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About a boundary value problem for the loaded equation of mixed type

Boundary value problem for the loaded equation of mixed type in a rectangular domain is investigated. Fea-
ture of the problem is that you can not directly invert the operator of the hyperbolic.and elliptic parts and re-
duce the initial problem to the study of the solvability of singular integral equations. Conditions of existence
of a unique L, — strong solution are found.

Key words: loaded equations, equations of mixed type, L, -strong solution, boundary value problem for

a loaded equation.

Let O :{x,t 0<x<27t,0<t<T}, 0, :{x,t|0<x<2n,—T<t<0}, 0=0,00Q,. In the domain O we
consider the following boundary value problem:
0w’ M’ - . .
(1) = o’ (x,80) = (%) (x,0)€Q; j=1,2 k=1,2; (1)
o’u’ (0,1‘) y o’u? (275,1‘).
oxr Ox” ’
oru (x,T) . 8”u(2)(x,—T)’ p=0.1.
or? g ot?

i.e. at (x,7) € O, we have:
ou® (x,t)  *u (x,1)

o o o ()= 0 o; )
u®(0,0)=u"(2m,t)
ou (0,t) ou(2m,t) (3)
ox ox
and.at (x,2)€0,:
2 (2) 2 (2)
0 uatgx,t) 0 uaxgx,t) Fou®(nn) = £ (50); @)
u®(0,0)=u®(2m,1)
ou®(0,0)  ou®(2m, 1) ©)
ox - ox
also
u (x,T) = pou'® (x,~T);
ou"(x, Ty ou®(x,~T) (6)
a T a
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About a boundary value...

Next, we put that
{T <o, fUel(Q), [P EeL(@) ww eC -
a,,o, €C, t€(0,7), t, e(-T,0)
are given functions and numbers.
The given equation (1) is an equation of mixed (elliptic-hyperbolic) type, and because of the loaded
summand o, u" (x,¢,) it is called the loaded, it was the object of many authors, for example [1-3].

Feature of the problem is that the domain of the hyperbolic part is not characteristic, as well as there are
loaded summands, it allows to reveal some features of the problem under consideration.

The main goal of this research is to study issues of L, — strong solvability of boundary.value prob-
lems (2)—(6) under the conditions (7).
To solve (1) we introduce the following notation:
s eS={il,i2,...}

insT + hsT T -1 1— T

smst + pshst cossT — p,chsT 0053—2 cfzs
s s S
cossT —pchsT  s(—sinsT +p,shsT) — sinsT shsT
s . T 1_ +T
azw a, coss(t, +T) _1_%%2) 0
§ s
shs(t, =T) l—chs(t, =T

Wy —; woo,chs(t, = T) 0 Cl-a, +)

Theorem 1. For any f/, 50,1, T satisfying the requirements (7), the boundary value problems (2)-

(6) have a unique L, — strong solution if and only if following conditions are satisfied:
|AS|¢O, SES. 3
Condition (8) in terms of the data (7) gives a complete description of the correct boundary value prob-

lems of the form (2)—(6). We will obtain a number of corollaries of the theorem.
Corollary 1. Let at the conditions of theorem 1 in equation (1) loaded summands absent, i.e. o, =0,

k=1,2. Then in order to the boundary value problem (2)—(6) has a unique L, — strong solution, if only if
conditions are fulfilled:

sinsZ +yp,shsT
—— st T —p,chsT
X COSSE T Hychs #0, seS. )

cossT —pw,chsT s(—sinsT + p,shsT)
Corollary 2. Under the conditions of Theorem 1, we assume that 7' =2n, p, =p, =1. Then in order to
the boundary value problem (2)—(6) has a unique L, — strong solution, if only if conditions are fulfilled:

(1+0L2Mj-[sz+al]¢0, VseSs. (10)

2
S

Proof of theorem 1. We carry out proof of the theorem by method of separation of variables, i.e. we
look for a solution of problem (2)—(6) in the following form:

u (x,1) = Zus(”(z‘) -exp {is . x};
seS (1 1)
u®(x,0)=> u(r)-exp{is- x}.

