems for systems of differential equations. By
introducing new unknown functions we reduce,the problem under study to an equivalent problem, a Volterra
integral equation of the second kind. ‘Sufficient conditions of feasibility and convergence of the proposed
algorithm are established, which alsemensure“the existence of a unique solution of the family of boundary
value problems with parameters. Necessahy and sufficient conditions for the well-posedness of the family of
linear boundary value problems for the system of ordinary differential equations are obtained.

Keywords: Family of linear, bounhdary value problems, multipoint boundary value problem, existence of
solution, singular solution, well-posedness, necessary and sufficient condition.

Introduction
Problem statement and research methods

This paper s, devoted to the study of a family of linear boundary value problems for differential
equations

W oA v+ FOL), (D e 0w X (0.T), (1)
B 1(x)v(x, 0) + B2(x)v(x, T) = d(x), x e [0, w], (2)

where (n x n)-matrix A(x,t) e n-vector-function f (x,t) are continuous on [O,w] x [0,T], B 1(x), B2(x)
and n-vector-function d(x) are continuous on [0,w], x is a parameter of the family (x e [0,w]);
IA (DI < a0, [Iv(x.t)]] = iﬂj%llVi(X.t)ll-
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In the present paper problem (1), (2) is investigated by the parameterization method [1].

The originallity of the parameterization method lies in the simple idea of introducing parameters at
some points of the set on which the boundary value problem is considered, which subsequently allows
us to construct an algorithm for finding a solution, obtain sufficient solvability conditions, establish
solvability criteria for linear and nonlinear two-point boundary value problems, multipoint boundary
value problems, boundary value problems with impulse influence, singular boundary value problems,
nonlocal boundary value problems for differential equations, loaded differential equations, integro-
differential Fredholm equations, differential equations with delayed argument, partial differential equa-
tions and others. These results are presented in the works of Dzhumabaev and his students (Assanova
[2], Temesheva [3-7], Orumbayeva [8-10], Uteshova [11, 12], Iskakova [13, 14], Imanchiyev \[15, 16],
Bakirova [17], Kadirbayeva [18], Tleulessova [19], Abildayeva [20], Abdimanapova [21]).

Dzhumabaev and Assanova [22] studied a nonlocal boundary value problem for,systems of linear
hyperbolic equations with mixed derivative. A special substitution allowed to reduce<this problem to
an equivalent boundary value problem, which can be considered as a family of twe-point boundary
value problems for systems of ordinary differential equations, where the spatial*variable servers as a
parameter of the family.

This approach can also be used to study the linear nonlocal boundary wvaluepproblem for a system
of partial differential equations (m = 1,2,...)

rm+1ii dmii
= A(X, t)—-- + f (x,t), u e Rn, ¢(x,thee [0w] x (0, T),
dtdxm dx
dku dOu
= k(t), te 0, T], "K=1031,....”m - 1, dxxo = 0,
dxk X=0
. dmu(x, t)
Bi(x) +B2(x) amu(x'™*) = d(x).
dxm =g dx  t=T

This fact motivated us to investigate problem (1), (2).

In this paper problem (1), (2) is 4hmestigated by the parameterization method with a modified
algorithm. Sufficient conditions forghelexistence of a unique solution are obtained. The well-posedness
criteria for problem (1), (2) are, established.

Notation

* N is a natural numbef;

* v is a natural number;

* Qr = [0,wlgx [r —DH, rh), h=T/N,r = 1, N;

* C([0,w],Rn)qis the space of continuous functions d : Pw] ~ Rn with the norm |[|d||0 =

s [0

“C([Ow]ix [0,T], Rn) is the space of continuous functions v : [O,w] x [0,T]” Rn with the norm

1= max [IV(x,t)]];
(x,0e[0w]x[0,T]
* the index r takes on the values 1,2, ...,N;
* the index s takes on the values 1,2,..., N + 1;

« C([0,w]x [0, T], Qr,RnN) is the space of systems of functions v(x, [t]) = (v1(x,t), v2(x,t),..., VN(x, 1))

with the norm ||v|2 = max sup |vr(x,t)|, where the function vr : Qr ~ Rn is continuous
r=1,N (x,t)€Qr

and has a finite limit at t ~ rh —O0 uniformly with respect to x e [0, w] for all r;
C ([0, w], Rn(N+1)) is the space of functions A(x) = (AL1(x), A2(x),..., AN+1(x)) with the norm

3= max max_|As(x)||, where As :[O,w] » Rn are continuous for all s;
s=1,N+1 x€[0
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C([0,T], Rn) is the space of continuous functions v : [0,T] ~ Rn with the norm |v|4 =

max_ |Iv(
te[o,T]

e | is the identity matrix of size n;
* O is the zero matrix of size n x n;

¢ OW is the first column of the matrix O.

