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Stable perturbations of boundary problems for differential equations

In this paper, we expand the class of nondegenerate two-point boundary value problems for the Sturms=
Liouville equation, which have a complete system of eigenfunctions and associated functions in special
function spaces. Such spaces depend on the length of support of the potential of the Sturm-Liouville
equation. The formulated results clarify well-known results of V.A. Marchenko. Two-point boundary value
problems for the Sturm-Liouville equation are divided into degenerate and nondegenerate boundary condi-
tions in the sense of V.A. Marchenko. The main result of V.A. Marchenko asserts that.systems of eigen-
functions and associated functions of nondegenerate boundary value problems for the Sturm-Liouville
equation form a complete system of functions in the space of square-summable functions. In this paper,
the result of V.A. Marchenko is clarified in the following direction. There are operators with a complete
system of eigenfunctions and associated functions in the space of square-summable functions among the
degenerate boundary value problems in the sense of V.A. Marchenko. The presence of the completeness
property depends on the length of support of the measure which is antisymmetry to the potential of the
Sturm-Liouville equation.

Keywords: finite nonempty set, eigenvalue, three-point boundary value problem, Volterra operator, nonde-
generate boundary condition.

1 Introduction

Let n = 2p and let us consider a self-adjoint differential expression on the interval [0, 1] with real coefficients:

L(y) = (Poy(“))(u) + (Ply(”_l))

where pg, - -+, p, are sufficiently smooth functions:.
Let us given a system of linear functionals {Ui,---, U,}. Let B, denote the operator generated by the
differential expression [(-) and boundary conditions

(n—1) 1) (1)
ot (pueay®)

In this paper, we study the question: how do coeflicients pg - - -, p,, of the operator B, influence the structure
of the spectrum of the operator and the completeness of the system of root functions in Ls(0, 1)?

As usual, we introduce the fundamental system of solutions {yi(z,\), -+, yn(z, A)} of a homogeneous
differential equation i.(y) =X-- - y(z) with initial conditions y,(f -1 (0) = 0,%. Denote by Ap(A) the characteristic
determinant of<he operator B,, which is given by the following formula

Ap (A) = det {||U;(yx)ll} -

It is well known that Ap (A) is an entire function of exponential type by a parameter \. Zeros of the entire
function Ap (A) uniquely characterize the spectrum of the operator B,. If A, is a eigenvalue of the operator B,
with multiplicity ms, then A is a zero of Ap (A) with multiplicity ms. Inverse statement is also true.

Basically, zeros of an entire function Ap()\) can be represented as:

— empty set;

— finite nonempty set;

— a countable set without end points;

— the set coinciding with the complex plane.

The first case is realized when the operator B, corresponds to the Cauchy problem. Note that, there are
examples of operators with an empty spectrum even it is given with boundary conditions

U](y):()a j:1,~~,n,
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which is not the Cauchy conditions. Operators with an empty spectrum are often called Volterra operators.
Examples of the Volterra operators representing three-point boundary value problems for second-order differential
operators can be found in the work of S.A. Dzhumabaev, D.B. Nurakhmetov [1].

However, there are still no examples of differential operators with nonempty finite spectrum. It is proved
that if the spectrum of the operator B, represents a nonempty finite set, then its power is not greater than p.
In the case of n = 2. T.Sh. Kalmenov and A. Shaldanbayev [2] proved that there is no boundary value problem
with a nonempty finite spectrum.

When the spectrum of the operator B, is a countable set without finite limit points, then the operator B,
is said to have a discrete spectrum. Operators with discrete spectrum occur frequently.

More rarely, there are operators with a spectrum that coincides with the whole complex plane. Similar
examples of two-point boundary value problems for higher order differential operators were given in [3].

A detail investigation of the second order differential operators with two-point boundary conditions were
studied in the monograph by V.A. Marchenko [4]. The main result of [4] that interests wus is that there
nondegenerate two-point boundary conditions for a second order differential equation were selected and also it
was proved the completeness of the corresponding system of root functions in Lo (0, 1).

