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ON ONE SOLUTION OF A NONLOCAL BOUNDARY VALUE PROBLEM
FOR A NONLINEAR PARTIAL DIFFERENTIAL EQUATION OF THE
THIRD ORDER

In this paper, a nonlocal boundary value problem for the Benjamin-Bona-Mahony-Burgers
equation is studied in a rectangular domain. By introducing new functions, the nonlocal boundary
value problem for a nonlinear third-order partial differential equationis reduced to a boundary
value problem for a second-order hyperbolic equation with a mixed derivative and functional
relations. Before using the approximate method, the nonlinear problem under consideration is
examined for the presence of solutions, it is necessary to clarify where these solutions are located,
that is, to find the region of isolation of solutions. The isolation area of the solution in our case is
a ball in which there is a unique solution to the problem. Next, an algorithm for finding a solution
to a nonlocal boundary value problem is proposed. In terms of the initial data, conditions for
the convergence of the algorithms are established, which simultaneously ensure the existence and
isolation of a solution to a nonlinear nonlocal boundary value problem. Estimates between the exact
and approximate solutions of the problem under consideration are obtained. The results obtained
are of a theoretical nature and can be used in the construction of computational algorithms for
solving nonlocal boundary value problems for the Benjamin-Bona-Mahony-Burgers equation.
Key words: Benjamin-Bona-Mahony-Burgers equation, differential equations with partial
derivatives, algorithm, approximate solution.

A.M. Manar, H.T. Opymbaena*
Axkanemuk E.A. Bekeros arsiaparsl Kaparanaer yausepcureri, Kazakcran, Kaparaums! K.
*e-mail: orumbayevanurgul@gmail.com
Yurinori perrti mep6ec TybIHABLIBI CHIBBIKTBIK, eMec Aud pepeHInaigblK, TeHaey YVIMiH Geitokast
HIeTTiK ecebimiy Gip 1memriMi >kalibiHga

Byn xymbicta TIKOYphImTe 00JbicTa benmpkamub-Bona-Maxonu-Broprepe tengeyi v 6eiiio-
KaJI meTTiK ecebdi 3eprreseni. 2KaHa dbyHKIusiap eHrize OTBIPHIN VITHIN perTi Jepbec TybIH-
JIBLIBL CBI3BIKTHIK eMec AuddepeHnaIblK, TeHIey YIIiH Oeilylokas meTTik ecebi apajiac TybIH-
JBLIBI eKiHIT peTTi rumepOoalblK, TeHAeY YIMH 0acTanKb-IEeTTIK ecenke KeaTipimemi. 2Kybik
oJ1icTi KoJTaHbac OYPBHIH KAPACTHIPBLIBIIT OTBIPFaH CHI3BIKTBIK, €MEeC eCelTiH IelriMiniy 6ap 60-
JIYBIH 3epTTeiiMi3, MeniMIep/IiH Kaijla OPHAJACKAHBIH, SIFHM INEIIMHIH OKIIayJlaHFaH OOJIBICHIH
aHBIKTAay KaxXeT. Bi3/iH Kar1aifibIMbI3/1a OKIIAYTAHFAH OOJIBIC - €CEeNTIH MermiMi 6ap KoHe YKAJIFbI3
6oJIaTBIH map OOJIBIIT TAadBLIAALI. OPi Kapail OeilyToKa MeTTiK ecenTiH mmiemriMia Taby ajaroput-
Mi YCBIHBLTAIbI. Bacrankpl Oepinremnaep TEPMUHIHIAE CHI3BIKTHIK, €MeC OeHTOKa I IMIeTTIK eCemTin
mrerTiMinig, 6ap 00Tybl MEH OKIAyJIaHFAHBIH KAMTAMACHI3 €TEeTiH aJrOPUTMIEP/IiH KUHAKTHLIBIK,
mapTTapbl aJibiHFaH. KapacThIPBLIBII OTBIPFAH €CENTIH HAKTHI YKOHE JKYBIK, IIeIIiMi apachiH/IaFbl
Oarajiaysiap TaObLIFaH. AJIBIHFAH HOTUYKEJIED TEOPUsJIbIK, CUIIATKA Me YKoHe VIMHII peTTi jepbec
TYBIHJIBLIBI ChI3BIKTHIK, eMec M depeHInaiiblK TeHIeyIep YImiH OeiIoKa MEeTTIK ecernTep/ii me-
IIyJIe eCenTey aJrOPUTMIEPIH Kypy VIMH KOJIAHBICHIH Taba aIabl.