1 Solvability of a family problems (1), (2)

Definition 1. v*(x,t) £ C([O,w] x [0,T], Rn), continuously differentiable with respect do t and
satisfying equation (1) and boundary conditions (2) for each fixed x £ [0,w], is called a solution of the
problem (1), (2).

Problem (1), (2) is investigated by the parameterization method [1]. For a fixedyN,“we make the
N
partition [o,w] x [0,T) = |J Qr.
r=1

According to the scheme of the parameterization method, the problem (1), (2),isdransformed into
the equivalent family of multipoint boundary value problems with parameter for systems of differential
equations

dV = A(X,t)(vr + Ar(x))@& fax,.t)} (3)

vr (X, (r —1)h) =46, 4)

Bi(x)Ai(x) + B2@Ar®i(x) =nd(x), (5)

A (x) + t"lrirr1n-0 vr(x,t) —ARI00N= 0, r = 1,N, (6)

where (x,t) £ Qr, x £ [O,w], Ar(X) = v(Xx, (r =2)h),/AN+1(x) = t/\Ijlm_ov(x,t), vr(x,t) = v(x,t) —
Ar(x), r = 1,N.A solution of problem (3)=(6) is a pair (A*(x),v*(x, [t])) "A*(x) £ C ([0,w], Rn(N+1)),

v*(x, [t]) £ C([0,w] x [0, T], Qr,RnN~_suchihat for each r is continuous and continuously differentiable
with respect to t on Qr function fv*(x,t) at Ar(x) = A*(x) satisfies equation (3), condition (4), and
AN (X), ANi-l(x), A*(X), t"lriﬁn-O vA(Xat), satisfy (5), (6).

If the family of pairs 4A%(x),v&(X, [t])) is a solution of the family of problems (3)-(6), then the
family of functions

*t) = | A*X) + v-i(x,t) for (x,t) £Q-, r= 1,N,
v (X)) AN+L(X) for x £ Ow], t=T

is a solution to, the family of boundary value problems (1), (2).
lf'the [familymyef systems of functions v(x, [t]) = (v1(x,t), v2(x,t),..., (x,t)) is a solution to
problem#(1)-(2), then the solution to problem (3)- (6) is the pair (A(x),v(X, [t])) with elements A(x) =

(AL(x), A2(Xd,-.., AN+1(x)), Ar(x) = A (X, (r —1)h), r = 1,N, AN+1(x) = t/\Iil_rrloAN(x, t), x £ [0,w],

v(x, [t]) = (vi(x, t), v2(x,t),..., v2(x, 1)), vr = Ar(x,t) —Ar(x, (r —1)h), (x,t) £ Qr, r = 1,N.

In problem (3)- (6), the initial conditions (4) appeared for elements of the family of systems of
functions v(x, [t]). For a known Ar(x), the Cauchy problem (3), (4) on Qr is equivalent to the family
of Volterra integral equations of the second kind:

t t t
vr(x,t)= Y AXT)vr(x,T)dT + J AXT)dT mAr(x) + J f(x,T)dT. @)
(r-h (r-Dh (r-Dh
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In (7), replacing vr(x, T) by the right hand side of (7) and repeating this process v times, we obtain
the following representation of the function W (x,t):

Vr(x,t) = Dvr(x,t) mAr(x) + Fvr(x,t) + Gvr(x,t, v), @
where
t t
Dv,r(x,t)= J AXTDATl+ J AXTD j AXT2)dT2dn +... +
(r-Dh (r-Dh (r-Dh
t Tl Tv-1
+ J AXT) J AXT2).. J A(xﬁ ..dTZdrl,

(r-1)h (r-Dh (r-1)h
t t @
Fur(x,t)= J fxTndTi+ J AxT) J f(x,T2)dT2dT1+@

(r-1)h (- Dh (r- Dh

t TV-Z‘
+ J AxTY... J AGTv-H>J f(x,Tv)dTvdTv-1 ...dn,
(r-1)h (r-< ?\ (r-Dh
t
Gvr(t,x,V)= J A(x TDn.. J (X, Tv)vr(x,Tv)dTv...dn,
(r-Dh

te [(r—21)h,rh), r = 1,N.
Determining from (8) the limits

t"lriﬁn-ow(x’t) = Dvyr h + Fvr(x,rh) + Gvr(rh,x,V), xe [Ow], r = 1,N,
substituting them into (5 n ultiplying (5) by h > 0, we obtain the family of systems of linear

algebraic equations with ctito Ar(x), x e [O,w]:
hB1(x)AL1(x) + hB2(x)AN+1(x) = hd(x), 9)
(X, rh))Ar(x) —Ar+1(x) = —Fvr(x,rh) —Gvr(rh,x,V), r = 1 N. (10)

