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W ell-posedness criteria for one fam ily of boundary value problems
This paper considers a family of linear two-point boundary value problems for systems of ordinary differential 
equations. The questions of existence of its solutions are investigated and m ethods of finding approxim ate 
solutions are proposed. Sufficient conditions for the existence of a family of linear two-point boundary value 
problems for systems of ordinary differential equations are established. The uniqueness of the solution 
of the problem under consideration is proved. Algorithms for finding an approxim ate solution based on 
modified of the algorithms of the D.S. Dzhumabaev param eterization m ethod are proposed and their 
convergence is proved. According to  the scheme of the param eterization m ethod, the problem is transform ed 
into an equivalent family of m ultipoint boundary value problems for systems of differential equations. By 
introducing new unknown functions we reduce the problem under study to  an equivalent problem, a Volterra 
integral equation of the second kind. Sufficient conditions of feasibility and convergence of the proposed 
algorithm are established, which also ensure the existence of a unique solution of the family of boundary 
value problems w ith param eters. Necessary and sufficient conditions for the well-posedness of the family of 
linear boundary value problems for the system of ordinary differential equations are obtained.

Keywords: Family of linear boundary value problems, m ultipoint boundary value problem, existence of 
solution, singular solution, well-posedness, necessary and sufficient condition.

Introduction

Problem statem ent and research methods

This paper is devoted to  the study of a family of linear boundary value problems for differential 
equations

dv
—  = A (x , t)v  +  f  (x ,t) , (x ,t)  e  [0, w] x (0 , T ), (1)

B 1(x)v(x , 0) +  B 2(x)v(x , T ) = d(x), x  e  [0, w], (2 )

where (n x  n )-m atrix  A (x ,t)  e n-vector-function f  (x ,t)  are continuous on [0,w] x [0 , T ], B 1(x), B 2(x) 
and n-vector-function d(x) are continuous on [0 ,w], x is a param eter of the family (x e  [0 ,w]); 
||A (x ,t)|| <  a0, ||v (x ,t) || =  m ax ||v j(x ,t)||.

i= 1,n

‘ Corresponding author.
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In the present paper problem (1), (2) is investigated by the param eterization m ethod [1].
The originallity of the param eterization m ethod lies in the simple idea of introducing param eters at 

some points of the set on which the boundary value problem is considered, which subsequently allows 
us to  construct an algorithm  for finding a solution, obtain sufficient solvability conditions, establish 
solvability criteria for linear and nonlinear two-point boundary value problems, m ultipoint boundary 
value problems, boundary value problems with impulse influence, singular boundary value problems, 
nonlocal boundary value problems for differential equations, loaded differential equations, integro- 
differential Fredholm equations, differential equations with delayed argum ent, partial differential equa­
tions and others. These results are presented in the works of Dzhumabaev and his students (Assanova 
[2], Temesheva [3-7 ], Orumbayeva [8-10], Uteshova [11, 12], Iskakova [13, 14], Imanchiyev [15, 16], 
Bakirova [17], Kadirbayeva [18], Tleulessova [19], Abildayeva [20], Abdim anapova [21]).

Dzhumabaev and Assanova [22] studied a nonlocal boundary value problem for systems of linear 
hyperbolic equations w ith mixed derivative. A special substitution allowed to reduce this problem to 
an equivalent boundary value problem, which can be considered as a family of two-point boundary 
value problems for systems of ordinary differential equations, where the spatial variable servers as a 
param eter of the family.

This approach can also be used to  study the linear nonlocal boundary value problem for a system 
of partial differential equations (m =  1 , 2 , . . . )

r)m+1ii d  mii
= A(x, t) —- -  +  f  ( x , t ) , u  e  Rn , (x ,t)  e  [0,w] x (0, T ),

d td x m dx

d k и

x=0
dmu(x, t)

d x k
d  0 u

=  фк(t), t  e  [0 , T ], к =  0 , 1, . . . ,  m -  1 , dxxo =  0 ,

B i (x)
d x m

+  B2(x) am u(x '*)
t= 0 dx

=  d(x).
t=T

This fact m otivated us to investigate problem (1), (2).
In this paper problem (1), (2) is investigated by the param eterization m ethod with a modified 

algorithm. Sufficient conditions for the existence of a unique solution are obtained. The well-posedness 
criteria for problem (1) , (2) are established.

Notation

• N  is a natural number;
• v is a natural number;
• Qr =  [0, w] x [(r — 1 )h, rh ), h = T / N , r  =  1, N;
• C([0 ,w ],R n ) is the space of continuous functions d : [0 ,w] ^  Rn with the norm ||d ||0 =  

m ax ||d(x)||;
x€[0,w]

• C([0,w] x [0,T], Rn ) is the space of continuous functions v : [0,w] x [0,T] ^  Rn with the norm
llvN 1 =  max ||v (x ,t) ||;

(x,t)e[0,w]x[0,T]
• the index r  takes on the values 1, 2, . . . , N;
• the index s takes on the values 1 ,2 , . . . ,  N  +  1;
• C  ([0, w] x [0, T  ], Qr , R nN) is the space of systems of functions v(x, [t]) =  (v1(x, t), v2(x, t ) , . . . ,  vN (x, t)) 

with the norm  ||v | 2 =  m ax sup ||vr ( x , t ) | ,  where the function vr : Qr ^  Rn is continuous
r=1,N (x,t)€Qr

and has a finite limit at t  ^  rh  — 0 uniformly w ith respect to x e  [0 , w] for all r;
• C ([0, w], Rn(N+ 1)) is the space of functions A(x) =  (A1(x), A2( x ) , . . . ,  AN+ 1(x)) w ith the norm 

|з =  max m ax ||As(x)||, where As : [0,w] ^  Rn are continuous for all s;
s=1,N+1 x€[0,w]
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Well-posedness criteria for one

C ([0 ,T ], Rn) is the space of continuous functions v : [0, T ] ^  Rn with the norm  ||v ||4 =
m ax |lv( 

te[o,T ]
• I  is the identity m atrix  of size n;
• O is the zero m atrix  of size n  x  n;
• OW is the first column of the m atrix  O.