Tyitin ce3nep: benmxkamun-bBona-Maxonu-Broprepe Tenmeyi, mepbec TYBIHABLIB A depeH -
aJIJIBIK, TEHJIEYJIED, AJTOPUTM, >KYbBIK, IIEITiMi.
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O6 ogHOM pelieHnN HeJIOKAJIbHOM KpaeBoll 3adadu Jjisi HeJimHeitHoro nuddepeHnnaabHOro
YPaBHEHUSI B YACTHBIX ITPOU3BOAHBIX TPETHErO MOPsIKa

B pgamnoit pabore B HPAMOYTrOJIbHOM OOJIACTH WCCIIE/yeTCsl HEJIOKaJbHAsT Kpaesas 3ajada
s ypaBHenusi Benmxkamuna-Bona-Maxonu-Bioprepca. Beoms HOBble byHKIMT HeTOKaJIbHAS
KpaeBas 3ajada i HejauHefiHoro mauddepeHnmaibHoro ypaBHeHns B 9aCTHBIX MPOU3BOIHBIX
TPETHEr0 TOPSA/IKA CBOIUTCH K HAYAJIbHO-KPAEBOW 3ajade I TUIEePeOOIMIecKOro ypaBHEHUS
BTOPOT'O IOPSJIKA CO CMENIAHHON IPOM3BOJAHON M (DYHKIMOHAJIBHBIM cooTHoOmeHusM. [Ipexne
YeM WCIOJIb30BATh MPUOJIMKEHHBI METOJ] pacCMaTpuBaeMas HeJWHEWHas 3aJiada MCCJIELyeTCs
Ha HajM4We peIleHnii, HeOOXOIUMO yTOYHWUTDb, [JIe ITU PENIeHUs HAXOMATCsd, TO €CTb HaWTh
obsracTh w30 perteanit. O6JaCTh U3OANAN PENIeHNs] B HAIMEM CJIy9Iae SBJISETCA Iap, B
KOTOPOM DeIlleHns 33191 CYIIECTBYeT U equHCTBeHHO. Jlasee, MpeIoKeH aJropuTM HAXOXKICHUST
pellleHnsT HeJIOKAJIbHOM KpaeBoil 3aja4un. B TepMUHAX MCXOJHBIX JAHHBIX YCTAHOBJIEHBI YCJIOBHUS
CXOJTUMOCTHU AJITOPUTMOB, OJHOBPEMEHHO O0ECIIEYNBAIONINE CYIECTBOBAHUE U M30JUPOBAHHOCTD
pellleHnsT HeJUHEHHON HeJIOKAJIbHON KpaeBoil 3asadu. [lojiydeHbl OIEHKH MeXKJy TOYHBIM U
NMpUOJIMKEHHBIM PEIIeHNsIMI paccMaTpuBaeMoil 3agagn. lloyuennbie pe3yibraThl HOCAT TEOpe-
THUYECKHIT XapaKTeP U MOTYT OBITH MCIIOJIb30BAHBI IIPU IOCTPOEHUHN BBIYUCINTEIHHBIX AJIIOPUTMOB
pellleHnsT HEeJOKAJIbHBIX KPAEBBbIX 3aJa4 JJis HeJUHEHHBbIX IuddepeHnnaabHbIX ypPaBHEHUI B
YaCTHBIX MTPOU3BOIHBIX TPETHETO TTOPSIIKA.

