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Method of constructing general solution of the second order linear ordinary
differential equations with variable coefficients

In this article new method of constructing general solution of the second order linear ordinary differential
equations with variable coefficients is presented. The general solutions of Airy equation, of the second order
linear ordinary differential equations with variable coefficients and coefficient e* are constructed by this
method. Constructed in explicit form general solutions can be used for solving of the Cauchy problem and of
the two point’s boundary value problems forordinary differential equations with variable coefficients arising
in solving various applied problems of science.

Key words: the second order, linear ordinary differential equation, variable and singular coefficients, general
solution.

1 Introduction

Let —o <x, <x, <. By §[ x,,x, ] we denote the class of measurable, essentially bounded functions in

[x,,x,]. The norm of an element from S[ x;, x, ] is defined by the formula

71,= s vrail o) =timl,
We consider the equation
2

TT_ayy= 1) (1)

2
X

in interval [ x,,x, ], where a(x), f(x) € S[x,,x,].
The solution of the equation (1) from class

Wj[xl,xz]mCl[xl,xz] 2)
is sought.
2
Here W7 |x,,x,] is a class of functions y(x), such that Z’ g) e S[x,x,].
x

If a(x),f(x)eC [xl,xz], then general solutions that are found in this article belong to the class
C*[x,x,].

92 BecTHuk KaparaHguHckoro yHusepcureTa



Method of constructing general ...

2 Construction of general solution to equation (1)

Let x, € [x1 ,xz]. By integrating two times the equation (1) we get

¥(x)=(By)(x) + g(x) +¢,(x = x,) + ¢33 ©)
(ByY)(x) = [ [ a)y(®)drdr, g(x) = [ [ f(t)dtd~,

where ¢, ¢, are arbitrary real numbers.
Applying the operator (B -)(x) to both sides of the equation (3), we have
(By)(x) =(B*y)(x) +(Bg) (x) +¢,a, (x) + ¢, (%), 4)
where

(B*y)(x)=(B(By)(x)(x), a(x)= j j (t-x,)a(t)dtdt, b(x)= j ja(t)dtdr.

From (3) and (4) it follows
y(x) = (Bzy) (x)+ (Bg)(x) +g(x)+¢ ((x -X,)+q (x)) +c, (14 b,(x)). %)
In the following we use functions and operators

(B"y)@)=(B(B" 7)) @), (n=2,%), (B'y)(x)=(By));

a,(x)= j j a(t)a,_ (t)didx, b,(x)= j j d®)b, (B)drdr, (k=2,0).

Applying the operator (B -)(x) to both sides of the equation (5) again, we get
(BY)(x)=(B"y)(x)+(B*g)(x) +(Bg) (x) + (& (x)+ a,(x)) + ¢, (b (x) + b, (x)). (6)
From (3) and (6) it follows
y(x)= (BSy)(x) + (Bzg)(x) + (Bg) (x) +g(x) +¢ (x —x,+a,(x)+a, (x)) +c, (1 +b,(x)+b, (x)).

Continuing this procedure n times, we obtain the following integral representation for solutions of the
equation (1):

3

n—1 -1

y(x)=(B"y )(x)+cl(x xo+Zak(x)j+cz(l+Zb (x)j+ (B*g) (). (7)

where (Bog)(x) =g(x).

Let y(x)eC [xl,x2 ] Then the following inequalities are easily obtained

: (laf->*) 1
(8 y)(x)\élyll‘ pr -(nﬂ)___ ; ®)
|ak (X)| |a|0 (Zk 1)| _| |0 (2k)' (9)
where |f|O =.sup vrai = rr[lax]|f(x)|.
xe[x,x,] XE[X), Xy
Passing to the limit with » — oo in the representation (7) and using of inequalities (8), (9), we get
y(x)=cl (x)+c,1,(x)+ F(x); (10)

where /,(x)=x—x, +iak(x), Iz(x):1+ibk(x)’ F(x):i(Bkg)(x)'

Using the estimates (9) and (8), we receive

|I(x)| |x x0|+\/wsh(\/@

0

Sch(\/@|x—xo|);
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@) <| 7], +%ch(ﬂ =)

al,

From the form of functions /,(x), /,(x) and F(x) it follows

I(x)=1+ j a(O)I,(t)dt, L(x) = ja(r)l2 (H)dt, F'(x)= j f(t)dt + ja(t)F(t)dt;
1 (x) = a(x),(x), I,(x) = a(x)[,(x), F (x)=f(x)+a(x)F(x); (11)
I (xy)=F(x,)= F'(xo) = I;(xo) = ]1"(x0) =0, I,(x)) = Ilv(xo) =1 (12)

Ig(xo) =—a(x,), F”(xo) = f(xp)
From formulas (11) it follows that the functions 7,(x), /,(x) are particular solutions from the class (2)
2

z a(x)y =0 and the function F(x) is a particular solution from the class

of the homogeneous equation —
X

(2) of the inhomogeneous equation (1).
From (12) it follows that the Wronskian W (x) of the functions 7 (x), Z,(x)~is not equal to zero in

