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On strongly loaded hea)

The article is devoted to the research of boundary value pr spectrum - loaded operator of
heat conduction with the moving point of loading to the te e in zero or on infinity. For strongly
loaded parabolic 2k-order equations the adjoint bound roblems, when order of loaded term is
greater then one of differential part of equation, is studied. is article we continue a investigation of the
boundary value problems for spectrally loaded para S ions in unbounded domains.The boundary

Keywords: loaded heat equation, cl S ly bounded functions, inverse Laplace transformation,
residue

Statement of the problem
We consider the ﬁrst value problem of heat conduction in the degenerating domain

= {z € (0,0), t € cogerahzed boundary value problems for a heavily loaded heat equation
(Wthh generally is calle quatlon order 2k) in the domain :

@ 82 + 82k | f
Lyw=f&< ot 012 Qg2k 7m0 D (1)
u(z,0) = 0,u(0,t) = 0;

o
= _ (2k) (4 — =
Liv=ge 5 Y L NCPR) (2 —a ®f0 v(&, t)dE = g, 2)
u(z, oo) = O,U(O,t) = v(o0,t) =0,

whereta = const,a > 0,k > 2, A\ = A1 + tAy € C is the parameter
an [e]
fvu € LI(Q) o a9 ok |w a€ Ll(o OO) g7U7/ ’U(f,t)dé_ € LOO(Q) (3)
0
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On strongly loaded heat equations

2 Reducing the problem to an integral equation

By inverting the differential part in the boundary value problem we obtain the following (1), we will have:

x 0% v(n, 1)
s o

/ / (x, &t —71)f(& T)dédr, (4)
where (- & (@ +8?
T — +
G(z,&,t) = 2\/— op(=—p=—) —eap(—— (5)
Then differentiating (4) « by 2k times and assuming x = a, we contain the integral equa Volterra e

second kind

KAH =W / ng t— 7' )dT = f1 (6)
where the following notation is used:
2k 2k
0*"u ( 0 / / G(x, €, @

u(x,t) = A/t erf(

ln=q dT+

lu’(t) 8$2k |$ aafl 8I2k

st = g ot

or for the kernel Ky () , you can use the ratio

1 d2k—1
K = . -
2k(0) /_7'(' 0 dr /—2 |w a
For example, we write the explicit form of kernels 4

3a a?
+ /2 ETp _4_0 9
5¢2  15a a?
T T g |\ Tag )

a7 21a®  105a¢®>  105a a?
]915/2 + 4013/2  9plii/2 + 00972 | <P\ T 10 |

491172

Inverting the different tito problem (2) in the same way as in problem (1), we will have:

Gz, 67— 1) (-1 / v(n, T)dndedT+

+ [ [ G er — ogle ndgar ™)
t Jo
@ ing elation (7) over the variable x from 0 to co and denoting
oo
o) = [ vty ®
we will obtain the integral equation
Kiv=wv(t) — X/ Kop(t — t)v(r)dr = ¢1(t). (9)
t

where

- /too /OweTf(2¢%>g(§,7)d§dT.
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8 Laplace transformation. The partition plane of the spectral parameter

The equation (9) is an equation with a difference kernel, so you can use a transformation of Laplace to hear.
In this case we use the following formulas [1-3]:

{/Kt—T dr} R(p)- 3L(p),
{/ Kt—T1)p )dT}ZI?(_p)‘SBL(p),

[ee]
= / K (t)eltdt,
0
we also use an easily checkable equality.

{erf (dfrach\/t — T) }|z_a = %{erf

where

2k

d
ng(t—’r) d 2k:

Then if we apply the Laplace transform to the homogeneous equation (9), wing transcendental
equation o
@L(p) - [1 =X K(-p)] = 0. (10)

If we assume @L(p) # 0 then the following equality must hold.

~X-K(-p) = (11)

Let equation (11) have one simple root -py i.e.