, (10) in the form:

(h,x)A(x) = —Fv(h,x) —Gv(h,x,V), AX) e C([0,w],Rn(N+1)),

/[ hB1(x) 0] ) ) hB2(x)\
I + DV’1(x, h) — 0] 0] 0]
(0] ’ — O O
Qv(h, x) = I + Dv2(x, 2h)
@) @) @) — 0]
V o 0 0 | + DVN(x, Nh)  —
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Fv(h, x) = (—hd(x), Fv,1(h, x), Fv,2(2h, x),..., FV WN(Nh, x)),
Gv(h,x, f) = (O", Gv,1(h, x, f), Gv,2(2h, x, f),..., Gv,N(Nh, x, f)).

As can be seen, the process of finding a solution to problem (1), (2) is reduced to solving a family of
systems of linear algebraic equations (10) for some f(x, [t]) and solving the family of Cauchy problems
(3), (4) on Qr when Ar(x), r = 1,N is found.

Let us describe the algorithm for finding a solution to problem (3)- (6). Let the matrix Qv(h, x) be
reversible for all x e [0,w].

Step 0. (a) The family of parameters A(2)(x) is found from the equation Qv(h, x)A(x) = —Fv(h,x).

(b) We determine the components of the system of functions f (0)(x, [t]) by solving the\Cauchy
problems (3), (4) on Qr at Ar(x) = A~(x), r = 1,N.

(c) On [0,w] x [0, T] we define the function

vO)(x t) = [ A0)(x)+ fro)(x,t) for (x,t) e Qr, r = 1,N,
, AN+1(X) for xe [Ow], t=T¢

Step 1. (a) The family of parameters A(Q) (x) is found from the equation Qv (hjpx) A(x) = —Fv(h, x) —
Gv(h, x,f(0)).

(b) We determine the components of the system of functions (1) (xmit]) by solving the Cauchy
problems (3), (4) on Qr at Ar(x) = A~(x), r = 1, (N + 1).

(c) On [0,w] x [0, T] we define the function

vid(x t) T AL+ FA0)(x, B0 fora(x,t)% Qr, r = 1,N,
, I Ani+1(x) for x%e [Ow], t=T.

At the k-th step, we find the pair (AK)(x),f(kK)(x, [t})), k = 0,1,2, _ On Q we define the piecewise
continuous function

viK)(x t) = | Ak)(X) k) (x,t) for (x,t) e Qr, r=1,N
: ANFI(X) for xe [Ow], t=T.

Condition 1. For some h<&0 :"Nyhg=" T, v and for any x e [0,w] the matrix Qv(h, x) : Rn(N+1) ~
Rn(N+1) is invertible and thegfollowing inequalities are satisfied:

1(Qv(h,x))-1] < Yv(hx) < Yv(h),
ov(h) = W(h){e“"h—£ ij)! } < 1. (11)
=0 j°

The following“statement establishes sufficient conditions for the feasibility and convergence of the
proposed algarithm. It should be noted that this statement ensures the existence of a unique solution
of the family of boundary value problems with parameters (3)- (6).

Theorem 1. Let Condition 1 be met. Then the sequence of pairs (A(k)(x),f(k)(x, [t])) converges to
the unique solution (A*(x),f*(x, [t])) of problem (3)- (6) and the following estimates hold true:

[A* —AK [l < 1 —=v(h(h) IAK) —Ak-1) 3, (12)

If;(x,t) —f*K)(x, 1) < (e“o(t-(r-1)h) —1)IA*(x) —AK)(x)l, (13)

where Kk = 1,2,..., (x,t) e Qr,r = 1,N.
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Proof. The continuity of the matrices A(x, t) and B 1(x), B2(x) on [0,w] x [0, T] and [0, w], respectively,
implies the continuity of the matrix Qv(h, x) : Rn(N+1) ~ Rn(N+1) on [0, w]. Let us fix V, A £ [0,w].
The matrix (Qv(h, x))-1 : Rn(N+1) ~ Rn(N+1) is continuous for all x £ [0,w], since the inequality
I(Qv(h, V))-1 —(Qv(h,A))-1] < Y2(h))|Qv(h,A) —Qv(h,V)|| holds.