seS

We take into account the corresponding expansions for the right-hand sides of equations (2), (6):

FOx,0)= Zfs(l)(t)exp{is‘x};
seS (12)
FPn =) £ (0)explis-x}.

seS
Boundary value problem (2)—(6) can be reduced to the study of boundary value problems for a counta-
ble system of loaded ordinary differential equations
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2.
—% 2us(l)(t) + oclus(l)(tl) = fs(l)(t) pu ¢t € (0;7); (13)
2.(2)
%H u® (@) +o,u(t,)= 2 (t) npu t e (-T;0); (14)
us(l) (T) = “‘0”5(2) (_T)’
dt MW

We introduce a systems of numbers {vs,s eS } , {(ps,s es }, as long as temporarily unknown, by which
instead of the problems (13)—(15) we consider the following boundary value problems

_dulO oo Oy O .
e sSsul» ) +oul” ()= V@) te(0;T);
O (16)
(M) =pyv, S =pe, seS:
dt
2. (2)
O | 2001 (1) = £O0) 1 e (CT0)
dt HOT) (17)
uv(z)(—T) =V, a7 ¢, seds.
: at ‘
The general solution of equation (16) takes the form:
(1) =Cchst+C,sh st +jSh U=, F(v)dr=
s
(18)
=Cchst+C,shst+ J. [shs(t=o) SO ()dx fSh st =) aul’(t)dr.
s
The general solution of equation (17):
u’) =C, cosst +Cysin st+ j Sins(f=1), F®(t)dt=C, cosst +
) (19)
+(~Z'2 sin st + J. YN — ) P (v)dr - J. sins(f =) a,ul?(t,)dr.
I N = S
. Y du”(T)
Now we find C,,C5 and C,C, from the conditions u,"(T)=p,v,, Sdt =pe,, s€S and
(2) -T
uOn=v, B2 ses (16,07

C = uovschsT—%‘shsT;
s
C, = B®  cpst - WV, - shsT;
s

Qs

CN’1 =v, coss(-T)— sms( 7);

G, =

N_(ps
N

Found C,,C, and C~'1,C~'2 we substitute in (18) and (19), respectively, we obtain the following
representation:
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About a boundary value...

tshs(t—1)

ul" (1) = nov,chs(1—T)+ Mls(p shs(t—T)+ j ; fO(v)dt -
[ (20)
l—chs(t-T
—aul’ (1) SS )

and

1—coss(t+1) @

¢ .
S [SSUZD oy — o 1y) S
r s s

In these representations the unknowns are
VS > (‘PS > (X‘lu‘il) (tl )9 G’Zui” (t2 )
For finding them we use the representations (20) and (21). At first, we find the representations for the
derivatives of solutions of problems (16) and (17):

M r
du, (0 =J‘fs(”(r)-chs(t—r)dr+u1(ps -chs(t—T)+
dt
i (22)
o shs(t—T)
+oV, s -shs(t=T)+oul’ (t,)——=;
s
@ f
—dusd @ _ Iﬂ”(t)-coss(t—r)dr+cps coss(t+T)—
t 2 (23)

-V, -s -sins(t+T)—a1u§1)(tl)M.

Further, using on the line # =0 in the domain Q; the conjugation conditions for the solutions (20)—(21)
and their derivatives (22)—(23):
ug (0%) = u?(0-);

dul" (0+)  du®(0-)

dt dt
we finally obtain:
(SmsT sy, ST j 0 (cOs 5T pchsT) v, 10T o o IoehsT o R,
S S S S
(cossT —p,chsT)- @, +s(—sinsT +p,shsT)-v, — sinsT co,ul? + shsT caul) = F2, (24)
s s
where
F;l J‘ SlnST f(z)( )d J‘Sh ST f(l)( )dT
-T
F’= —j cosst- £ (1)dT+ Ichsr O (v)dr. (25)
-T 0