1-X-K(- -(p),

where 1ZL( ) # 0. Then equation (10) takes t @ -(p —po) = 0, therefore pL(p) = d(p — po), a, so

o(t) = ePol, Repy < 0. From [2 390, theore ollowsjthat functions of this kind are the only solutions of
the homogeneous equation (9) [4-6].
In our case

-1 *GF

Therefore, we need to find t he transcendental equation
X (=p)f~te=aV=P =0, Re(—p) > 0. (12)

In contrast to the nsidered case (spectral-loaded, k1), the roots of equations (12) can be found only
approximately erically given X), in roots cannot be found clearly. To clarify the existence and
number of rootsWf equation (12) for concretes — of the values of parameter A we rewrite it as follows:

A 13
e (13)

ering this equation as a function A = A(p) whose domain is Re(—p) > 0, that, is as a conformal map, we
fin what is displayed (on the complex plane \) the domain of the variable p . By requirement Re(—p) > 0,
/X< arg(—p) < 7,/ 2,means —7, /4 < arg\/(—p) < 7,4, if z = \/(—p) = x + 1y, means the boundary
of the domain of definition the variable —p is the lines y = +x. According to the law of correspondence of
boundaries it is enough to find the images this line [7-9].
We have

|eaz | elliE

|22(-=1D) = (2 + y2)F— 1’

Al = (14)

arg A = arg e @ +2™) _ 9} _ 1)arg z = ay + 2wn — 2(k — 1) arctg L
z

10 Bectuuk Kaparamnumnckoro yausepcurera



On strongly loaded heat equations

Considering y = £z, we have

k-1
argAzax—i—an—Z(k—l)%zax—I—(Qn— )T,n € Z,
-1
ax = arg A — (2n — )yT,n € Z. (15)

Thus, from equation (14) (talking into account (15) and the fact that y = +x) we obtain that the lines defined

by the equation
(a/\/§)2k_2

k—1
|arg A + <2n+ — >7r|2k—2

k-1
-exp|arg A + <2n—|— T)WL

where n = 0,1, 2, ... divide the complex A\ plane into disjoint domains D,,,,m = 0,1, 2, ...

Comment.

Note that in addition to the areal domain D, which has only the outer boundary o Dy ‘€ach of the
domains D,,, has a boundarydD,, consisting of I';,, an external I",,, | part: ﬁ

0Dy, =Ly | T, where, Ty (1T = (—1)™

those the external I',,, and internal I',,_; parts of the boundary 9D,
point, lying on the real axis of the complex plane of parameter A\. Dy is t
plane of the complex variable p I displayed, for which —7 74 Qr < Tr
angle lying between the lines y = —x and y = x This just me t i
have the roots we need, i.e. such for which Re(—p) > 0.
Obuviously, for k =1 we get our previously established pi
Difference is that for each domain D,,,, that is, when A ua
is easy to trace, for example, for real values A, p) [11-13].

to which that part of the
those are the exterior of the

e partition of the complex plane X [10].
n (12) will have exactly 2m roots, (this

4 Solution 0 equations

has a General solution of the species.

&M cp - ePRt (16)

is theeorresponding roots of equation (12).
ogeneous equation (9). Applying Laplace’s transformation to it we

where ¢, - is an arbitrary constants,
We find a proprietary solution of
get

>|

( . =

where 0(p), g1(p) - is @ lace transformation, corresponding to the v(¢) and g;(t) functions; Since the
function

(—p)k_le_a\/jp] = g1(p), with Rep <0, (17)

g(p,X) =1- X(—p)k_le_a\/jp.

It is deternsi at Rep < 0, then we will continue it analytically on the whole complex plane with a
itive real axis. Suppose that the Laplace transform of functions g(t) is analytic in the band
en from equality (17) at VAL,,,

we get
S — & <~ (=p)fleap(—ay=p) .
() =g1(p) + A= N lempav=p) (p)-

Passing in this balance to the originals we get

v(t) = g1(t) —l—X/too rx— (t —7)g1(7)dr, (18)

where

™= (y) = = exp(yp)dp. (19)

s e
210 J oo 1 — XN—p)*—texp(—ay/—p)
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If the roots of the equation
1—X(—=p)"'exp(—ay/=p) = 0.