The solution of problem (3)-(6) is found by the algorithm. Solving the equation Qv(h, X)A(x) =
—Fv(h,x), we find AQ)(x). Since the matrix (Qv(h,x))-1 and the vector Fv(h,x) are continuous for
all x £ [O,w], we have AQ)(x) £ C(]0, w], Rn(N+1)) and

AQ) I3 < Yv(h)hmax | 1, £ [If 111}
j=0 jm

For any r and x £ [0,w], we find the function v*0)(x,t) from the Cauchy problem <), (4)Ywith
Ar(x) = A0)(x):

dv
= AX,DVr + A(x, )Ar0)(x) + f (x,t), wvr(x, (r—1)h) =@, r 7 4N.

Then for V-0)(x,t) we have the estimate

Vo) (x. )| < (e“*(t-(r-1)h) —1) IA-0)(X)| + (te—(f—1)h)e™ (t-(r-Dh)[[fLL,

whence it follows that
VO |12 < (e“°h —1) |AQ)[8 + e *“hiif LLL.

Then, following the algorithm, we solve the equation Qw(h, x)A(x) = —Fv(h, x) —Gv(h, x,v(0)) and
find A()(x). We have

IAQ) —AQ)I3 = | —(Qv(h.x)) 1mGv(h,x,v ()< v(h) max IGw4r(rh,x, v(O)II} <
rh T2
< Yv(h) rrgfl"( J[ Q0 ... J/ a0|v"0)(x,Tv)||dTv...dT’3 < Yv(h)’\({/"!" HvO) | 2.
(r-Dh (r-dh
We define the componentsgofythesystem of functions v(I)(x, [t]) = (v(1)(x,t), v21)(x,t),..., VN (X, 1))
by solving the Cauchy, problem$(3), (4) with Ar(x) = A-D)(X):
dv

V- =SAGHNr + A(x, )A-D(X) + f(x,t), wvr(x,(r—1)h) =0, r = 1,N.

The differenced(vy) (¢t) —v"0)(x,t)) is estimated as follows:
IV (x, ) —v0)(x, ]| < (ea®(t-(r-1)h) —1) |A-1)(x) —AD)(x)].

We assume that the pair (A(k-2)(x), v(fc-1)(x, [t])) is determined and for all (x,t) £ Qr the following

inequalities hold:
[A(k-1) —A(fe-2)I13 < qv(h)[|A(k-2) —A(k-3) I3,

IMMe-1) (x,t) —v(fe-2)(x,1)]| < (e“°(t-(r-1)h) —1)|Ark-1)(x) —Arfc-2) (x)]I- (14)

At the k-th step of the algorithm, solving the equation Qv(h,x)A(x) = —Fv(h, x) —Gv(h, x, V(k-1)),
we find A(k)(x). Taking into account (14), we establish that

IAK) —AK-1) LB < qv(h)||A(fc-l) —AK-2) LB, k= 2,3,.... (15)
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We define the components of the system of functions v(k)(x, [t]) = (v(k)(x, t), v*o)(x, t),..., VN (X, t))
by solving the Cauchy problem (3), (4) with Ar(x) = Ark)(x):

g\ﬁ = A(X,t)vr + A(X, )Ark)(x) + f(x,t), wvr(x,(r—1)h) =0, r = 1,N.

For all (x,t) e Qr,r = 1,N (k= 1,2,3,...) we estimate the difference (v!fc)(x,t) —vrk-1)(x, t)):
|vrfc)(x,t) —vrfc-1)(x,t)| < (e*°(t-(r-1)h) —1)|Arfc)(x) —Arfc-1)(x)]]. (16)

By the condition of Theorem, qv(h) < 1, so it follows from (15), (16) that the pair (A(K)@)..v(K)(x, [t])),
k=0,,2,..., converges to (A*(x),v*(x, [t])), the solution of problem (3)- (6) in € ([Ow], MNT(N#1)) x
C ([0,w] x [0,T], Qr,RnN).