By submissions (20) and (21) we assume ¢ =¢, and ¢ =¢,, and multiply the obtained expressions for the
corresponding a,, a,. As a result, we will have:

opechs(t,=T)-v, + Rl B s(t,-T)-o, —au (tl)(lJralui”(tl)L(tl_T)j =F’;

s 52
. 1- t,+T
a,coss(t, +T) v, + %2 gin s(t,+T)- @, — azuiz) (1, )(1 +oLu'?(t,) Mj =F', (26)
s s

where
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T
F’= —aljw.fsﬂ)(ﬂdr;

s

F*=—q, j Sinsa =9 v gy, @7)
S

Now from (24) and (26) we define the unknown quantities @, v,, o'’ (), a,u'” (1,), by the
formulas Vse §:

A\/
‘pj‘ Vv ZTa alus('l)(tl)z

s

az”ﬁz)(fz)

A

5

A ‘
al”ﬁ )(’1) (2) (t2 ) — (28)

AT %t

5

where the matrices A B AV , A are obtained from the matrix A_ by replacing the corre-

b Banl?a)

sponding columns to elements F', >, F’, F.

Next, substituting (28) into (20) and (21), we obtain the final representation of the solutions of bounda-
ry problems (16), (17):

u (1) = ‘A ‘ pychs(1=T)+ ‘AA ‘-uyShS(t_T)JShS(’_T)

s

S (D)dT—

s t

A, m,‘ 1—chs(t-T
e 1=ehs(e=T) 3 o (29)

2 b
A, s

o B
ul?(t)y="—-.coss(t+T)+

Al i [ sins(z—
‘ (p}\_‘.sms(t-i-T)_i_ J’ sins(7—1) P (vydt -
s

A Al S LS
(30)
B ‘ - 7
e coss;(t+ ) ses.
A, S
Now let us discuss the issue of establishing L, — estimates for solutions of (29)—(30), uniform in
s €S, i.e. estimates of the form:

ul )
(t) LZ(OT) fS ‘L (OT)’SES (31)

©)
L(- TO) f HL( 7,0)° €S (32)

where the constants C,, C, do not depend on s.

For this we first consider the case of absence of loaded summands. From (29), (30) we obtain the fol-
lowing representation for the desired solutions (s €S ):

, - ~
shs(t—1) A, shs(t—=T) |A,,
gl)(t)zh!‘f.ﬂu)(r)dw‘i‘_“1. (S )+ As 'Ho'ChS(t—T); (33)
) sins(t—1) ¢ ‘A ‘ sins(t+7) ‘ ‘
u® (1) = j O (rydr+ L -coss(t+T), (34)
s s K ‘A ‘ s
-T s K
where:
~ |smsT +1, shsT cossT —p,chsT
Al=| = s =
cossT —w,chsT s(—sinsT + p,shsT)
=—1-p,u, +(p0 —pl)sinsT-shsT+(u0 +u1)cossT-chsT; (35)
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About a boundary value...

0
J- sinst L sh st

[P (v)dr _[ fO(tydt cossT —p,chsT

r
Icosst f(z)(’t)d’t-t-fchs’t f(vydt s(—sinsT + pshsT)

0

= If )[coss(t+T)—p,(cosst-chsT —sinst-shsT)|dt +

+.[fs“) (r)[pochs(r —T)—chst-cossT + shstsin ST:| dr; (36)
0
sinsT shsT ¢ sinst tshst
sins , [== 1P @dr- == 10 (v)dr
~ S -T 0 s
Vs = 0 T —
cossT —p,chsT — I cosst- £ (t)d T+ Ichsr-ﬂ”(r)dr
-T 0

0
1 I F2(v)[-sins(t+T)+p,(sinst-chsT —shsT - ¢os st)|dt +

+— _[f ©)[p,shs(T — 1) + shst-cossT +sinsT - chst|dt. (37)