X=Xx,:

W(xo)z‘flm) Iz(xo)z‘o 1‘__1

L(x) L) 10
Furthermore, W (x)=1,(x)-I,(x)—1,(x)-I;(x) =a(x)- (1, (x)* I,(x) - I,(x)1,(x))=0  and thereby
W (x) = const. Consequently, W(x)=—1. Therefore, the functions /,(x) and /,(x) are linearly independent

in the interval [xl,xz] and the general solution for the equation (1) is determined by the formula (10) and

belongs to the class (2). Summarizing we have proved the following theorem.
Theorem 1. The general solution of the equation (1) from the class (2) is given by formula (10).

Remark. If a(x), f(x)eC [xl,x2 ], then the general solution of equation (1) is given by formula (10) and

belongs to the class C*[x,,x,].

3 Construction of the general solution to Airy equation

We consider the Airy equation
y —xy=0. (13)
As known the equation (13) is used in astronomy [1, 2].
Let 0<x, <oo. The solution of equation (13) in the class
C*[0,x,] (14)
is sought. To construct the general solution of the equation (13) we use the formula (10), where x, =0,
F(x)=0, a(x)=x. Then we obtain the general solution of the equation (13) in the form
y=q¢l,(x)+c,1,(x), (15)
where c,, ¢, arearbitrary real numbers,

Lx=x+3a,(x);
L) =1+ b (x);
a,(x) = jjtzdtdr;

a,(x)= jgj‘takfl (t)dtdr;
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b (x)= jjtdtdt;
00
b (x)= ﬁtbk_ldtdt, (k=2,).
00

Using these formulas, we find concrete value functions g, (x) and b, (x), (k =1,700), and thereby the

functions /,(x) and 7,(x)
3k+1 3k

X X
a (x)= , b (x)= , |k=10m]. 16
¢ 3-4.6-7-9-10----3k(3k +1) () 2:3.5-6----3k—1)-3k ( ) (16)
The formulas (16) can be proved by mathematical induction.
From formulas (16) and the form of the functions /,(x)and 7, (x) it follows
0 3k 0 3k
L()=x 14ty % CL()=lely %
3k=1,, k 2 3k=1,
Tk TT Bn+) T KLTT Bn-l)
I’l=1 n:l

For the obtained expressions of the functions /,(x)and /,(x) the followingestimates can be got easily

|1,(x)| < §(2 +expx’ ), L(x)| < %(2 +expx’ )

Using these inequalities as in section 2, it can be shown that functions /,(x)and /,(x) are particular so-

lutions of the equation (13) in the class (14) and form a linearly independent system.
Consequently, the function

0 3k e 3k
y=cx1+lzx7 + ¢ 1+1ZX7
1 3k—1 k 2 3k—1 k
k! TI Bn+l) B 40 NEE))

is the general solution of the equation (13) in the class (14), where ¢, ¢, are arbitrary real numbers.

4 The general solution of the second order ordinary differential equations with singular point

We consider the equation
d’y B
- =0, 17
d® X Y 17
where 0 <a <1, B> 0 are given parameters.
Let —oo0 <&, <0<x, <oo. Solution of the equation (17) is sought in the class (2). To construct the general

p

solution of the equation (17) we use the formula (10), where F'(x)=0, a(x)=——. Then we obtain the general
X

o "

solution of'the equation (17) in the form y =, /,(x) +¢c,I,(x), where ¢,, ¢, are arbitrary real numbers.

L@ =x+Y (). L) =1+ b, (x)

Ecltch;

a,(x)= I.Ett%dtdt, a,(x)= I'E%akl (t)dtdr, b(x)= -

S C— <
O ey A

~

b (x)= ﬁtﬁabk_ldtdr, (k=2,%).
00

By these formulas we find concrete value functions a,(x) and b, (x), (k :1,_00) and thereby functions

I,(x) and 7,(x):
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k k(2-o)+1 k _k(2-o)
ak(x)z B A , bk(x)z B xk , (kzl,oo);
k2-a)k TT (n(2=a)+1) K-k TT (n(2=a)-1)
n=1 n=1
gk k(2—oc)+1 . g k(z—a)
I(x) x+ Z , I (x)—l-l— >
k=1 —a)k n (n(2—0))+1) k=1 10—a)k n (n(2—o0))— 1)
n=I n=l1

Since the function a(x) =£OL is not continuous in the interval [x,x,], within which thereis a point
x

x =0, then the proof of the uniform convergence of the series available for the functions £;(x) and 7,(x) is

not suitable for their corresponding estimates of the second paragraph. Therefore, we obtained the following
|11(x)|<x2‘exp( B a2 J,

inequalities
x2 o
2-ay 1 (x)| <—((2 oc)exp[(2 a)zJ—l]'

Using these inequalities as in sections 2 and 3, it can be shown that the functions /, (x) and /,(x) are

linearly independent and are particular solutions of the equation (17) from theclass (2). Consequently, the
function

o o k(2—oc)+1 W gk k(2-a)
y(x)= 2 x+ Y +02 1+ > E ,
k=1 10—k H (n(2—a)+1) k=L o—a)k 11 (n(2=a)-1)
n=1 n=1

is the general solution of the equation (17) from the class (2), where ¢,, ¢, are arbitrary real numbers.