In this work, it is clarified the result of V.A. Marchenko. We select operators from the class of degenerate
boundary conditions for a second order differential equation which have complete system of root functions in a
special functional space.

2 Two-point boundary value problems for the Sturm-Liouville equation
Consider an eigenvalue problem
—y(2)+q(x)y: Ay, 0<o <l
with boundary conditions
Ui (y) = any (0) + ainy™® (0) +amy ()4 auy® (1) =0, i=1,2,

where ¢(x) is a summable function on (0, 1),a;; are complex numbers. The boundary conditions are identified
using the matrix
air a1z a3 a4

, rank(A) = 2.
a1 (22 023 G24

-~

We will denote by A;; the minor of the matrix A composed of columns with numbers ¢ and j. We also
introduce the function

Q) =@, O<z <, Q@) =q(-a), ;<<

DO =

The difference ¢ (z) — ¢ (¢) is denoted by Q(z). It is clear that

Qx)=0,0<z<

N | =

We introduce s6lutions é(x,\), § (z, \) of a homogeneous equation

P ri@)y=xy, 0<z<1

1 1 ~ (1 - /1
C — :1 S — e / — e / — :1
c<2,/\) ,s(2,)\> 0, (2,)\> 0, s (2,)\>

Similarly, we introduce the solutions ¢ (z,A), s(x, ) of the homogeneous equation

with Cauchy eonditions

—yP rq@)y= Ay, 0<z<1.
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It is easy to verify that for all 0 < x < 1 the following relations are true

e, N)=¢(1—a,0),8(x,\)==8(1—x,)).

It can also be understood that for all 0 < x < 1 integral equations are valid

(£, 2)

é(z,A) §(x,N)

c(z, ) :é(x,)\)—i—/os

s(x,)\)zé(x,/\)—k/oz

The characteristic determinant is given by the formula

Ag (A) =det{|[U; (c(-A) Uj(s(5A), 7=1,2[}-

¢(t,A\) 8§
¢z, N) §(z,N)

Let
(T e, N st .
7"(‘@7)\) a /0,5 é(‘r’)‘) ‘§(I7)‘) ’Q<t) (t )\)d
[T e N §(t,)\
pen= [ 1S ]Q ) i

Similar to the work of V.A. Marchenko [4], let us formulate a statement in the case of a symmetric

potential ¢ (z).
Lemma 1. We have
Ag(N) = A1z + Azs + Ara + Aso +245:6(0, 1) 3(0,\)

2 (Arg + As2) 8 (0,0) & (0sA) + 24048 (0,0) & (0, ).

We now write the representation of the characteristic determinant in the case of an arbitrary potential

Lemma 2. The following formula holds

dz@(1)Q(z)c(z, A)s(t, A) z(z \) Z(Z A)

Ag(N=8,() + Ag(\) /O g I\

+/O Q(1)s(t, N {Araé(t, )&, N)3(0,) + (Aag+Aa1)é(t, V)30, V)" (0, \)+Aaaé(t, A)s'(0,A)s'(0,A)

| )+ Auss(t, A0, A)5(0, )+

F(Aaz+Ag3)s(t, A ,
F( Aoz +Aq1)5(t, N)3(0, )¢ (0, N)+Ag28(t, N)s' (0, \)¢ (0, \) }dt+
+ /O 5Q(t)c(t, M) { Az é(# ) 5(0, M)E(0, A) + (Asa+A14)é(t, N)5(0, M) (0, \)4+Agsé(t, N/ (0, X)s' (0, N)+
+(A14+A34) (t /\) +A318(t )\) (0 )\) (0 )\)
(As2+A14)3(t, \)E(0,X) (0, X)+A245(t, A)e/(0, A)e/ (0, \) }dt.

It follows from the result of V.A. Marchenko that the matrix A defines nondegenerate boundary conditions

if at least one of the following conditions hold:

Axy # 0.
Aga =0, A1g+ Asz2 # 0.