1 Solvability of a fam ily problems (1), (2)

Definition 1. v* (x ,t)  £ C ([0,w] x [0,T ], Rn), continuously differentiable w ith respect to  t and 
satisfying equation (1) and boundary conditions (2) for each fixed x £ [0 ,w], is called a solution of the 
problem (1) , (2 ) .

Problem  (1), (2) is investigated by the param eterization m ethod [1]. For a fixed N , we make the
N

partition  [0 ,w] x [0 ,T ) =  |J  Qr .
r=1

According to the scheme of the param eterization m ethod, the problem (1) , (2) is transform ed into 
the equivalent family of m ultipoint boundary value problems with param eter for systems of differential 
equations

dv
- V  =  A (x ,t) (v r  +  Ar (x)) +  f  (x, t ) , (3)

vr (x, (r  — 1)h) =  0, (4)

B i(x)A i(x) +  B  2 (x)A n + i(x) =  d(x), (5)

Ar (x) +  lim vr (x ,t)  — Ar+ 1(x) =  0, r  =  1,N , (6 )
t^ rh -0

where (x ,t)  £ Qr , x £ [0, w], Ar (x) =  v(x, (r  — 1)h), AN+ 1(x) =  lim v (x ,t) , vr (x ,t)  =  v (x ,t)  —
t^ T -0

Ar (x), r  =  1 ,N  .A  solution of problem (3)- (6) is a pair (A*(x),v*(x, [t])) ^A*(x) £ C  ([0,w], Rn(N+1)),

v*(x, [t]) £ C ([0, w] x [0, T ], Qr , RnN^  such th a t for each r  is continuous and continuously differentiable 
with respect to t on Qr function v*(x ,t) at Ar (x) =  A*(x) satisfies equation (3), condition (4), and 
A^(x), AN+1(x), A*(x), lim v^J(x,t), satisfy (5), (6 ) .+ t^ rh -0

If the family of pairs (A*(x),v*(x, [t])) is a solution of the family of problems (3)- (6), then  the 
family of functions

*( t) =  /  A*(x) +  v-:(x,t) for (x ,t)  £ Q -, r  =  1 ,N , 
v (X, ) \  AN+ 1(x) for x £ [0, w], t  =  T

is a solution to  the family of boundary value problems (1) , (2) .
If the family of systems of functions v(x, [t]) =  (v1 (x, t), v2(x, t ) , . . . ,  (x ,t))  is a solution to 

problem (1)- (2) , then  the solution to  problem (3)- (6) is the pair (A(x),v(x, [t])) with elements A(x) =  
(A1(x), A2( x ) , . . . ,  AN+ 1(x)), Ar (x) =  Ar (x, (r  — 1)h), r  =  1, N , AN+ 1(x) =  lim AN (x, t), x £ [0 , w],

t^ T -0
v(x, [t]) =  (v1(x, t), v2(x, t ) , . . . ,  v2(x, t)), vr =  Ar (x, t) — Ar (x, (r — 1)h), (x, t) £ Qr , r  =  1, N .

In problem (3)- (6), the initial conditions (4) appeared for elements of the family of systems of 
functions v(x, [t]). For a known Ar (x), the Cauchy problem (3), (4) on Qr is equivalent to  the family 
of Volterra integral equations of the second kind:

t t t

vr (x, t ) =  У  A (x,T )vr (x,T)dT +  J  A(x,T)dT ■ Ar (x) +  J  f  (x,T)dT. (7)

( r - 1)h ( r - 1)h ( r - 1)h
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In (7), replacing vr (x, т) by the right hand side of (7) and repeating this process v times, we obtain 
the following representation of the function Vr (x ,t):

Vr(x ,t)  =  D v,r (x ,t)  ■ Ar(x) +  Fv,r (x ,t)  +  G v r (x ,t, v), (8

where

(r-  1)h
Dv,r ( x , t ) =  J  A (x ,T 1)dT1 +  J  A (x ,T 1) j  A (x ,T 2)dT2 d n  + . . .  +

( r - 1)h ( r - 1)h
t T1 Tv-1

+  J  A (x,T1) J  A (x,T2) . . .  J  A (x ,Tv )dTv . . .d T 2dT1 ,
(r-1)h (r - 1)h (r-1)h

(r-1)h

Fv,r ( x , t ) =  J f  (x,T1)dT1 +  J A (x,T1) J f  (x,T2)dT2dT1 +  . . .  +
(r - 1)h (r - 1)h

t Tv-2 Tv-1

+  J A (x,T1) . . .  J A (x ,T v-1) J f ( x ,T v)dTvdTv - 1  . . . d n ,
(r-1)h

t

(r-1)h

Tv-1

( r - 1)h

Gv,r ( t ,x ,V )=  J  A(x, T1) . . .  J A (x,Tv  )vr (x,Tv )dTv . . . d n ,
(r - 1)h (r-1)h

t  e  [(r — 1)h, rh), r =  1, N .
Determ ining from (8) the limits

lim Vr (x ,t)  =  D v r (x, rh ) ■ Ar (x) +  F v r (x ,rh )  +  G v r (rh ,x ,V ), x e  [0,w], r  =  1 ,N ,
t^ rh -0  ’ ’ ’

substitu ting them  into (5), (6) and m ultiplying (5) by h >  0, we obtain the family of systems of linear 
algebraic equations w ith respect to  Ar (x), x e  [0,w]:

h B 1(x)A1(x) +  h B 2(x)AN+ 1(x) =  hd(x),

( I  +  D v,r (x, rh))A r (x) — Ar+1 (x) =  —F v,r (x, rh ) — G v,r (rh, x, V), r  =  1, N . 

