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On multipliers in weighted Sobolev spaces. Part 11

Let X, Y be Banach spaces whose elements are functions y: 2 — R. We say that a function z: 2 - R is a
pointwise multiplier on the pair (X,Y), if Tx = zx € Y and the operator T: X — Y is bounded. M
denotes the multiplier space on the pair (X,Y). We introduce the norm ||z; M(X — Y)| = |
in M(X - Y). Let 1 < p < oo. Let m be an integer. W, denotes the weighted Sobol

p,wo,w1

the finite norm |ju||wm = [Ju; W, | = ||w0/p|Vmu|||Lp + le/puHLp’v. The aim of this

Prwg w1
obtain descriptions of multiplier spaces for the pair of weighted Sobolev spaces (WAP,U, .

case 1 < g < p < 0.

Key words: weighted Sobolev space, pointwise multiplier.

Let ©Q be a domain (an open connected set) in the n-dimen space R™ with the

: f all real valued measurable

n 1/2
norm |z| = (Z xz) . We denote by L, (), 1 < p < oo, the spa

i=1
functions f: Q — R with the finite norm || ]|z, ) = [If; Lp( = ([o|f @) das) . We denote by
Ly 10c(£2) the space of functions f defined a.e. in 2 such tha L,(F) for any compact F' C Q. Here
L;lOC(Q) is the space of all a.e. positive functions of L, joc (Q) = L110c(), L;f () = Lfloc(ﬂ)

A function v of L;} () is called weight in €. Let o be a‘méasure on €. Below L, o(£2) is the space of all

1

real valued functions equipped with the finite weig Lebesgue norm |[jul|z, () ( J ulP da )) ’

(1 <p < o). If da(x) = v(z)de, v €
v = 1. By C*, C§° we denote the spa
functions of C'°*° with compact sup in R™, respectively. When the domain is not indicated
in the notation of a space or a n thengit is assumed to be R™. Throughout the paper we assume
that 0 < m <[ are integers.

Let 1 <p < oo. Let m n ger, wg, w1 € L;ZC. We denote by W), ., the completion of the
set of u € C§° in the finit

write Ly, (). Note that L,(Q) = L,,(Q), if

©)

Pooior = 16 Wyo o ll = IIVmulllz, o + [z,
1/2
where |V, u | DY |? . Here W%, = WL, o, With wo =1, w1 = w, W) =W, with
=m
wo =, By W}, we denote the space [1] {u: nu € Wi for all n € C§°}. Here I" is the
f es @ in the form

h
Q=Qn=Qnx)={y eR": |y, — x| < 5=

By ¢ we denote constants depending only on the assigned numerical parameters, for example,
c=c(l,p,n), etc.

Let h(-) be a positive locally bounded function in R™. B denotes the family (basis) of cubes
Q(z) = Qp)(7), x € R™ \ e, where e is a set with measure 0. We use the following notation

B={Q(x)} or B={Q(z)=CQn(x)}

. 7n}7 AQ = Q)\h(m)'
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Definition. Let p € Ll T We say that a weight p satisfies the slow variation condition with respect
to the basis of cubes B = {Q(x)}, if there exist b > 1 such that for a.a. =

b~ lp(x) < p(y) < bp(x), for a.a. ye Q(x).

I/

Let p satisfy the slow variation condition. We denote by W(p#, p
wo = (p")P, w1 = (p”)P.

Theorem A [1]. Let 1 < p,q < oo, pl > n. Then
lys MWy, = W) < e sup I W Q)

Let us denote by ¥B(;) (0 < 7 < 1) the set of all finite or countable su ies {TQ7} C B, in
which the cubes 7Q7 = 7Q(27) are pairwise disjoint. Further, we t

Ti;y=  su E s=n/p)a(y ) (IVim 9) d:v
(1) sup |:/ 7,
{Q7}CEB {Qi} Q

Theorem 1. Let 1 < g <p < oo, pl >n, =8 < o0. Let v € Wm . Assume that p satisfies
the slow variation condition with respect t .. of cubes B = {Q(z Qh @ (@)}, h(z) = p(z)°.
Then the following statemens are true:

(a) T =Ty < oo,

then v € M (Wli(p“, Pl — Wi@e!, P"=8")) and the norm satisfies the following inequality

ﬁy (0, 0"~1) = W (o o)) < .