It is not difficult to establish the validity of the inequalities:

UAKk+™ —AK)[I3 < qv(h) [IAf) —A(k-1)|3, 17)
1 —qv(h)
L —au(h) L2
[vrfct (x,t) —vrfo)(x,t)]| < (e“°(t-(r-1)h) —INArcFY(x) —AlH)(x)||, (18)

IVGE)(x, 1) —v(O)(X. )l < (e"*(ta(r-1)i) —DA(x) —A0)(x)],

(x,t) e Qr,r = 1,N, k = 1,2, In the inequalities (1%), (18), letting £ ~ Te, we establish the
validity of the estimates (12), (13).
Let us show the uniqueness of the solution “af preblem (3)- (6). Let v*(x,t) and A(x,t) be two

solutions of problem (1), (2). Then the paits (A*(x), v*(x, [t])) and (A(x), v(X, [t])) are solutions to the
boundary value problem (3)- (6), here

A*(xX) e C([0, wl£Rn(N*1)), A*(X) = v*(X, (s —1)h),s = 1,N + 1,
w(xH e C(0.wW x [0,T], Qr,RnN),
v*(xGt) 2 vE (X)) —v*(x, (r —1)h), (x,t) e Qr, r = 1,N,
A(X) e CJopw], Mn(N+1)), As(x) = A(X, (s —1)h), s=1,N + 1,
v(x, [t]) e C([0,w] x [0,T], Qr,RnN),
vr(x,t) = A(x,t) —A(®, (r —1)h), (x,t) e Qr, r = 1,N.

Under, ouf assumptions, the following equations hold:

t t t
vE(x,) = Y AX DV, TdT+ J AXT)IT mA*(x) + J f(x,T)dT,
(r-Dh (r-Dh (r-Dh
t t t
vr(x,t)= J  AXT)vr(x,T)dT+ J AXT)dT mAr(x) + J f(x,T)dT,
(r-Dh (r-Dh (r-Dh

Q- 1(h, x)A*(x) = —Fv(h, x) + Gv(h,x, v*)),

Mathematics series. No. 4(112)/2023 1
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Q- 1(h, x)A(X) = —Fv(h,x) + Gv(h,x,f)).

Then the following inequalities are true
[|[f* —f |2 < fe“oh —1) -||JA* —/IL3, (19)

A —AI3 < qv(h)||A* —AHs-
Hence, by virtue of inequality (11), A*(x) = A(x). Then from (19) we obtain that v*(x,t) = A(X,t)
for (x,t) e [O,w] x [0,T]. Theorem 1 is proved.
Since problem (1), (2) and problem (3)- (6) are equivalent, the following statement halds true.

Corollary 1. Let Condition 1 be met. Then the sequence v(k)(x,t) (k = 0,1,2,.7.) converges to the
unique solution v*(x,t) of problem (1), (2) and the following estimates are true:

[v* —v(0)]|11 < \l(vﬁ)ez%?]t; [

(Eh—1 max  max IVO)(x, (s gDl ggehllf Lb
v

v! s=1,N+1 xe[0]

2 Well-posedness criteria for the family of problems™ (1)} (2)

Definition 2. The boundary value problem (1), (2) is called well-pased if for any f (x,t) e C ([0, w] x
[0,T], Rn), d(x) e C ([0, w], Rn) it has a unique solution v(x,t)“and

IMIL < K m a@y|da,|f L,

where K is a constant, independent of f(x,t)%and d(x).) The number K is called the well-posedness
constant of problem (1), (2).

Let us consider the equation

hQ*(h, x)A(x) =g=R&(h, A’f, d, x), A(x) e C([0,w], Rn(N+1)),

where Q*(h, x) = lim Qu(h, )N F¥¥A, f, d,x) = lim 1 Fv(h, x).

Theorem 2. The boundamy value problem (1), (2) is well-posed for all x e [0,w] if and only if there
exists ho e (0,T4.such that fograny h e (0,h0] : Nh = T there is a number v = v(h), such that the
matrix Qv(h,x) :Ra(N#&D. "~ Rn(N+1 is invertible and the following inequalities hold:

I(Qv(h, x))-1] < Yv(h), (20)
gv(h) = Yv(h){each —£ | < 1. (21)
j=0 j!
Proof.“The sufficiency of the conditions of Theorem 2 for the well-posedness of problem (1), (2)
follows from Corollary 1.

Necessity. Let problem (1), (2) be well-posed with a constant K. Problem (1), (2) for every fixed
Ae [0,w] is a linear two-point boundary value problem for the ordinary differential equation:

A= yIA+ /(t), te (0,T), Jle Rn, (22)

i71A(0) + BRA(T) = d. (23)

12 Bulletin of the Karaganda University



Well-posedness criteria for one

Here A(t) = v(At), A(t) = AAL), /(t) = F(A 1), Bl= B1(A), B2= B2(A), d = d(A).
Since for f (x,t) = /(t), d(x) = d we have:

[A*14 = K] IvV=(A, DIl < (x,t)e[ra\?vi(x[o,ﬂ”V*(X’t)H < Kmax{[[d]|0,f [1} = K max{][/d]], [/IL},

then the correct solvability of problem (1), (2) follows from the correct solvability of problem (22), (23)
with constant K for every fixed Ae [0,w].
For any e > 0 there is h0 e (0,T], satisfying the inequality

1 e
°°h° 1 —floh0) <
a0ho )< v el + o)

Then, by Theorem 3 [1; p. 42], we obtain the following estimate for all h e (0, hO] :dNh =\T :
I(Q*(h,A))-1] < (1+he)K.