KuroueBbie ciioBa: ypasuenue benmxkamuna-bona-Maxonu-Bioprepca, muddepenimalibibie
ABHEHUS B YaCTHBIX [IPOM3BOJIHBIX, AJICOPUTM, IIPUOJIMAKEHHOE PEIeHNE.
) )

1 Introduction

The article considers a nonlocal boundary value problem for a third-order nonlinear partial
differential equation or the Benjamin-Bona-Mahony-Burgers equation. Various types of the
BBMB equation were studied in [1]-[14]. Despite the presence of a large number of works
devoted to the study of solving problems for the BBMB equation, interest in them has not
waned to this day. This is due to the fact that the Benjamin-Bona-Mahony-Burgers equations
represent an interesting and important object of study, combining wave theory, mathematical
physics and practical applications. Previously, the authors used the parameterization method
[15]-[17] to study more general boundary value problems for a system of linear [18]-[19]
and nonlinear third-order pseudoparabolic equations. Constructive algorithms for finding
approximate solutions to the problems under study were proposed and necessary and sufficient
conditions for the existence of a solution were established. Subsequently, a nonlocal boundary
value problem for the Benjamin-Bona-Mahony equation was studied [20]. Due to the fact that
the problems under consideration are nonlinear, direct use of previously obtained results
is not always possible. In this article, the Benjamin-Bona-Mahony-Burgers equation with
general nonlocal boundary conditions that differ from the conditions specified in [20] is
investigated. An algorithm for finding an approximate solution is proposed and conditions
for the solvability of the problem under study are obtained.
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2 Statement of the initial boundary problem

A nonlocal boundary value problem for the nonlinear Benjamin-Bona-Mahony-Burgers
equation is considered.

Dw _ Ow d*w ow ow

ooy~ oy o P T Ve @) €Q=0.X]x[0Y], 1)
w(z,0) = p(x), = €l0,X], )
w(0,y) = v(W)w(X,y) +¥(y), yel0,Y], )
W =0(y), yel0,Y], n

here «, f-const, function ¢(z) continuously differentiable on [0, X, functions ¢ (y), 0(y), v(y)
are continuously differentiable on [0, Y], v(y) # 1.
Let C(2, R) be the set of functions w : Q — R. continuous on (2

Function w(x,y) € C(Q, R) having partial derivatives % e C(Q,R), way €
C(Q, R), % e C(S4, R), 815# e C(, R), aaWQZy) € C(Q,R) is called a solutlon to
problem (1)—(4) if it satisfies equation (1), for all (z,y) € 2, and boundary conditions (2)-(4).

To find solutions to problem (1)-(4) we introduce new functions

w(0,y) = pu(y), 2(z,y) =w(z,y) — wy).

Then problem (1)-(4) can be written in the form (5)-(9)

Pees) O ) - 0PN g0 e Y,
2(0,y) =0, y€[0,Y], (6)
(2,0) $A(0) = pla), 1(0) = 0(0), )
) = WL e v, ®)
P00 _ g, yepv) )

3 Methods and materials

Differentiating equation (8) with respect to the variable y we obtain equation (10).

Y(y) 02(X,y) V' (y)

L—v(y) Oy {1 } v(y)} 2 (10)
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By reintroducing the new function v(x,y) = Z(I Y problem (5)-(9) and relation (10) can
be written in the following form

x

821}(va/> :/8@(5,y)d§+u,(y)_aav($ay) +ﬁv(x,y)+[/v(f,y)dﬁ—l—ﬂ(y)} U(I7y)7 (11>

Dy By D )
v(z,0) = ¢ (z), =e€l0,X], (12)
wly) = 5 j(i/zy) O/XU(I’,y)dl‘—F - %(‘;ng), (13)
0= /X e+ 20 / R e = "
v(0,y) =0(y), yel[0,Y], (15)

where z(z,y) = [v(&,y)d¢. In (11), integrating over the variable x and taking into account
0
conditions (15), we obtain

dé+

z 3
oy =0'(y) — av(z,y) + ab(y) + p'(y)x + / (/ av(;;» Y)

5 (16)
[/v &) + uly } (&) + Bulé, y))ds.

After repeated integration over the variable y and application of condition (12), we obtain
the following:

o(i,y) = () + / (#0) = vt + ot / /
]

Assuming that v(z,y) = ¢'(x), from equations (13) and (14) we determine

d§ d§+
(17)

o\m

o(En, m)dés + ln )}v(@n d§+5/ ) d§>dn-
0

0 _ W) B U(y)
pOY) =17 @) [P(X) = (0)] + 1= )
0y YY) B V' (y)
0 = e [0~ 0] +
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Using equation (16) under the condition u(y) = u®)(y), we can find

v (z,y)

oy 0'(y) — ay'(x) + ab(y)+

T

+1/ O (y)z + / [ j ¢'(&1)des + u(o)(y)] @'(€)de + B / P (€)de =

0 0
T

=mw—awwwmww+w@@m+/[ﬂ@—mm+u@@ﬁﬂﬂﬁ+ﬁ/¢@ma

0
Next, from equation (17) it follows

Y

VO (z,y) = ¢'(z) + / (9’(77) — ay/(z) + ab(n) + 1O (y)a+

T

+/ [90(6) —¢(0) + u(O)(n)] ¢’ (€)dg + ﬁ/z@/(gm) dn.