lie on the imaginary axis integration will perform along the contour, bypassing these points on the left. At the
sometime integral should be understood in the sense of main value for Cauchy. Thus, the General solution of
equation (9) at A € D,, has the form

v(t) = g1(¢) —l—X/too s — (t = 7)g1(T)dr + 237 ¢, - €PFE, (20)

We formulate the results in the form of the following lemmas.
Lemma 1. The X\ € Dy values are regular numbers of the Ky« (9) operator.
Lemma 2. The set C'\ Dy consists of the characteristic numbers of the Ky« op€rator (9). Aund if
A € Dy U1\ {(=1)™e™}, m=1,2,..., then Ker(Ky-) = 2m and the corresponding ownjfunctions have
the form:
g (t) = exp(pit), k=1,...,2m.

where pg- is the corresponding roots of equation (12).

Now consider the integral equation (6), which is usually called the recole J@5]. This name

system. The recovery equation is also of great importance in the study of problems of both applied and theoretical
nature in reliability, queueing theory, in the theory of stocks, ivﬁe theory o
[16-18].

Applying the Laplace transform to equation (6)and using théeongolution theorem we obtain

i(p) = f(p) + » e WVPL — NP e VIR () Np = s +i0, Rep=s>0,
Using the inverse Laplace transform we have
At —7)fi(r)dt, (21)

here the resolvent ry (6) is defined b

c+i0co )\pk—le—a\/ﬁ

™ i 1 — A\pk—le—avP

-ePdp, p=s+io. (22)

c—100

Where the integration patinis parallel to the imaginary axis of the complex plane, to the Right of all singular
points of the integrang @ 3, to the right of all zeros of the function

In order f unction defined by equality (21) to be substantially limited, it is necessary and sufficient
that_the s are satisfied

o~

Alp,A) =1 —=X-prle VP,

/ T () - expl—prt)dt =0, 1<k < 2m, (23)
0

wherepy, the roots of the function A\(p, A) for which Repy, > 0 and they coincide with the roots of equation (12)
with the opposite sign. Thus, the right side of equation (6) must be orthogonal to the eigenfunctions (16) of the
conjugate integral equation (9). Thus, the fair

Lemma 3. If X\ € Dy, then the inhomogeneous equation (6) is definitely torn; if A € C'\ Do, A € D,,, then
for the unambiguous solvability of equation (6), it is necessary and sufficient fulfillment of m— the conditions of
solvability (23). The conditions (23) mean that the free member of the integral equation (6) must be orthogonal
to the solutions of the homogeneous conjugate integral (9).

The validity of these statements, as well as conditions (23), can be shown as follows.
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The image of the solution of the integral equation (6) is determined by the equality

o f(p)
1(p) = [ v— (24)
The following options are possible.
1. The A(p,\) =1 — \-p*~le~2VP, function doesn’t have zeros in the right half-plane (this means that the
A € Dy). In this case, the equation for any right part of f(¢) has the only solution, which is expressed through
the ry () resolvent defined by the formula (22)

u(t) = £(b) +>\/0 ra+ (= TV fu(7)drs € Ry 5)

2. Function A\(p, A)=1—X-pF~le®P, has a py, (k = 1,2,....2m) zeroes in the right hal
A€ D,,, m=1,2,...,). The f1(¢t) function must then be zero at these points py. In this C
again will not have pluses in the Re p > 0 area, so the equation (6) also has the only4s

(25). Condition f;(t) = 0, on the conversion of the f;(t) function to zero at point - is exactly the
some as the condition: -
/ f(t) e Prdt =0, k=1,2,. (26)
0

So we proved the following statement.
Lemma 4. On the complex plane C there are no characterlstl numbers of'he operator Ky« (6).

e (it means
ction (24)
of the species

5 Main result

Directly from lemmas and integral representations (4)—
Theorem. Boundary value problems (1)—(2) are Noet
dimKer(Ly~ = 2mm) and dimKer(Ly) = —2m.