In view of the arbitrariness of Ae [0, w], we obtain

1(Q*(h, x)) 1] ~ (1 +h")K, "x e [Gyw].
Let us choose v1 such that:

2(1 + e)K |ea°h =" @ 0o "y <'1
h j=Qy J*

For any v, we have there is the inequality

Q*(h.x) —QV(MYl «§ £ ] ={e” —£ | I3
j=v+l 2 ji=0 j'

Then it follows from the thegrem @n small perturbations of boundedly invertible operators that for all
v > vl1the matrix Qv(h,x) : Ra(N+DpA#Rn(N+1) is invertible and

l(Q (h x)) =N < < 21 +h e)K

T—[(Q*(hx ))? IIQ ,) —QV(h,X)

Thus, for all'w>"wl, h e (0,h0] : Nh = T and x e [O,w], taking yv(h) = 2(1 +he)K, we obtain
that theginequalities (20), (21). Theorem 2 is proved.

Theorem 3y The boundary value problem (1), (2) is well-posed if and only if for any v there exists
h = h(¥),: Na'= T, such that the matrix Qv(h, x) : Rn(N+1) ~ Rn(N+1) is invertible for all x e [0, w]
and the mgqualities (20), (21) are true.

Proof. Sufficiency. The well-posedness of problem (1), (2) under the conditions of Theorem follows
from Corollary 1.

Necessity. Let the problem (1), (2) be well-posed with constant K. Reasoning as in the proof of
Theorem 2, for a given e > 0 we find h0 = ho0(e) such that for all h e (0,h0] : Nh =T and x e [O,w]
the matrix Q*(h, x) : Rn(N+1) ~ Rn(N+1) is invertible and

1(Q*(h.x))-1] < (1+he)K.
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We choose h1£ (0, h0] such that the relation is satisfied:
2(1 + e)K | e,hi —~ (a0Ohl)j } < 1. (24)
hi j=0 j°

Since |[(Q*(h,x))-1| =||Q*(h,x) —Qv(h, x)|| < 0.5, then, by virtue of (24), by the small perturbation
theorem of boundedly reversible operators, for all h £ (0,h1] : Nh = T and x £ [0,w] the inequality

holds ||(Qv(h,x))-1] < 2(1 +,9)K.

Taking yv(h) = 2(1 + e)K, by virtue of choosing h £ (0,h1] : Nh = T, we obtain the
inequalities (20) and (21). Theorem 3 is proved. 23

Theorem 4. Let for some v there exist h0 = hO(v) such that for all h £ N
x £ [O,w] the matrix Qv(h, x) :Rn(N+1) ~ Rn(N+1) is invertible and

NQv(h.x)-1] < h,

where Y is a constant, independent of h and x. Then problem (%), is well-posed with constant
K = Y. ‘
a

Proof. For any e > 0 there is h0 £ (0, T] satisfying the in
1 e

-(e°°h° —1 —0
00h0 +e)(1+e)

We choose h1£ (0, h0] :Nh1= T such thatt ollowing inequality is satisfied:

h.{esi —£ | 1< 1.
j=0  Jm
Then gv(h) < qv(hl) < 1 for all 1 : Nh = T and, by Corollary 1, the problem (1), (2) has a
unique solution v*(x,t) and
*(x,t gy - ——1+ 17
xelaiom 1V Wi —qu(h) v h e
v 1
(agh)r  + Y (a0h)v ea°h”
max 1Lt G~} + 1—" (h) e“* ™ max{|d]|o, ||f 11} + he“°h |f II1.
j=0
Letti I above inequality, we obtain that

(x,t)efB',\?v’jx[o,T]W*(X't)' < ymax{NIN, |If ||1}.