Substituting (353 7) 1nto (33), we obtain:

If ulshs (t—T)-coss(t+T)—pysins(t+7)-chs(t—T)+

-T

UM, [cos st-chs (2T~ )= shst - cos S‘E:|} dt+

1

+—=
A

0';.'%

fs(l)(t){poul shs(t—1)+p,sinsT- chs(t —T)chst—p, cossT-shS(t—T)chsr}dt+
S-

s

—

+

X j.fs(l)(t){—(l+u0ul)shs(t—t)+(u0 — W, )sinsT - shsT - sh(t—1)+

S -

s

+(u0+ul)cossT-chsT-shs(t—r)}dr. (38)

Formulas for solutions of (36) and (40) provide the required L, -estimates for the functions themselves

) ) 2, (1) 2,(2)
u (1), ul? (¢) and their derivatives du, (t), du (1) du (1) du, (t):

' dt o~ adr ~ ar
(1) LZ(O’T)SCI[ fs(l)(t)HlQ(O,T)+ 72(0) Lz(m)} (39)
u£2) (7) Lo < Cz[ /{v(l)(t)“lq(o,r) + fS(Z) (7) LZ(T,O):|; (40)
du(l)(t) i
s (1 2) :
dt SC3 ﬂ (t) L,(0.7) " f; (t) Lz(T’O):|’ (41)
Lo -
dzu@(t) . 5
- SC{&fS()(t) #s 220 } (42)
| o L(07) L(-1.0)
du(z)(t)
@l @O T o)) .
A 5[ £70) e (t)Hm—m ’ )
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d*u® (t)

s

e IR A0

L,(0.7)

#ls-7200)

Lro) } . (44)

Lemma 1. Problem (2)—(6) under the conditions (7) has a unique L, -strong solution if and only if all the

boundary problems from (10)—(11) and (12) are uniquely solvable, and there are not dependent on s con-
stants C,, C, such that the estimates (39) and (40) are valid.

L(0.1)
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M.bl.PamazanoB, A.K.JKan6onosa

ApaJjac THIITI )KYKTeYJIi TeHaey yuliH OepijireH 0ip mieTTiK ecen TypaJibl

Tix TepTOYpHIUTH 00JBICTA OepiireH apajac THITI JKYKTEYI TEHASY VIIiH MIeKapaJblK ecell 3epTTeNreH.
Ecenrig epexmeniri runepOoIanbIK sKoHE HIUIUICTIK OOJIKTEpiHiH, OIIepaTOphIH TiKesell alfHaIBIpyFa jKoHe
OepiireH ecenTi CHHIYIAPIIbl MHTETPaIIbIK TEHACYIEP/ IEIIyre oKeIyre O0nMaiThHABIFbIHAA. JXKanFe3 L,

-yl memiminig 6ap 60y mapTTapsl TaOBUIFAH.

M.U.PamazanoB, A.K.JKan6omosa

06 O)IHOﬁ KpaeBoﬁ 3agavye AJd HAIpyK€eHHOI0 YPpaBHCHHUA CMEIIAHHOI'0 THIIA

HccnenoBana rpaHu4Hast 3a/1a4a Ul HALPY)KEHHOTO YpaBHEHHS CMELIAHHOTO THIIA B NPSIMOYTOJIBHOI 0o0sac-
TU. OCOOEHHOCTBIO 3a/1a4i ABJSIETCS TO, YTO HE yIAETCsl HEOCPEICTBEHHO 00paTUTh orepaTop rumnepOoim-
YEeCKOU M SJUIMNTHYECKOI 9acTeil M CBeCTH NCXOMHYIO 33a1a4y K FCCIJICIOBAHNIO Pa3pelIMMOCTH CHHTYIISIPHBIX
MHTETPANBHBIX ypaBHEeHNH. HalineHsl yeI0BUs CyIECTBOBAHUS €MHCTBEHHOTO L, -CHIIBHOTO PEIICHUS.
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