Taking the found functions (%) (y) and v@(z,y), the numbers r; > 0 and r, > 0, we
construct the following sets:

aﬁwwmnz{mweowMﬂRwumw—u@wM<n}

SWO(z,y), rs) = {U(x, y) € C(QR) : |Ju(x,y) — vO(z,y)|| < ra (,y) € Q}

i) ={ @) ) e utea) - [0~ u00) <

<m+m,uwaw—w%awu<w}

Let U(ly, 1y, z,y) denote the collection of quadruples <,u(0) (), v (z,y),r, 7“2> , for which

the function f(x,y,w,v) in G%(ri,ry) has continuous partial derivatives f! (z,y,w,v),
fl(z,y,w,v) and || f,(x,y,w,v)|| < U, |fi(z,y,w,v)]] <la, 11,2 —const. Taking the pair
{AO(y), v (z,9)} as the initial approximation of problem (11)-(15), we construct successive
approximations using the algorithm
1. Assuming v(z,y) = v*~Y(z,y), from (13) and (14) we determine p/
2. Using equation (16), u(y) = u®(y), we find %&c’y).

3. Then, using equation (17) we find v® (z, y).
As a result, we get the system {Ml(k)(y)a/«bgk)(x), M,vﬁk)(x,t)}, k=1,2,...

®(y) u u®(y).

dy
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The following statement ensures the feasibility and convergence of the proposed algorithm,
as well as the solvability of problem (11)-(15).
Theorem 1. Let the following conditions be satisfied
a) the function ¢(x) is continuously differentiable on [0, X],
b) the functions v(y), ¥ (y), 8(y) are continuously differentiable on [0,Y], v(y) # 1,
c) q_aY+XYV+XV+X—2+X2”2 + XYL+ (L + BXY <1,
d) XY2 <7, 1}:(1 < T9,

where 7 = max |[y(u)l, ¥ = max [[¥()ll, 6 = max [|6(y)], e, 8 — const,

/

o=0+ o max ' ()] + b + X ( i _77]2 [@(X) - 90(0)] 4 1_//7]2>+

gl ¥
+X o )] ma /@)l + X ( 2 00X) = o0 2 ) ma /o)l+

+6 [ ool

0

then the sequence of functions { ,ufnk)(x), o (x,t)}, k = 1,2, ..., determined by the algorithm is
contained in S(u (y),r1) x S (x,5), ), converges to {u*(z),v*(x,t)} - solving problem
(11)-(15). Moreover, any solution to problem (11)-(15) in S(u©®(y),r1) x S (z,y),rs)
isolated and fair estimateS'

) () = A9 < % S g
b) " () — va, )| ¥ i o

Proof. For k = 0 the following inequalities hold

(0) <
|1 (y)ll_l_,y -~

O (z,y)
dy

H <+ max [|¢/(@)] +a9+X( ; {go(X) —go(oﬂ + Y >+
+ mae (o) mg 1/l + X (121000 = 0] + 12 ) mae [/ (o) +

z€[0,X] z€[0,X]
X
8 / o (2)de =
0
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v (z,n) Hdn

10Oz, ) — (@] < / \

For k = 1, when v(z,y) = v(¥(z,y), the following inequalities follow

1P (y) — 1O (y) ©

(%77) - (,DI(ZL‘)Hd:L‘ < ﬁXYO’ < i,

X
, ©
L PR MY | 0 o gl / v (z, y)
) - < (w0 @)+ = 20D
0
w(z,y) _ 0vO(z,y)| _
y Yy ~
(0)
fa/i—a” ; ”>Hdn+ /l : %'")\10“7+
on
z £y )
12/// 51’ )Hdnd&der 72t @ g+
0 0
ovO( ovO(
+z1//’ Y gannd@rB//H 5"“dnd5<
XYy X2y X2 Xl o, 90O (z, )
< all YN <
_(aY—i—l_7+1_7+ 5 + 5 +XY1_ +(l1+5)XY)(£§aé<Q 9 <
O (z,y)
< — || < .
< q max, 9 H <qo
[|0vD@n) 90O (,n) /
e e e U e
0