Theorem 4 is proved.
Theorem 5. Let problem (1), (2) be well-posed with constant K. Then for any v and e > 0 there

exists h0 = ho(v, e) such that for all h £ (0,h0] : Nh = T and x £ [0O,w] the matrix Qv(h,x) :
Rn(N+1) ~ Rn(N+1 is invertible and

N(Qv(h,x))-1]< (1+he)K.
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Proof. For a given e > 0, find h0o = h0(e) such that for all h e (0,h0] : Nh = T and x e [0,w] the
matrix Q*(h,x) :Rn(N+2) ~ Rn(N+1) is invertible and the following estimate holds true:

h(g*(/i. x))-1] < 2+2eK .
Let us choose hle (0, hQ] satisfying the inequality:

2+ e)K {ea*hh ™ ¥ (aOhL) I € e
hi r [55 o I<1te

1
Since [|[(Q*(h, x))-1| m||Q*(h, x) —Qv(h, X)|| < B --1--_-I--éthen, the theorem on small€pertuxbations of
boundedly invertible operators, forall h e (0,h1]:Nh = T and x e [0,w] the following estimate holds

[[(Qv(h,x))-1]| < (1 + e)K = Yv(h) and, based on (24),

4,(h)= Yv(ft){exh —x | | < A 1.
j=0 j! +

Then, according Corollary 1, there exists a unique solutioh, v*(X,t) of problem (1), (2) and the
following estimate holds:

(x,t)ew,eﬁx[o,v\”V*(X’t)H <ewqf {1—+q\%r|6 N n (Lt eKx

x max {1,w1 h+ (+ge(K) T e“°h) max{Wd|o, |f UL} + fce“°h Bf||b

Letting h ~ 0, we obtain the estimate max [IVv*(x,t)]| < (L + e)Kmax{]|d]||0,]|f ||1}
(6be[0,w]x[0, T]
Theorem 5 is proved.
Conclusion

The paper proposes-a®meodified algorithm of the parameterization method: an additional parameter
is introduced and“at theylast point of the segment on which the boundary value problem is considered.
This isgthe difference between the proposed modified algorithm and the classical algorithm of the
parameterizationamethod. This modification allows us to simplify the structure of the linear operator
equatienfwith) respect to the introduced parameters. Sufficient conditions for the existence of a single
solutionef e problem (1), (2) and criteria of correct solvability of the family of linear boundary
value problems for the system of ordinary differential equations are obtained. Note that the idea of
the methodology used in this paper has wide prospects of development for the study of problems of
solutions of linear and nonlinear boundary value problems.
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M.b. AbgnmaHanosal, C.M. TemeweBa?2

1ANMaTh! TexXHONOrusNbIL YHUBEpCUMTETi, AiMaThl, KasalucTaH;
29n-®apabu aTbiHAarbl Kasal ynT Thil, YHUBEPCUTETI;
MaTemaThKa >KoHe MaTeMaTUKanbil, Moaenbaey MHCTUTYThl, AMaThbl, KasaucTaH

LIhe# T ecenTily oip ynpuil K,MCbIHAbI LWeL M AJhK
KpuTepuinepl Typansl

Makanaga guddepeHumnanblk TeHgeynep >xyihenepl yuwi cbi3blWThiK, €0 HYKTeNl WeTTX ecenTep Yii-
ipi KapacTbipbinraH. OHbl, wewlmaepwu, 6ap 600y cypakTapbl 3epTTenw, XybiK, wewlmal Taby aalctepl
yCbIHbINTaH. XK 3l guddepeHynanfblK TeHAeYNep XYyieM YW Cbi3bIK,TbiK, €0 HYKTeNi WeTTX ecentep yi-
IPiHIH X EeTI KT wapTTapbl aHbik,TanraH. K,apacTbipbinraH ecenTly WewiMiHiH Xanrbi34blirbl 43eN4eH4b
[.C. )XXymabaeBTblH napameTpey 3A4iCiHIH anropuTmgepuww, 6ip MognduKaumMacel Henswae 3epTTeneTLl
ecenTL, XYbIK WewimMiH Taby anropuTmgepi 6eplireH aHe onapAblH XWUHaK,TbiNbITbl A3nenfeHreH. Ma-
pameTpney 3ficiHiH cxeMacbl 60libiHIWaA ecen AnddepeHunanablK TeHAeynep Xyienepi ywi Ken HyKTeni
WeTTX ecenTeplll, 3KBMBaseHTa ywplwe TypaeHAaipinreH. XXaHa 6ennas gpyHKunManapabl eHN3y apkbi-
Nnbl 6i3 3epTTeneTww ecenT 6anamanbl ecenke, ekiHWi TeK BonbTeppa MHTerpanfablkK TeHAeYLW e KeNTipeMis.
MapameTpMeTpAi WeTTiK ecenTep yHipiHiH Xanrbi3 wWewiMiHiH 6ap 601yblH KAMTaMachi3 eTeTW YCbIHbIATaH
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anroOpPUTMHLY, OPbIHAbINbLITHl MEH XXUHAKTbINbITbIHbIL XeTK1N1KTL wapTTapsbl aHbwTanabl. Xal gugpdepeH-
umnangbik Tesaeynep xyiecl ywlH Cbi3bIKTbIK WeETT1K ecenTep yihlplHu, KMCbIHAbI wewlmalnlrlHug KaxeTTl
KIHe XeTK1nlkTl wapTTapbl anbiHAbI.