the space W7, ., Awith

- (p—q)/pq

(b) If v € Mg, ) = W, ph ),
then oo > |y @L(Wylg!, o) — W (o, p"=™))|| > ¢ T(12).-
Proof. e € C§°, F = suppu. Let {(Q7, % 7),7 € J} be a Besicovitch double covering
tracte e family {Q(z),z € F} (Q7 = Q(27). Let {¢;} ;e be a partition of unity corresponding
e 'do covering, namely, ¢; € C§°, 0 < ¢; < 1, > 4; = 1 and sup |[D%;| < ch; lod

jeJ
all multiindexes o = (ou,..., ) of order |af = ) . |a;| ([2], Chapter 2). We have (yu)(x) =
> Yi(x)v(x) = w(z) 22 (@), 75 =5, J € J,

jedJ jed

Dy(x) = D | X 1 | (@) = 3 D () (@) = }_ D*v;.

jeJ jeJ jeJ
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Moreover, there exist finite constants >, 25 > 0, such that
| (1 @IV )14 om0 ) do <
F

<Y /Qk > ) (IVm () (@)| + p~ ™ ()| (yju) (2)|) da <

keJ jeJ
<D [ ) (V@) o @ g @) do <
jeJ ked
<Y [ 9@ (Wm0 @)1+ p 1@ () )) do <
jes 7@
<o 3 |, 7@ (Fng @l + 5@l el

<l Y [ 9@ (Valtsu) @l + 5" (0)

Jj€Jig

ju) )

where the maximum coincides with the sum by the subfamily J;,.
Let U € C§° be the continuation of @(¢) = u(x? + hjgtrom @1

1(0) to the cube 3@ such
that supp U C %Ql and

U Wl < es || W} (1)

(see [3]). Let 4, (&) = v(27 + hj&); (27 4 h;€). Note that s (&) C Q1. Thus, by using (1), Theorem
A, we obtain

/Qj <|Vm(u7j)|qpuq(x) + ‘u,yj|qp(,u—sm)q .

&

o [ (I + ) de <
1
el QI <

< cp?qhyfmq sup/
z JQ1(y)NQ1(0)

<c / (|vm:}’]
Q1(0)

—_ h§~l_n/p)q )
Q
. we Ve

For each x €

@Mj(x)l <c Y D))< Yo Y DM (@)D Pyy(a)] <

qa/p
+ hTma)y]9) da:) X ( / (pw(m)yvluw+p<“—sl>p(x)|u|1>) da:) .
Qj

loe|=m |a]=m 0<A<ax
m

<e Y > DM@ T < e 3T V(@) @)
|a|=m 0<B<a k=0

By (2) and embedding theorems of Sobolev spaces Wzl,(Ql) [4], we have

m q
/Q' Vsl < ¢ (Z h?_mHVm’YS Lq(Q])”> sc¢ /Qj (IViy|? + h="|]) da. (3)
! k=0
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Inequality (3) implies that

| (Ww)tt9@) + s 194 -m9(0)) s <
Q7

q/p

< o ( /Q (Va7 B ) dx) ‘ ( /Q (@) Vil + () ) dx) @

By (4) and the Holder inequality, we have

| (1@l + o=@ de <

< 0%1%2 Z (/ s(l— n/p)(I( )(|Vm’y|q _i_p—smqh,“I) dm) %

Jj€diy
q/p
x ( [ (1w + 160 0up) dx) (5)
Qj
- —q)/p
<c Z[/ p* PN (@) (V| 4 oo vq)dx] X
¥

J€Ji

x[lu; Wy (o, p )7 < e T .

Hence it follows the upper estimate of ||; M(W]ﬁ(p" 7 (P )

(b) We take n € C§°(Q1), 0 < n <1, n = Assume that there exist ¢; € C§(Q7),
pj(x) =n <z IJ) , such that ¢; =1 1in %Qj. He @ j € A} C 2B, Q7 = Q(27). Then

lve5: W, p“ P "Q Jig (IVmVIqup*mqlvlfI) dr
k-

lloj; W, p;uz s(l=n/p)q

S“ N Wt [ ,quw) = ca,
1Qi

where af = pj(l n/p)a dx—l—ps(l m-n/p)a f1 |7 d.
Let u; = a;l/(p_q) SR p# =Ty . We take u = jeZA uj. Then