We write system (9), (10) in the form:

(h,x)A (x) =  —F v(h ,x ) — Gv(h ,x , V), A(x) e  C ([0, w],Rn(N+1)),

where

Qv (h, x) =

(9)

(10)

/  h B 1(x) O O . . O h B 2(x )\
I  +  Dv’1(x, h) —/ O . . O O

O I  +  Dv’2 (x, 2h) —I  . . O O

O O O . . —I O
V O O O . . I  +  Dv’N (x, N h) —I

t t

t t
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Well-posedness criteria for one

Fv(h, x) =  (—hd(x), Fv,1(h, x), Fv,2(2h, x ) , . . . ,  F v,N(N h, x)),

G v(h, x, f )  =  ( O ^ ,  G v,1(h, x, f ) , Gv,2(2h, x, f ) , . . . ,  Gv,N(N h, x, f )) .

As can be seen, the process of finding a solution to  problem (1) , (2) is reduced to  solving a family of 
systems of linear algebraic equations (10) for some f (x , [t]) and solving the family of Cauchy problems 
(3), (4) on Qr when Ar (x), r  =  1 ,N  is found.

Let us describe the algorithm  for finding a solution to problem (3)- (6). Let the m atrix  Q v (h, x) be 
reversible for all x e  [0 ,w].

Step 0. (a) The family of param eters A(1)(x) is found from the equation Q v(h, x)A(x) =  —F v(h ,x ).
(b) We determine the components of the system of functions f (0) (x, [t]) by solving the Cauchy 

problems (3), (4) on Qr at Ar (x) =  A ^ (x ) , r  =  1 ,N .
(c) On [0, w] x [0, T ] we define the function

v(0)(x t ) = [ Ar0)( x ) +  f r0)(x ,t)  for (x ,t)  e  Q r, r  =  1, N , 
, A ^+1(x) for x e  [0,w], t  =  T.

Step 1. (a) The family of param eters A(1) (x) is found from the equation Q v(h, x) A(x) =  —F v(h, x) — 
G v (h, x , f (0)).

(b) We determine the components of the system of functions f (1) (x, [t]) by solving the Cauchy 
problems (3), (4) on Qr at Ar (x) =  A ^ (x ) , r  =  1, (N  +  1).

(c) On [0, w] x [0, T] we define the function

v(1)(x t ) f Ar1)(x )+  f ^1)(x,t) for (x ,t)  e  Qr , r  =  1 ,N ,
, I  An1+ 1(x) for x e  [0,w], t  =  T.

At the к-th  step, we find the pair (A(k)( x ) , f (k)(x, [t])), к =  0 ,1 ,2 , __ On Q we define the piecewise
continuous function

v(k)(x t ) = I Ark )(x )+  f k̂ )(x ,t) for (x ,t)  e  Qr , r  =  1 ,N
, ANk+ 1(x) for x e  [0,w], t  =  T.

Condition 1. For some h >  0 : N h  =  T , v and for any x e  [0,w] the m atrix  Q v(h, x) : Rn(N+ 1) ^  
Rn(N+ 1) is invertible and the following inequalities are satisfied:

||(Q v (h ,x ))- 1 || <  Yv(h,x) <  Yv(h),

9v (h) =  Yv (h ){e“"h — £  i j ) !  } < 1. (11)
j =0 j  ‘

The following statem ent establishes sufficient conditions for the feasibility and convergence of the 
proposed algorithm. It should be noted th a t this statem ent ensures the existence of a unique solution 
of the family of boundary value problems with param eters (3)- (6).

Theorem 1. Let Condition 1 be met. Then the sequence of pairs (A(k)( x ) , f (k)(x, [t])) converges to 
the unique solution (A*(x),f*(x, [t])) of problem (3)- (6) and the following estim ates hold true:

||A* — A(k) ||з <  1 —v( h(h) ||A(k) — A(k-1) |з , (12)

| |f ; ( x , t )  — f^k)( x , t ) |  <  (e“o(t-(r-1)h) — 1)|A*(x) — Ark)(x ) |,  (13)

where к =  1, 2 , . . . ,  (x, t) e  Qr , r  =  1, N .
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Proof. The continuity of the matrices A(x, t) and B 1(x), B 2(x) on [0, w] x [0, T  ] and [0, w], respectively, 
implies the continuity of the m atrix  Qv(h, x) : Rn(N+1) ^  Rn(N+1) on [0, w]. Let us fix V, A £ [0,w]. 
The m atrix  (Q v(h, x ) ) -1  : Rn(N+1) ^  Rn(N+1) is continuous for all x £ [0,w], since the inequality 
||(Qv(h, V) ) -1  — (Q v(h,A ))- 1 |  <  Y2 (h ))|Q v(h ,A ) — Qv(h,V)|| holds.

The solution of problem (3)- (6) is found by the algorithm. Solving the equation Q v(h, x)A(x) =
—Fv (h ,x ), we find A(0) (x). Since the m atrix  (Q v(h ,x ) ) -1  and the vector Fv (h ,x ) are continuous for 
all x £ [0,w], we have A(0)(x) £ C ([0, w], Rn(N+1)) and

IIA(0) I|3 <  Yv(h)h m ax I 1, £  ||f  ||1}.
j =0 j  ■

For any r  and x £ [0, w], we find the function v^0) (x ,t)  from the Cauchy problem (3), (4) with 
Ar (x) =  A-0)(x):

dv
=  A(x,t)Vr +  A(x, t)Ar0) (x) +  f  (x ,t) , vr (x, (r  — 1)h) =  0, r  =  1,N .

Then for V-0)(x ,t)  we have the estim ate

||Vr0) (x ,t) || <  (e“°(t-(r-1)h) — 1) ||A-0)(x ) | +  (t — (r — 1)h)e“°( t - ( r - 1)h)| | f Ц1, 

whence it follows th a t
||V(0) ||2 <  (e“°h — 1) ||A(0) |з  +  he“°h | |f  Ц1.

Then, following the algorithm, we solve the equation Q v(h, x)A(x) =  —F v(h, x) — G v(h, x ,v (0)) and 
find A(1)(x). We have

||A(1) — A(0)|з  =  || — (Q v(h ,x)) 1 ■ G v (h ,x ,v (0))|| <  Yv(h) m ax ||G v,r(rh ,x , v(0))||} <

rh T"v —1

.. v,-i
r= 1,N

<  Yv (h) m a ^ (  [  00 . . .  /  a0 |v^0) (x, Tv)||dTv . . . d T ^  <  Yv ( h ) ^ 0^ ^  Hv(0)
r= 1,N J J J V!