For k = 2 the following estimates hold:

162() — O] < / 100 (2, ) — 0O (2, )z <
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XY
< 1 //qadxdn < ——q :

v (z,y) WO (z,y)
oy oy

O (z, y)
Jy

< g max
(z,y)EQ

v (z,y) W (a,y)
oy oy

H < ¢ Juax H < ¢’o,

z,y)EN

v (z,n) 9w (z,n)
an

Hdn < Yo

Yy
o Ge.) o)l < [ \
0

v XY 7XY<7XY

e Rl R

52 (1+q)o <y,

11 (y) — D) < :

(2) (0) (1) (0)
0 (ey) )| g 200 Oy
dy 0 (z,y)€Q dy oy
(0)
< (¢4 ¢*) max (%—(xy)H < (q+ ¢*)o.
(z,y)EN

1o (2, y) — (2, 9)] <V (@ +q)o <ro.

At the k + 1—th step of the algorithm, for v(x,y) = v*)(z,y), the following estimates
hold

y X
’Y —
1) = )] < 5 7/ J 10 m) = o o) dady (18)
0
X
| e R (19)
0
0 N ayy) W@y o 00Py) 0t D (y) (20)
— X
Ay dy = Y auen y 0y 7
Y
(k=+1) (k)
10D (2, ) — v () | < /‘02} an(x,n)_av a(namﬂudn. (21)
0

| () — O ()| <

y X k

v XY

< 2 [ [ 10 - @ty < 2 S o <
00 =0

k+1

[o® ) (@, y) — 0O, y)| S YD glo <.
=1



A M. Manat, N.T. Orumbayeva 73

Consequently, from inequalities (18)-(21) and ¢ < 1 it follows that the sequence
{u® (y),v® (2,9)} at k — oo, converges to {u*(y),v*(x,y)}— solution of problem (10)-(14)
in S(u (y), 1) x SWO (z,y),72).

Let’s establish inequalities

k+p—1
v XY i
0 )~ p D) < 23 o (22)
-7 i=k
k+p ‘
[v® ) (@, y) — oW (@, )| <V D gl (23)
i=k+1

for p — oo we obtain estimates a), b) of Theorem 1.

Let’s prove uniqueness. The uniqueness of the solution of problem (1)-(4) is proved
similarly to the proof of Theorem 1 from [18]. Theorem 1 is proved.

The function w® (z,y),k = 1,2, 3... is determined from the equality

xT

Wz, ) = 1 (2, y) + / oI(E Ve, (2,y) € Q.
0

Let S (w® (x,7),r, + rox) denote the set of continuously differentiable with respect to z,y
functions w :  — R, satisfying the inequality ||w(z,y) — w@ (z,y)|| < 71 + rox.
In view of the equivalence of problems (1)-(4) and (11)-(15), Theorem 1 implies.
Theorem 2. If the conditions of Theorem 1 are satisfied, then the sequence of functions
w® (z,y),k = 1,2, ..., is contained in S(w® (x,y),r, + ry) converges to the unique solution
w*(z,y) of problem (1)-(4) in S(w® (x,y),r, + ry) and the inequality

* (k) < 7 X2 & i = i
[w* (2, y) —w (Iyy)H_mT E qgo+Y E q'o.
i=k+1 i=k

4 Conclusion

Thus, the third-order nonlinear Benjamin-Bona-Mahony-Burgers equation with nonlocal
conditions has been studied. The Benjamin-Bona-Mahony-Burgers equation describes the
propagation of small amplitude waves in a nonlinear dispersive medium when simulating
unidirectional plane waves. In this paper, an algorithm for searching for an approximate
solution to the problem under consideration is proposed and the conditions for the
convergence of the proposed algorithm are determined. An estimate between the exact and
approximate solution of the nonlinear problem is obtained.
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