[ p—sm
m(p,u,p,u sm)Hq >aq 2/(p—q) (H’YSOJ: (p P )”) > capq/(p—q)‘

a 7 s Wh(pt, pr==1)] 7
ition, |luj; Wzl)(p“,p“_Sl)H = a?/(p_q). So that,

s Wy, I = 3 s Wy (o, o) P = 3 a0 <
JEA JEA
<o Yy W (e, 0 = ellyus WM (pF, pH || <
JEA
< el MOV (0", p1) = Wi (o, o= ) s W, o) |
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for w = ) w;, which implies
JEA

s W™, p" D[P0 < e ||y M(WL(p", p"~5) = W (", p"~*™)) |7 < 00

for u € C= N W, (p", p*~*"). Next, we show

[l M(Wé(pﬂ’pu—sl) — W(}”(p#’pu—sm))npq/(z)—@ > c|lu; W}l)(py,pu_sl)”p _
= Y Jup Whp, g e = ¢ 3 et 00 —
jeh jen

p/(p—q
_ s(l-n/p)q q s(l-m—n/p)q q
=c) [Pj /§Qa‘ V|9 dz + pf /;QJ‘ vl dw] -

JEA
Thus, we have the following final estimate

[y M(Wh(p", =) — W (o, p=5™))|

The proof of Theorem 1 is complete.

Remark. Since a lattice of unit cubes is contained in {Qi(x),x "}, Theorem 1 implies the

two-sided estimate of [[y; M(W} — W™ (1 <q<p<
Theorem 2. Let 1 < g <p < oo, pl >n, —0o < p,s <

variation condition with respect to the basis of cubes

Then

q,loc*

wr (pS(l—n/p)7 pS(l—m—n/p)) N

(?,}oc
And the following inequality holds:
[lys M (W (", p=h), Wi (p" ¢ ||y Wi (ps /), psl=m=n/p)y|

Proof. Let u € C§°, F' = supp sing (), we have the estimate

m(u)|? + p(“_sm)q(ﬂf)lwlq) da <

(p—a)/p
l p/(p—q)
TP () (V| p 7y ]9) dw] X
B PN < T s Wy (o, pH )1
Let us co@ stimate ()
(@) Tl + o) ) e <
F

e [ o) (Vanlt 4 9 o
Qj
s WA, =1 < s W (o201, 0= s T, =) o,

which implies the statement of Theorem 2. The proof of the theorem is complete.
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A.Mgeip3arajeBa

CanmakTbl Co00J1eB KEHiCTIKTepiHAeri MyJIbTUTLINK 2KaliJibl.

I1-6e/iMm

X, Y —y: Q - R dysknusanapeinad TypaTbiH 6aHax KeHicTiKTepi 60. T = zx € Y XKoHe
T: X — Y oneparopsl menenrex 6osca, ouga z: 2 — R dyukuumscer (X,Y) OBIH/IAFbl HYKTEJIK MYJIBTH-
mkarop gen atanaasl. M (X — YY) apksuist (X,Y) }KY6I;IH‘H33/I}/ BTUILIUK JIap KeHicTirin 6esrieii-
Mmiz. M(X — Y') Mmysnbruniamukaropsap Kesicriringe HopMasbl Keie aHbIKTaNMBI3: ||2; M(X = Y)| =
=T X =Y][.1< p < oo, m — 6yrin can Gomcom. Wy, @y a 1 canmakTel CobosIeB KeHiCTiriH

= o 19 mall iz, + ey Pl o
wi

p,p,v

GeJIriserr, HOpMaHbI KeJleciZieil aHbIKTaMbI3: Hu||W:t;7,Lwo,w1 =

—~

ATaJIMBIII 2KYMBICTBIH, MaKCATBI — cajMakTbl Co6oJIeB K
TUILTAKATOPJIAP KEHICTIKTEPiH cHMIaTTay.

Wf;?wo,wl) 2KYOBI YIITIiH MyJTh-

neBa

\/

BECOBBIX IMpocTpaHcTBax CoboJsieBa.

O MYJIbTUILIIINKATOP

Yactp 11
IIycts X, Y — Ganaxos 0 crBa dyskmmit y: @ — R. Oysxnua z: 0 — R mHasbBaerca Toued-
HBIM MYJIBTHILJINKATOPOM B e ,Y), ecom Tx = zx € Y u oneparop T: X — Y orpannven. Ye-

pes M(X — Y) oo
JTcs HOpMa ||z;
3HAYAETCHA BECOB(

1 .
= ||w0/ v "ul|z,,.,, - Llenb NaHHON paGOThI 3aK/IIOYAETCS B OLNUCAHHH IIPOCTPAHCTB MYJIBTH-

IJILKATO i BI BeCOBBIX mpocTpancTs CobosieBa (Wzﬁ oo Witoowr )-

aJaercgd IPOCTPAHCTBO MyJsbruiuinkaropos B mape (X,Y). B M(X — Y) Bso-
= [T X =Y. IIycts 1 < p < oo, m — nemnoe. Yepes Wy, ., 060-

panctso Cobonesa ¢ komeunoit mopmoit Buma |lullwy, = [lu; Wiy w |l =
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