( r - 1)h ( r - 1)h

vv | 2.

We define the components of the system of functions v (1) (x, [t]) =  (v(1)(x ,t) , v21) ( x , t ) , . . . ,  v N  (x, t)) 
by solving the Cauchy problem (3), (4) with Ar (x) =  A-1)(x): 

dv
^V-  =  A(x,t)Vr +  A(x, t)A-1) (x) +  f  (x ,t) , vr (x, (r  — 1)h) =  0, r  =  1,N .

The difference (v̂ (1) (x ,t)  — v^0)(x ,t))  is estim ated as follows:

||V(1)(x, t) — v(,0)(x, t)|| <  (ea°(t-(r-1)h) — 1) |A-1) (x) — A-0) (x ) |.

We assume th a t the pair (A(k -1) (x), v (fc-1)(x, [t])) is determ ined and for all (x ,t)  £ Qr the following 
inequalities hold:

||A(k-1) — A(fc-2)||3 <  qv(h)||A(k-2) — A(k-3) ||3,

||V̂ fc-1) (x ,t)  — v(,fc-2)(x ,t) || <  (e“°(t-(r-1)h) — 1) |A rk - 1)(x) — Arfc-2) (x)||. (14)

At the k-th  step of the algorithm, solving the equation Q v(h,x)A (x) =  —F v(h, x) — Gv(h, x, V(k-1)), 
we find A(k)(x). Taking into account (14), we establish th a t

||A(k) — A(k-1) Ц3 <  qv(h)||A(fc-1) — A(k-2) Ц3, k =  2 ,3 , . . . .  (15)
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We define the components of the system of functions v (k)(x, [t]) =  (v(k)(x, t), v^fc)(x, t ) , . . . ,  v N  (x, t)) 
by solving the Cauchy problem (3), (4) with Ar (x) =  Ark)(x):

d —"
^ v i =  A (x ,t)v r +  A(x, t)Ark)(x) +  f  (x ,t) , vr (x, (r — 1)h) =  0, r  =  1 ,N .

For all (x ,t)  e  Qr , r  =  1 ,N  (k =  1, 2 ,3 , . . . )  we estim ate the difference (v!fc)(x ,t)  — vrk - 1)(x, t)):

|v rfc)(x ,t)  — vrfc-1)( x , t ) |  <  (e“°(t-(r-1)h) — 1) |A rfc)(x) — Arfc-1)(x)||. (16)

By the condition of Theorem, qv (h) <  1, so it follows from (15), (16) th a t the pair (A(k)(x), v (k)(x, [t])), 
k =  0,1, 2 , . . . ,  converges to (A*(x),v*(x, [t])), the solution of problem (3)- (6) in C  ([0,w], Mn(N+1)) x 
C ([0, w] x [0,T], Q r, R nN).

It is not difficult to  establish the validity of the inequalities:

UA(k+^ — A(k)||з <  qv(h) ||A(fc) — A(k -1) | з , (17)
1 — qv (h)

v(0) | 2,
1 — qv (h) 

|vrfc+̂ (x , t )  — vrfc)(x ,t) || <  (e“°(t-(r-1)h) — 1) |Arfc+^)(x) — A!fc)(x)||, (18) 

||v(,fc)(x ,t)  — v(0)(x ,t) || <  (e“°(t-(r-1)h) — 1)||Arfc)(x) — Ar0)(x ) |,

(x ,t)  e  Qr , r  =  1, N , k =  1, 2 , __  In the inequalities (17), (18), letting £ ^  те, we establish the
validity of the estim ates (12), (13).

Let us show the uniqueness of the solution of problem (3)- (6). Let v*(x ,t) and A(x,t) be two 
solutions of problem (1), (2). Then the pairs (A*(x), v*(x, [t])) and (A(x), v(x, [t])) are solutions to  the 
boundary value problem (3)- (6), here

A*(x) e  C ([0, w], Rn(N+1)), A*(x) =  v*(x, (s — 1 )h ),s  =  1 ,N  +  1, 

v*(x, [t]) e  C ([0 , w] x [0 ,T], Q r, RnN),

v*(x ,t) =  v*(x ,t) — v*(x, (r — 1)h), (x ,t)  e  Qr , r  =  1,N , 

A(x) e  C ([0, w], Mn(N+1)), As(x) =  A(x, (s — 1)h), s =  1, N  +  1, 

v(x, [t]) e  C ([0 , w] x [0 ,T], Q r, RnN),

vr (x ,t)  =  A(x,t) — A(x, (r — 1)h), (x ,t)  e  Qr , r  =  1,N .

Under our assumptions, the following equations hold:

t t t 

v*(x ,t) =  У  A(x, t)v* (x , T)dT +  J  A(x,T)dT ■ A*(x) +  J  f(x ,T)dT ,
( r - 1)h ( r - 1)h ( r - 1)h

t t t 

vr ( x , t ) =  J  A (x,T )vr (x, т )dT +  J  A(x,T)dT ■ Ar (x) +  J  f  (x,T)dT,
( r - 1)h ( r - 1)h ( r - 1)h

Q - 1 (h, x)A* (x) =  — (Fv (h, x) +  Gv (h ,x , v*)),
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Q - 1(h, x)A(x) =  — (Fv (h, x) +  Gv ( h ,x , f ) ) .

Then the following inequalities are true

||f* — f |2 <  fe“oh — 1) -||A* — ЛЦ3, (19)

IIA* — A|3 <  qv(h)||A* — АНз-

Hence, by virtue of inequality (11), A*(x) =  A(x). Then from (19) we obtain th a t v*(x ,t) =  A(x,t) 
for (x ,t)  e  [0,w] x [0,T ]. Theorem  1 is proved.

Since problem (1) , (2) and problem (3)- (6) are equivalent, the following statem ent holds true.