€ {C'\ Dy} in Addition, if A € D,,, then
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JI.M. Axmanosa,

J

M.T. KocmakoBagb. A “MIangsikosa

2KbLITyOTKI3TIMITIKTIH, 9J1/11 TeH/Ieyl TypaJIbl

Henre nemece miekcizmikTe >KyKTeMe CBHI3bIFBIHBL
JKYKTEJINeH ITapaboJiajiblK, ollepaTopjap YImH e
JKYKTEJITeH napabosIajIblK, TEeHIEY YIIiH KYKTe

afiMaKTapJarbl CIEKTPJIK KYKTeIreH
ThIpbLTFaH. 2K bUTYOTKI3MIITIKTIH, CIL

Kiam cesdep: *KyKTeJreH Te
aipyi, mrerepim.

AxmanoBa,

e JKYBIKTaJyMeH OepiireH CHeKTpaJiIbl —
©CENITEP/Il 3ePTTEYTe apHAJIFaH. 2Kk PETTI KATThI
MbLIAP/IbIH TOPTiIOl TeHaeyaiH, auddepeHimaibl
eKapaJbIK ecenrep 3eprresimi. Makasaja mekcis
TeHAeyJep YIIH IIETTIK ecenTepii 3epTTey KaJFac-
aJIIIb TeJITeH TEHJEYl YIIiH MIeTTIK ecen KapacTBIPBLIIbI, O
KAMTUTBIH YKYKTeMeJIepre >KeTKIIKTI KaKbIH KeHICTIKTIK aii-
HaH 63 OeTiHIe KbI3bIFYMIBLIBIKTI OiITipi.

3Bl TIEKTEJTeH (DYHKIUsIap KIacChl, JlammacTeiy Kepi TypJieH-

M.T. Kocmakosa, B.A. [Ilaxasikosa

O_cmyibHO-HArpy >KeHHBIX YPaBHEHUSX TEIJIOITPOBOIHOCTHU

a CTAHOBKHU TPAHUIHBIX 33144 JIJIsI CIEKTPATbHO-HATPYKEHHBIX MapabOIMIecKX yPABHEHUN B I€T-
p OCTH, KOT/[a TMOPSITOK MPOU3BOJHON B HATPYZKEHHOM CJIATA€MOM DaBeH MOPAAKY Auddepeniin-
bHOIl YaCTU ypaBHEHUS C JBUXKYIIENCsS IPOCTPAHCTBEHHON TOYKOM HAIPY3KH 110 CTelleHHOMY 3akony. Jlist
CHJIBHO HATPYKEHHOTO TMapaboIMIecKoro ypaBHEHMsT TOopsiaka 2K MCCIeOBaHbl CONMPSI?KEHHbIE TPaHUYIHbBIE
33291 B CJIy4ae, KOTJa MOPSII0K HATPYKEHHOTO CJIAraeMOr0 MPEBBIIIAeT MOPII0K AuddepeHInaIbHoi da-
¥ ypaBHEeHUs. B cTarbe IPOI0JI?KEHO HCCIIeI0OBAHNE KPAEBBIX 33424 JJIsl CHEKTPAJIbHO-HATPYKEHHBIX I1a-
pabomvuecKnx ypaBHEHMI B HEOIDAHWYEHHBIX 00IacTsX. PaccMoTpena KpaeBast 3aja4a Jjisl CIIEKTPAJIBHO-
Harpy?KEHHOT'O yPAaBHEHUs TEILJIOIMPOBOIHOCTH, KOTOPasi, C OJHOW CTOPOHBI, TOCTATOYHO OJIM3KA K 3aa9aM
C HArPY3KOM, cojeprKaliieil BTOPYIO IPOM3BOJAHYIO IO IPOCTPAHCTBEHHON IIEPEMEHHOMN, M IIPEJICTABIIAIONIA

CaMOCTOATEJILHBIA HHTEpeC — C APyTO.

Karoueswie cao6a: HArpyKeHHOe ypaBHEHHE, KJIACC CYIIECTBEHHO OUPAHMYEHHBIX (PYHKIWIL, obpaTHOe Ipe-

obpazoBanue Jlammaca, BbIIeT.
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