Az =0, Ay + Az2 =0, Az1 #0
and the system of eigenfunctions and associated functions of the Sturm-Liouville problem represents a complete
system in the space Lo(0,1).
Let matrix A define degenerate boundary conditions, i.e
Az =0, Ay + A3z =0, Az =0.
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Then, Lemma 2 implies
Ag (A) = (A12 + Aszq)

1 1 .
<1—|—/075dt/0'5sz(t)Q(z)c(z,)\)s(t,)\) pos
+ Q (1) s(t, \) {(A1a—A3z4) 5 (¢, \)}dt+

0.5
+ [ Q) c(t, ) {(A1at+Azs) e (2, A)}dt.

0.5

Since rankA = 2, it follows that Ao # 0.
Hence, for Ai5 # 0, it follows from the last relation that

B _ (g gy,

A1
! ! etA) (A
x (1—1—/075dt R ICLICRIC R B Al D
o110 [ Q) st N3 (5 ) di
0.5
-0 [ Qe Ned Nt

0.5

for some 6.
root functions in Ly(0,1). As in [4], we introduce the solutions of a homogeneous equation

In the case of degenerate boundary conditions, it is necessary to investigate completeness of the system of
P fg@)y=Xy, O<z<1

by formulas
_ | clmN) s(z,A) |
@ (@) " Uy (s M) Us (s () ‘
L | Uie(h ) Ui(s(5A)
“2““)“ el S () ’
The following representationsiare ‘also useful
B ¢(z,X) s(x,A) c(z, ) s(x, A B
wl(W"Uz(a(-,A)) Ug(é(,k))‘+'Uz(r(,A)) U2<p<,A>>"
_ I, c(z,N) s(x, A) ta c(x,A) s (,A) n
2 (14.0)E(0,0) (1 —0)5(0,)) 211400, )) (1—60)s(0, N
e, N s(t,N) et N 8(tN) et,N) 8t .
il ) s ‘Q“){a?l —2(0,0) 5(0,7) ““22 70, A) —5 (0, \) ‘} at;
\ b | @H0)E0.0) 1-050.0) |, (L+6)c (0, \) (1-0)s'(0, A) [\ _
2 (B A= o | T Loy 5 (2, ) ‘* 1 IR s () ‘}
[T et N st o] N EEN | et ()
O sl @A) sz ‘Q“){ 00 5(0,0) ‘ 12| 500, A) (0, A) ‘} dt

Main result: Let .
T = MATzcsuppQ > 5 and Aoy =0, A1y + Azo =0, A3 = 0.
The system of eigenfunctions and associated functions of the two-point boundary value problem for the
Sturm-Liouville equation is complete in the space Lg(% T % + 7). The proof of the main result is carried out

by the method of V.A. Marchenko [4] with the involvement of some modifications.
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unddepeHnmaiablK TeHAeyJIep YINiH MMeKapaJibIK
ecenTep/iH OPHBIKTHI aybITKYJIaphbI

Maxkaisraga HItypm-JIuyBusn Tenieyine akaysibl eMec eKiHYKTed MeKapaJblK ecelTepIiH KaacTapbl KeHe-
Tinmai. Kenefitisiren Kiacka THICTI ecenmTepiH MEHITEKT] KoHE KOCAJKBI (DYHKIUAIAp Kyiiesaepi apHaibr
DYHKIIMOHAIIBIK, KEHICTIKTEepZE TOJBIK 601aabl. ABTOpPJIApMEH . KYPaCTBIPbLIFAH apPHANBI KEHICTIKTED
I rypm-JInyBus TeHaeyinia MOTEHIINABIHBIH, TACYIIBICHIHBIH, \Y3bIHABIFbIHA TOyesai. Makaiamarsr HOTH-
xkesnep B.A. Mapuenkonbis 6esrisi »kericrikrepin keredresmi. [TIrypm-JInysuin renaeyine cofikec ekiHyK-
TeJii meKapaJbIK maprrap, B.A. MapueHko 60ibIHIIA;- aKAYIIBL KOHE aKAYJIbl eMeC IEeTTIK maprrapra 6esti-
veai. B.A. Mapuenkonbis Herisri Ty>KbIpbiMbl 6oitsiHma, HTypm-JlnyBuiur Tenaeyine coiikec akaysibl eMec
IeKapaJIbIK, €CEIITEeP/IiH, MEHIIKTI YKoHe KOCAJIKbI (YHKIUIAP Kyiteci apHaiibl PyHKIIMOHAIIBIK, KEHICTIK-
Te TOJIBIK, Kyiie Kypaiiapl. B.A. Mapyenko GoibIHIIA, aKAYIIbI IIIEKAPAJIBIK, €CEIITEP/IiH apaChIHIa MEHITIKTI
JK9HE KOCAJIKBI (DYHKIMSLIAP XKyiiesiepi apHaiibl KEHICTIKTEP/E TOJBIK, OOJIYbl MYMKIH €KEH/IIl KOPCETiIreH.