Corollary 1. Let Condition 1 be met. Then the sequence v(k)(x, t) (к =  0 ,1 ,2 , . . . )  converges to the 
unique solution v*(x ,t) of problem (1) , (2) and the following estim ates are true:

|v* — v (0)||1 <  Yv(h)ea0h ■ ( (e“°h — 1) m ax m ax ||v(0)(x, (s — 1)h)|| +  he“°h | |f  Ц1
1 — qv (h) v ! \  s=1,N+1 xe[0,w]1 — qv (h) v ! V  s=1,N+1 xe[0,u]

2 Well-posedness criteria fo r  the fam ily of problems (1), (2)

Definition 2. The boundary value problem (1), (2) is called well-posed if for any f  (x, t) e  C ([0, w] x 
[0,T ], Rn ), d(x) e  C ([0, w], Rn ) it has a unique solution v (x ,t)  and

IMI1 <  K m a ^  ||d | 1, | |f  Ц1} ,

where K  is a constant, independent of f ( x , t )  and d(x). The num ber K  is called the well-posedness 
constant of problem (1) , (2) .

Let us consider the equation

hQ *(h, x)A(x) =  —F*(h, A, f , d, x), A(x) e  C([0,w], Rn(N+ 1)),

where Q*(h, x) =  lim Q v(h, x), F*(h, A, f , d, x) =  lim 1  F v(h, x).v— v— h
Theorem 2. The boundary value problem (1), (2) is well-posed for all x e  [0, w] if and only if there 

exists h0 e  (0 ,T ] such th a t for any h e  (0 ,h 0] : N h  =  T  there is a num ber v =  v(h), such th a t the 
m atrix  Q v(h ,x ) : Rn(N+ 1) ^  Rn(N+ 1) is invertible and the following inequalities hold:

II(Qv(h, x ))- 1 || <  Yv(h), (20)

qv(h) =  Yv(h){eaoh — £  I  <  1 . (21)
j =0 j!

Proof. The sufficiency of the conditions of Theorem  2 for the well-posedness of problem (1), (2) 
follows from Corollary 1.

Necessity. Let problem (1), (2) be well-posed w ith a constant K . Problem  (1), (2) for every fixed 
А e  [0 , w] is a linear two-point boundary value problem for the ordinary differential equation:

^  =  yl(t)A +  / ( t ) ,  t  e  (0 ,T ), Л e  Rn , (22)

i?1A(0) +  B?2A (T ) =  d. (23)
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Here A(t) =  v(A, t), A(t) =  A (A, t), / ( t )  =  f  (A, t),_B1 =  B 1 (A), B 2 =  B 2(A), d =  d(A).
Since for f  (x ,t)  =  / ( t ) ,  d(x) =  d we have:

||A*||4 =  m ax ||v*(A, t)|| <  m ax ||v*(x ,t)|| <  K m ax { ||d ||0, f  | 1} =  K  m ax{||d ||, ll/IL},
te[o,T] (x,t)e[0,w]x[0,T ]

then the correct solvability of problem (1), (2) follows from the correct solvability of problem (22), (23) 
with constant K  for every fixed A e  [0,w].

For any e >  0 there is h0 e  (0 ,T ], satisfying the inequality

1 e
-(e°°h° — 1 — fl0h0) <  e

a0h0 (2 +  e)(1 +  e ) ‘

Then, by Theorem  3 [1; p. 42], we obtain the following estim ate for all h e  (0, h0] : N h  =  T :

||(Q *(h,A ))- 1 || <  ( 1 +he ) K .

In view of the arbitrariness of A e  [0, w], we obtain

||(Q*(h, x)) 1|  ^  (1 +h") K , ^ x  e  [0, w].

Let us choose v1 such that:

2(1 +  e )K  | ea°h — ^  ( o ^  <  1 

h j =0 j '

For any v, we have there is the inequality

|Q * (h ,x ) — Q v (M ) |l  «  £  j  =  { e ^  — £  j  }.
j=v+1 2 ' j =0 j '

Then it follows from the theorem  on small perturbations of boundedly invertible operators th a t for all 
v >  v1 the m atrix  Q v(h ,x ) : Rn(N+1) ^  Rn(N+1) is invertible and

ll(Q (h x ))- ^ l  < _____________ ^̂(Q *(h , x ) ) -1 |_____________ <  2(1 +  e )K
v , ^  1 — ||(Q *(h ,x ))- 1 || ■ ||Q *(h,x) — Q v(h ,x )|| h

Thus, for all v >  v1, h e  (0 ,h0] : N h  =  T  and x e  [0,w], taking yv(h) =  2(1 +  e ) K , we obtain
h

th a t the inequalities (20), (21). Theorem  2 is proved.

Theorem 3. The boundary value problem (1), (2) is well-posed if and only if for any v there exists 
h =  h (v ) : N h  =  T , such th a t the m atrix  Q v (h, x) : Rn(N+1) ^  Rn(N+1) is invertible for all x e  [0, w] 
and the inequalities (20) , (21) are true.

Proof. Sufficiency. The well-posedness of problem (1), (2) under the conditions of Theorem  follows 
from Corollary 1.

Necessity. Let the problem (1), (2) be well-posed with constant K . Reasoning as in the proof of 
Theorem  2, for a given e >  0 we find h 0 =  h0(e) such th a t for all h e  (0, h0] : N h  =  T  and x e  [0, w] 
the m atrix  Q*(h, x) : Rn(N+1) ^  Rn(N+1) is invertible and

||(Q *(h ,x ))- 1 || <  ( 1 +he ) K .
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We choose h 1 £ (0, h0] such th a t the relation is satisfied:

2(1 +  e)K  | e„°hi — ^  (a0h1)j } <  1. (24)

h1 j =0 j  ‘

Since ||(Q *(h ,x ))- 1 || ■ ||Q *(h,x) — Q v(h, x)|| <  0.5, then, by virtue of (24), by the small perturbation 
theorem  of boundedly reversible operators, for all h £ (0, h 1] : N h  =  T  and x £ [0,w] the inequality

holds ||(Q v (h ,x ))- 1 || <  2(1 + ,g ) K .