5 The general solution of the ordinary second ovder differential equation with coefficient e*

Let 0<x, <oo. We consider the equation
2

d’y
dx?

—-e'y=0 (18)

in the interval [0,x, ].
Using formula (10) as'described in paragraphs 2—4, we get the general solution of the equation (18)
from the class C?[0,x;] in the form y =,/ (x) +c,1,(x), where ¢, c, are arbitrary real numbers,

1 (x) 20x+1)+2(x—1)e* + Z 3 X+2 Y —+e | x-2 Y — ||+
k=2 (k!) n=1" n=1"

w k-1 M k—n n
+ X 272)&22——22
k=3n=1(n!(k—n)!) m=1"" m= lm

1 (x) —x—(x—2)e" — Z ! —l+2§l—& -
- hoy (k=D " kT, Tn k

nx
~ g kzl e ( 1 > Z 7+2kzn 1 J
e P T SR A e Yty
The program Matlab is used for calculating of the last formulas. Namely, to find the concrete values of
the functions a, (x) and b, (x) we compiled the program Matlab:
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function integ(n)
tic
Syms X y z;
A =int(int(exp(z*x)*x,0,y),y,0,x);
fprintf ('A%d = %s\n', 1, char(A));
B = exp(x)-x-1;
fprintf ('B%d = %s\n\n',1, char(B));
k=2;
while k<=n,
A = int (int(exp(z*x)*A,x,0,y),y,0,x);
fprintf ('A%d = %s\n'k, char(A));
B = int (int(exp(x)*B,x,0,y),y,0,X);
fprintf ('‘B%d = %s\n\n',k, char(B));
k=k+1;
end
toc
end
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O.Tynrarapos, A.A.CkakoB

TeHJeyJepaiH KaJnbl meliMaepin KYpyabIH 0ip daici

Makanana aifHbIManbl Kod(duiuentIepi 6ap CHI3BIKTH skail MuddepeHIHanIblK TeHACYISpHiH KaIIbl
MISIIIMIACPIH KYPYABbIH JKaHa ojici kentipimreH. OCBI omic apKbUIBI ODHpH TEHJCYIHIH, CHHTYISPIIBI
k03 ¢unuenti 6ap ChB3BIKTEL aUddepeHIUaNIB TeHACYIIH KoHe KOIDGUIUEHTI e*  OOJBIT KeNeTiH eKi
perTi all auddepeHnnanIbK TeHASYIiH XKamsl menriMaepi Kypsurrad. O memivaep Komm eceGin, exi
HYKTEJ IETTIK eCenTi XoHe dp TYPJIl KOJIaHOaIbl eCenTepAi MenTyAe KOJAaHbUTYbl MyMKiH.

A.Tynrarapos, A.A.CkakoB

O0 ogHOM cnioco0e NOCTpoeHHsl O0IMX pelieHui JMHEeHHBIX (¢ epeHIHATBHBIX

YPABHEHUN BTOPOI0 MOPHAAKA € ePeMEeHHbIMU KO3 PpuuuenramMmu

B crarse nmpuBeneH HOBBIM METOJ MMOCTPOSHUS OOMIMX pEeIICHHI! TMHEHHBIX OOBIKHOBEHHBIX MU (hepeHiy-
QILHBIX (YPaBHEHHI BTOPOTO MOpsAKa C IMepeMeHHbIMH Kod(dunuentamu. C MOMOIIBIO 3TOTO METOAa MOo-
CTPOCHBI O0IIMEe pelIeHus] ypaBHEHHs OipH, JMHEHHBIX OOBIKHOBEHHBIX IH((GEepEeHIMAIBHEIX YpaBHEHUIH
BTOPOT'O MOPs/IKA C CHHIYISIPHBIM KOG UIHEHTOM 1 ¢ KO3bPUIHEHTOM e*. DTH pelieHust MOTyT ObITh HC-
TIOJIb30BAHBI TSI peIIeHus 3a1aun Koy 1 AByX TOYEYHBIX KpaeBBIX 3a/ad ISl OOBIKHOBEHHBIX Iuddepen-
IUATBGHBIX ypaBHEHUH BTOPOTO HOPSAKA C IMEPEMEHHBIMH K03()(GUIHUEHTaMH, BO3HHUKAIOIIUX P PELIICHUN
Pa3IMYHBIX IPHUKIAHBIX 33/1a9 €CTECTBO3HAHMSI.
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