Kiam cesdep: akpIpyibl 60C eMec >KUBIHTBHIK, MEHITIKTI MoH, YIIHYKTEN IIeKapaJblK ecenrep, Bosbreppa
OIEPATOPJIAPHI, €PEKIIle eMeC IMEKAPAJIBIK IIIAPTTaP.

310, ®asyun, B.E. Kanryxun, A.A. Ceurtona

YcroitauBbie BO3MYHIIEHUS TPAHUYHBIX 33a/1a4 JIJIs
nnddepeHImaJIbHbIX YpaBHEHT

B crarpe pacmmpen Kiiacc HEBBIPOXKIEHHBIX JBYXTOUYEUHBIX I'DAHUYHBIX 3a/a4 it ypaHenus llltypma-
JInyBrILIst, MMEIOINX TIOJIHYIO CHCTEMY COOCTBEHHBIX W MIPUCOEIUHEHHBIX (DYHKIUI B CIENUAIBHBIX PYHK-
[MOHAJIBHBIX TPOCTPAHCTBAX. Y KA3aHHbIE CIIEIUAIbHBIE IPOCTPAHCTBA 3aBUCIT OT JJINHBI HOCUTEJIS IOTE€H-
npasa ypasienus ltypma-JInysuis. ChopmyaupoBaHHbIe Pe3ysIbTaThl YTOYHSIIOT U3BECTHBIE PE3YJIbTa-
61 B.A. Mapuenko. /IByxTodyeunbsie Kpaesbie 3aja4u jjis ypasaenus: [1ITypma-JInyBusis genarcs Ha Bbl-
POKJIEHHBbIE U HEBBIPOXK,IeHHbIe, 110 B.A. Mapuenko, rpanudnbie ycsoBus. OcunoBHoil pesynbrar B.A. Map-
YEHKO yTBEPXKJIAET, YTO CUCTEMbI COOCTBEHHBIX M IIPUCOEIMHEHHBIX (DYHKIINN HEBBIPOXKIEHHBIX TPAHUYHBIX
sajau mis ypasaerus [llTypma-JluyBuiuiss B mpocTpaHCTBE KBaIPATUIHO CYMMHUDPYEMBIX (DYyHKIIHA 0Opa-
3yIOT HOJIHYIO cucTeMy hyHKIHi. ABTopaMu craTbu yTO4YHeH pesysibrar B.A. Mapuenko B cieiyromem
Hanpasiennu. Cpeu BBIPOXK IEHHBIX MPAHNYHBIX 3384, 10 B.A. Map4ueHKo, UMEIOTCsI 381a491 C TIOJTHOMN CHC-
TeMOI COOCTBEHHBIX U MPUCOEINHEHHBIX (DYHKIINN B IPOCTPAHCTBE KBAIPATHIHO CYyMMUPYEMBIX (DYHKITHIA.
Hanuume cBoiicTBa MOTHOTHI 3aBUCUT OT JJIMHBI HOCUTEJS MePbl AHTUCAMMETDPUU HOCHUTE ST HOTEHINAIA
ypasreHud llIrypma-JluyBuiis.

Karoueswie ca06a: KOHETHOE HEIYCTOE MHOXKECTBO, COOCTBEHHOE 3HAUEHUE, TPEXTOUYEIHbIE KPAeBbIe 3a/atH,
BOJIBTEPPOBBI OIIEPATOPBI, HEBBIPOXKJIEHHbIE I'PDAHUYHbBIE YCIOBHS.
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