Taking yv(h) =  2(1 + e ) K , by virtue of choosing h £ (0, h 1] : N h  =  T , we obtain the fulfillment of 
inequalities (20) and (21). Theorem  3 is proved.

Theorem 4 . Let for some v there exist h0 =  h0(v) such th a t for all h £ (0, h0] : N h  =  T  and 
x £ [0,w] the m atrix  Q v(h, x) : Rn(N+1) ^  Rn(N+1) is invertible and

II(Q v(h,x))- 1 || <  h ,

where Y is a constant, independent of h and x. Then problem (1), (2) is well-posed w ith constant 
K  =  y .

Proof. For any e >  0 there is h0 £ (0, T ] satisfying the inequality

1 e
-(e°°h° — 1 — 00h0) <

00 h0 (2 +  e)(1 +  e)

We choose h 1 £ (0, h0] : N h 1 =  T  such th a t the following inequality is satisfied:

h . { e - i  — £  j  } < 1 .
1 j =0 J ■

Then qv(h) <  qv(h 1) <  1 for all h £ (0 ,h 1] : N h  =  T  and, by Corollary 1, the problem (1), (2) has a 
unique solution v* (x ,t)  and

max ||v*(x ,t)|| <  e“° 4 f -— e— -— 1 +  1  ̂x
(x,t)e[0,w]x[0,T] Vv1 — qv (h) v ! h /

v 1
(a0h)^  +  Y (a0h)v ea°h^

j =0

Letting h ^  0 in the above inequality, we obtain th a t

x y m ax I 1, t  “j ^ }  +  1 — ^  (h ) e“° ^  m a x { |d |o, ||f  II1} +  he“°h | f  II1.

, , m ax |v *( x , t ) |  <  y m ax{Nd N0, ||f ||1}.(x,t)e[0,w]x[0,T ]

Theorem  4 is proved.

Theorem 5. Let problem (1), (2) be well-posed with constant K . Then for any v and e >  0 there 
exists h0 =  h0(v, e) such th a t for all h £ (0, h0] : N h  =  T  and x £ [0,w] the m atrix  Q v(h, x) : 
Rn(N+ 1) ^  Rn(N+ 1) is invertible and

ll(Q v(h,x))- 1 | <  ( 1 +he ) K .
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Proof. For a given e >  0, find h0 =  h0(e) such th a t for all h e  (0, h0] : N h  =  T  and x e  [0, w] the 
m atrix  Q *(h,x) : Rn(N+ 1) ^  Rn(N+ 1) is invertible and the following estim ate holds true:

h(q*(/i. x ))- 1 |  < (2 +2he) K .

Let us choose h 1 e  (0, h0] satisfying the inequality:

(2 +  e )K  { e„ ° h ^  ^  (a0h 1)! |  <  e+  e)K ea°hi _ V-''  (a0h 1) I <
h1 Г  f - f  j! J <j! J 1 +  ej =0 J

1 e
Since ||(Q*(h, x ) ) - 1 || ■ ||Q*(h, x) — Q v(h, x)|| <  -  ■ -------then, the theorem  on small perturbations of

2 1 -I- e
boundedly invertible operators, for all h e  (0, h 1] : N h  =  T  and x e  [0,w] the following estim ate holds 

||(Q v(h, x ) ) - 1 || <  (1 + e )K  =  Yv(h) and, based on (24),

4 , ( h ) =  Y v(ft){e»h — ±  j  |  <  ^  1.
j =0 j! +

Then, according Corollary 1, there exists a unique solution v*(x ,t) of problem (1), (2) and the 
following estim ate holds:

max ||v*(x ,t)|| <  e“° 4 (  ,( 1 + e(K  • +  1) ( 1 +  e )K x
(x,t)e[0,w]x[0,T̂  W 1 — qv (h) v ! h J

x max { 1, v- 1  I  +  ( 1—+qe(K) T e“°h)  max{Иd|o, | f  U1} +  fce“°h Bf ||b

Letting h ^  0, we obtain the estim ate max ||v*(x ,t)|| <  (1 +  e )K m ax { ||d ||0, | f  ||1}.
(x,t)e[0,w]x[0,T ]

Theorem  5 is proved.

Conclusion

The paper proposes a modified algorithm  of the param eterization method: an additional param eter 
is introduced and at the last point of the segment on which the boundary value problem is considered. 
This is the difference between the proposed modified algorithm  and the classical algorithm  of the 
param eterization m ethod. This modification allows us to  simplify the structure of the linear operator 
equation with respect to  the introduced param eters. Sufficient conditions for the existence of a single 
solution of the problem (1), (2 ) and criteria of correct solvability of the family of linear boundary 
value problems for the system  of ordinary differential equations are obtained. Note th a t the idea of 
the methodology used in this paper has wide prospects of development for the study of problems of 
solutions of linear and nonlinear boundary value problems.
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П .Б . А б д и м ан ап ова1, С .М . Т ем еш ева2

1 А лм ат ы  технологиялыц университ ет i, Алмат ы, Казацстан;
2 Эл-Фараби атындагы Казац улт т ы ц университетi;

М атематика ж эне математикалыц модельдеу институты, Алмат ы, Казацстан

Т  Т  Т  •  •  ^  •  ( J  •  •  •  • • •Ш еттж  есептщ oip уиф ш щ  к,исынды ш еш 1м д 1Л1к 
критерийлер1 туралы