KrnT cB3gep: Cbi3blKTbIK WETT1K ecenTep yinlpl, k©OnHykTenl weTTlK ecen, wewiMHu, 6ap 60nybl, Xanrbi3
wewlm, KUCbiHAbl WwewllMalnlk, KaxeTTl xaHe xeTk1lnlkrl wapT.

MN.b. AbgnmaHanosal, C.M. Temewena?

1ANMaTUHCKUA TEeXHONOrMUYEeCKUid yHUBEepCUTET, AnMaThl, KasaxcTaH;
2Kas3axcKuit HaLuMOoHaNbHbI YHUBEPCUTET UMeHN anb-dapabu;
MHCTUTYT MaTeMaTUKN U MAaTEeMaTWYeCKOro MoaennpoBanus, AaMaThl, KasaxeTaH

KPUTEPUSIX KOPPEKTHOM paspeiMMoCcTy OfHOLO\ceMelicTBa
KpaeBblX 3agay

B cTaTbe pacCMOTPEHO CeMEeACTBO NMHENHbIX ABYXTOUYEUYHbIX KpaeBbiX 3agad gad cMtrem auddepeHymnans-
HbIX YpaBHeHWA. MccnefoBaHbl BONPOChI CYLLECTBOBAHWS €0 pPelleHnii WANPEAAONKEHbI METOAbl HaX0Xae-
HUS NPUBAVKEHHbIX PELUIeHWii. Y CTaHOBEHbl OCTAaTOUYHbIE YCABBNSaCYLLECTBOBAHMS CEMENCTBA NMUHERHbIX
ABYXTOUEUHbIX KPaeBblX 3aJay AN CUCTEMbl 0B6bIKHOBEHHbIX ANdideperlanbHbiX ypaBHeHUiA. [oKa3aHa
@[INHCTBEHHOCTb pelleHns paccmMaTpuBaemMoii 3agaun. JaHbl afropUiMbl HAX0XAeHUS NPUGAVXKEHHOTO pe-
WeHNs MccnefyeMoil 3afiaun, OCHOBaHHble Ha OAHOW MoAaudM@Kaly anREPMTMOB MeTofa napameTpusaLuu
0.C. Oxyma6aeBa, M AoKazaHa UX CXOAMMOCTb. Mo@€xeméMeTosa lapameTpumsanmmu 3anada 6ynet npeob-
pasoBaHa B 3KBMBA/NEHTHOE CEMEIiCTBO MHOFOTOYEUHbLIXKPAEBbIX 3a4ay ANA CUCTEM AU(depeHLanbHbiX
ypaBHeHWil. BBeas HOBble HEM3BECTHbIE PYHKLWAK, CBeAeMACCNEeflyeMyto 3aady K 3KBUBaNeHTHON 3agaue,
MHTErpanbHOMY ypaBHeHW0 BonbTeppa BTOPOro poda. Y CcTaHoB/eHbl JOCTAaTOUHbIE YCI0BUS OCYLLEeCTBUMO-
CTU, CXOAMMOCTM NPeSI0XEHHOT0 anroputma, BMecTele, 7eM 06ecneumBatoLL e CyLLeCTBOBAHNE e4NHCTBEHHO-
ro peweHus cemeiicTBa KpaeBbliX 3a4ay Cc napameTpamu. [101y4eHbl HEOGXOAUMbIE W LOCTATOUYHbIE YCNOBUS
KOPPEKTHON pa3pelwnMocTn cemeiicTBa NMHEIHbLIX KpaeBbiX 3afay 418 CUCTEMbl 06bIKHOBEHHbLIX Audde-
peHUManbHbIX ypaBHEHMIi.

KntoueBble cnoBa: CEMeWCTBO NUHEMHbIX KpaeBblX 3afay, MHOroToye4YyHada Kpaesad 3afaya, cyuecteoBaHune
peweHna, eqUHCTBEHHOE pelleHne, \ KOppeKTHasa pa3pewnMmocCTb, H606XO,U|VIMO€‘ N AOCTaToO4YHOE yCcnoBue.
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