М акалада дифференциалды к тендеулер жуйелер1 ушш сызьщтык, ею нуктел1 ш еттж  есептер уй- 
ipi карастырылган. Оньщ шеш1мдершщ бар болу сурактары зерттелш , жуык, шеш1мд1 табу эд1стер1 
усынылган. Ж эй  дифференциалды к тендеулер ж уйем ушш сызык,тык, ею нуктелi ш еттж  есептер уй- 
iрiнiн ж е т ю л ж т  ш арттары анык,талган. К,арастырылган есептщ шешiмiнiн ж алгы зды гы  дэлелдендь 
Д.С. Ж умабаевты н параметрлеу эдiсiнiн алгоритмдерш щ  бiр модификациясы непзш де зерттелетш 
есептщ ж уы к  шешiмiн табу алгоритмдерi бершген жэне олардын жинак,тылыгы дэлелденген. Па­
раметрлеу эдiсiнiн схемасы бойынша есеп дифференциалды к тендеулер жуйелерi ушш кеп нуктелi 
ш еттж  есептершщ эквивалента ушрше турлендiрiлген. Ж а н а  б е л п а з  функцияларды енпзу аркы- 
лы бiз зерттелетш  есеп т баламалы есепке, екiншi те к и  Вольтерра интегралдык тендеуше келтiремiз. 
Параметрметрлi шеттiк есептер уйiрiнiн ж алгы з шешiмiнiн бар болуын камтамасыз ететш усынылган
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P.B. Abdim anapova, S.M. Temesheva

алгоритмнщ орындылыгы мен жинактылыгыныц жетк1л1кт1 ш арттары аньщталды. Ж эй  дифферен- 
циалдык тевдеулер жуйес1 уш1н сы зыктык шетт1к есептер уй1р1нщ кисынды шеш1мд1л1г1нщ кажетт1 
жэне жетк1л1кт1 ш арттары алынды.

Кглт  свздер: сы зы кты к шетт1к есептер уй1р1, к©пнуктел1 шетт1к есеп, шеш1мнщ бар болуы, ж алгы з 
шеш1м, кисынды шеш1мд1л1к, кажетт1 ж эне жетк1л1кт1 шарт.

П .Б . А б д и м ан ап ова1, С .М . Т ем еш ева2

1 А лм ат инский технологический университет, Алмат ы, Казахстан;
2Казахский национальный университет имени аль-Фараби;

И нст ит ут  мат емат ики и математического моделирования, Алмат ы, Казахстан

критериях корректной разреш имости одного семейства 
краевых задач

В статье рассмотрено семейство линейных двухточечных краевых задач для систем дифференциаль­
ных уравнений. Исследованы вопросы существования его решений и предложены методы нахожде­
ния приближенных решений. Установлены достаточные условия существования семейства линейных 
двухточечных краевых задач для системы обыкновенных дифференциальных уравнений. Д оказана 
единственность решения рассматриваемой задачи. Д аны  алгоритмы нахождения приближенного ре­
шения исследуемой задачи, основанные на одной модификации алгоритмов метода параметризации 
Д.С. Д жумабаева, и доказана их сходимость. По схеме метода параметризации задача будет преоб­
разована в эквивалентное семейство многоточечных краевых задач для систем дифференциальных 
уравнений. Введя новые неизвестные функции, сведем исследуемую задачу к  эквивалентной задаче, 
интегральному уравнению Вольтерра второго рода. Установлены достаточные условия осуществимо­
сти, сходимости предложенного алгоритма, вместе с тем обеспечивающие существование единственно­
го решения семейства краевых задач с параметрами. Получены необходимые и достаточные условия 
корректной разрешимости семейства линейных краевых задач для системы обыкновенных диф ф е­
ренциальных уравнений.

Ключевые слова: семейство линейных краевых задач, многоточечная краевая задача, существование 
решения, единственное решение, корректная разрешимость, необходимое и достаточное условие.

References

1 Dzhumabayev, D.S. (1989). Criteria for the unique solvability of a linear boundary-value problem 
for an ordinary differential equation. USSR Computational M athematics and Mathematical Physics,
2 9 (1), 34-46. https://doi.org/10.1016/0041-5553(89)90038-4

2 Assanova A.T. (2008). On the unique solvability of a family of two-point boundary-value problems 
for systems of ordinary differential equations. Journal o f M athematical Sciences, 150 (5), 2302­
2316. https://doi.org/10.1007/s10958-008-0130-0

3 Temesheva, S.M., Dzhumabayev, D.S., & Kabdrakhova, S.S. (2021). On one algorith to  find a 
solution to a linear two-point boundary value problem. Lobachevskii journal of mathematics, 
4 2 (3), 606-612. https://doi.org/10.1134/S1995080221030173

4 Dzhumabaev, D.S., & Temesheva, S.M. (2010). Ob osushchestvimosti i skhodimosti odnogo 
algoritm a m etodom  param etrizatsii [On a practicability and convergence of the algorithm  of 
param etrization’s method]. Vestnik Karagandinskogo universiteta. Seriia M atematika — Bulletin  
of the Karaganda university. M athematics Series, 4(60), 52-60 [in Russian].

18 Bulletin of the K araganda University

Buk
eto

v U
niv

ers
ity

https://doi.org/10.1016/0041-5553(89)90038-4
https://doi.org/10.1007/s10958-008-0130-0
https://doi.org/10.1134/S1995080221030173


Well-posedness criteria for one

5 Temesheva, S.M. (2010). O priblizhennom metode nakhozhdeniia izolirovannogo resheniia nelineinoi 
dvukhtochechnoi kraevoi zadachi [On the approaching m ethod of finding of nonlinear two points 
boundary value problem ’s isolated solution]. Vestnik Karagandinskogo universiteta. Seriia Matema- 
tika — Bulletin of the Karaganda university. M athematics Series, 4(60), 95-102 [in Russian].

6 Dzhumabaev, D.S., & Temesheva, S.M. (2018). Criteria for the Existence of an Isolated Solution of 
a Nonlinear Boundary-Value Problem. Ukrainian M athematical Journal, 70 (3), 410-421. 
https://doi.org/10.1007/s11253-018-1507-y

7 Abdimanapova, P.B., & Temesheva, S.M. (2023). On a Solution of a Nonlinear Nonlocal Boundary 
Value Problem  for one Class of Hyperbolic Equation. Lobachevskii Journal of M athematics, 44 (7).

8 Orumbayeva, N.T., & Tokmagambetova, T.D . (2023). On the solvability of a semiperiodic boundary 
value problem for a pseudohyperbolic equation. Filomat, 3 7 (3), 925-933. h ttps://do i.o rg /10 .2298/ 
FIL2303925O

9 Orumbayeva, N.T., & Keldibekova, A.B. (2019). On the solvability of the duo-periodic problem 
for the hyperbolic equation system with a mixed derivative. Bulletin of the Karaganda university. 
M athematics Series, 1(93), 59-71. https://doi.org/10.31489/2019M 1/59-71

10 Orumbayeva, N.T., Tokmagambetova, T.D ., & Nurgalieva, Z.N. (2021). On the solvability of 
a semiperiodic boundary value problem for the nonlinear Goursat equation. Bulletin of the 
Karaganda university. M athematics Series, 4(104), 110-117. h ttps://doi.org/10.31489/2021М 4/ 
110-117

11 Assanova, A.T., Karakenova, S.G., Mynbayeva, S.T., & Uteshova, R.E. (2023). A solution to a 
nonlinear Fredholm integro-differential equation. Quaestiones Mathematicae, (14). h ttp s ://d o i.o rg / 
10.2989/16073606.2023.2183157

12 Uteshova, R.E., & Kokotova, E.V. (2022). On bounded solutions of linear systems of differential 
equations w ith unbounded coefficients. Bulletin of the Karaganda university. M athematics Series, 
4(108), 107-116. https://doi.org/10.31489/2022M 4/107-116

13 Assanova, A.T., Bakirova, E.A., & Iskakova, N.B. (2020). Numerical M ethod for the Solution of 
Linear Boundary Value Problems for Integrodifferential Equations Based on Spline Approximations. 
Ukrainian Mathematical Journal, 71 (9), 1341-1358. https://doi.org/10.1007/s11253-020-01719-8

14 Iskakova, N.B., Temesheva, S.M., & Uteshova, R.E. (2022). On a problem for a delay differential 
equation. M athematical Methods in the Applied Sciences, 4 6 (9), 11283-11297. h ttp s ://d o i.o rg / 
10.1002/mma.9181

15 Assanova, A .T., & Imanchiyev, A.E. (2022). The problem with non-separated m ultipoint-integral 
conditions for high-order differential equations and a new general solution. Quaestiones Mathema- 
ticae, 4 5 (10), 1641-1653. https://doi.org/10.2989/16073606.2021.1967503

16 Assanova, A .T., Dzhobulaeva, Z.K., & Imanchiyev, A.E. (2020). A M ulti-Point Initial Problem  for 
a Non-Classical System of a Partial Differential Equations. Lobachevskii Journal of Mathematics, 
41 (6), 1031-1042. https://doi.org/10.1134/S1995080220060049

17 Assanova, A .T., Kadirbaeva, Zh.M., & Bakirova, E.A. (2018). On the Unique Solvability of a 
Nonlocal Boundary-Value Problem  for Systems of Loaded Hyperbolic Equations with Impulsive 
Actions. Ukrainian Mathematical Journal, 69, 1175-1195. https://doi.org/10.1007/s11253-017- 
1424-5

18 Abildayeva, A.D., Assanova, A .T., & Imanchiyev, A.E. (2022). A m ulti-point problem for a 
system of differential equations w ith piecewise-constant argum ent of generalized type as a neural 
network model. Eurasian M athematical Journal, 1 3 (2), 8-17. https://doi.org/10.32523/2077- 
9879-2022-13-2-08-17

19 Assanova, A .T., & Tleulessova, A.B. (2020). Nonlocal problem for a system of partial differential

M athem atics series. No. 4(112)/2023 19

Buk
eto

v U
niv

ers
ity

https://doi.org/10.1007/s11253-018-1507-y
https://doi.org/10.2298/
https://doi.org/10.31489/2019M1/59-71
https://doi.org/10.31489/2021%d0%9c4/
https://doi.org/
https://doi.org/10.31489/2022M4/107-116
https://doi.org/10.1007/s11253-020-01719-8
https://doi.org/
https://doi.org/10.2989/16073606.2021.1967503
https://doi.org/10.1134/S1995080220060049
https://doi.org/10.1007/s11253-017-
https://doi.org/10.32523/2077-


P.B. Abdim anapova, S.M. Temesheva

equations of higher order with pulsed actions. Ukrainian M athematical Journal, 71 (12), 1821­
1842. https://doi.org/10.1007/s11253-020-01750-9

20 Kadirbayeva, Zh.M., Kabdrakhova, S.S., & Mynbayeva S.T. (2021). A Com putational M ethod 
for Solving the Boundary Value Problem  for Impulsive Systems of Essentially Loaded Differential 
Equations. Lobachevskii Journal of M athematics, 42, 3675-3683. h ttps://doi.org/10.1134/s1995080 
222030131

21 Temesheva, S.M., Abdim anapova, P.B., & Borisov, D.I. (2021). Ob odnom metode resheniia 
semeistva nelineinykh kraevykh zadach dlia obyknovennykh differentsialnykh uravnenii [On a 
m ethod for solving a family of nonlinear boundary value problems for ordinary differential 
equation]. Vestnik Kazakhskogo natsionalnogo pedagogicheskogo universiteta imeni Abaia. Fiziko- 
matematicheskie nauki — Bulletin o f Kazakh National Pedagogical University named after Abai. 
Physical and mathematical sciences, 73(1), 70-76 [in Russian]. h ttp s ://d o i.o rg / 10.51889/2021­
1.1728-7901.09

22 Dzhumabaev, D.S., & Assanova, A.T. (2010). Priznaki korrektnoi razreshimosti lineinoi nelokalnoi 
kraevoi zadachi dlia sistem giperbolicheskikh uravnenii [Indications of correct solvability of linear 
nonlocal boundary value problems for systems of hyperbolic equations] Dop. N A N  Ukra'ini — 
Dopovidi (Doklady) N A N  Ukraine, 4, 7-11 [in Russian].

20 Bulletin of the K araganda University

Buk
eto

v U
niv

ers
ity

https://doi.org/10.1007/s11253-020-01750-9
https://doi.org/10.1134/s1995080222030131
https://doi.org/10.1134/s1995080222030131
https://doi.org/



