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The attenuation coefficient and the velocity of thermal and elastic waves
in orthorhombic syngony anisotropic media classes 222 and mm2

The relevance of research of wave propagation patterns in elastic medium with thermomechanical effect s re-
lated to the need to solve theoretical and applied problems of geophysics, seismology, mechanics of compo-
site materials, etc. Bound equations of motion and heat conduction equation differ by complexity and an
abundance of physical and mechanical parameters. In connection with this there is a rapidly developing
branch of mechanics of deformable solids - thermoelasticity. Within this framework, based on the use of cer-
tain physical and mechanical properties of anisotropic medium, we study bound thermal and mechanical
fields. In this paper, based on the method of matriciant, we identify the types of dependencies of velocities
and attenuation coefficients of bound thermoelastic waves of frequency; high-quality graphics of velocities
and damping coefficients of frequency are constructed under changing the parameters of the medium (ther-
mo-mechanical parameters, temperature and thermal conductivity).

Key words: Anisotropic medium, thermoelasticity, Fourier heat equation, harmonic waves, dispersion, peri-
odic structure, matriciant.

Introduction

The dynamical theory of thermoelasticity is the study'of dynamical interaction between thermal and
mechanical fields in solid bodies and is of much importance in various engineering fields such as earthquake
engineering, soil dynamics, aeronautics, nuclear reactors, ets. It is well known that the classical theory of
thermoelasticity [1, 2] rests upon the hypothesis of the Fourier law of heat conduction, in which the tempera-
ture distribution is governed by a parabolic-type partial differential equation. The theory predicts that a ther-
mal signal is felt instantaneously everywheren a body. This is unrealistic from the physical point of view,
especially for short-time responses. To account for the effect of thermal relaxation, generalized
thermoelasticity has been formulated on‘the basisof a modified Fourier law such that the temperature distri-
bution is governed by a hyperbolic-type equation. Accordingly, heat transport in solids is regarded as a wave
phenomenon rather than a diffusion phenomenon.

The wave propagation in anisotropic inhomogeneous medium is considered. A new method of
matricant has been developed. The method of matricant allows to investigate wave processing in anisotropic
medium with various physical and mechanical properties [3—5].

The structure of matricant-for the equation motion elastic media equations, equations of thermo-
mechanical medium has been established. Wave propagation in infinite and finite periodical inhomogeneous
media are studied:

The application of matricants method for non-destructive testing and wave propagation in thermo elas-
tic media is-considered [6].

In the paper [7], waves propagating along an arbitrary direction in a heat conducting orthotropic
thermoelastic plate are presented by utilizing the normal mode expansion method in generalized theory of
thermoelasticity with one thermal relaxation time. In the paper [8], authors studied the interaction of free
harmonic waves with multilayered media in generalized thermoelasticity by utilizing the combination of the
linear transformation formation and transfer matrix method approach. Solutions obtained are generaland per-
tain to several special cases. Of these mention: (a) dispersion characteristics for a multilayered.

A Matriciant Method

At the present days solving wide range theoretical and applied problems of continuum dynamics re-
quires more thorough consideration of anisotropy and physical and mechanical properties. The main peculi-
arity of analyzing wave processes in anisotropic medium is inapplicability of physical interpretations and
mathematical methods developed for isotropic medium. It is related to the fact that it is impossible to sepa-
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rate wave field to forward and back waves. The other essential difficulty is an existence of a lot of physical
parameters.

The method of study is an analytical method based on developing matrix techniques to study dynamics
of the elastic layered medium.

The main idea is to deduce initial equations of the continuous medium and equations describing wave
propagation in medium, based on the method of separation of variables, (solutions are represented as plane
waves) to the equivalent set of ordinary differential equations with variable coefficients and then build the
structure of a Matriciant (normalized matrix of fundamental solutions).

The problems of wave propagation in anisotropic medium, propagation of electromagnetic, electro-
elastic, piezoelastic waves in anisotropic dielectrics, propagation of waves in anisotropic elastic and thermo-
elastic medium, propagation of waves in anisotropic dielectric medium with magneto-electric effects, and
orthotropic planes are analyzed by using a matriciant method.

The main advantage of a Matriciant method is equality of describing wave processes under the presence
of one or several physical effects: elastic, thermo-elastic, magneto-elastic, piezo-elastic and magneto-electric,
piezo-magnetic and magneto-electric effects.

In S.K. Tleukenov’s international publications, the structure of the equations of motion matriciants in
inhomogeneous medium were defined [6—8]. These publications were the beginning of a completely new
level of studying the dynamics of inhomogeneous medium with application of that method.and corporate
studying of waves different by nature in inhomogeneous and periodically inhomogeneous anisotropic medium.

Consequently, development of the studying techniques and constituting-interpretations about wave be-
havior in anisotropic medium should be considered as one of the high priority problem in theoretical physics
and mechanics of deformable solids.

The matrix formulation of the propagation:of thermoelastic waves.

Propagation of thermoelastic waves in anisotropic media described by the equations of motion to be
solved together with the Fourier heat equation and the equation of heat flow, which have the form:
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where 6, — stress tensor, p— density of the medium; 2, — thermal conductivity tensor; g,— the vector

of heat; ® — the angular frequency; 3.

,; — thermomechanical constants, f3, =p;; €

; — the strain tensor, c,

— specific heat at constant strain; 0=7-7, — temperature increase compared with the temperature of the

<=1 for small deformations.
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Physical and mechanical quantities are related by relation of Duhamel-Neumann:

G = Cyuu — Bije‘ 4)
Here.c; — the elastic parameters; c;i = ¢jiu = Cj = Cuij; €, — the tensor Cauchy for small deformations.

Equations (1)—(4) determine the relationship of mechanical stress and temperature as a function of the
independent variables — the thermal field and deformation.

Thus, the relation (1)—(4) constitute a closed system of thermoelasticity equations, which describes the
propagation of thermoelastic waves.

Based on the method of separation of variables in the case of a harmonic function of time:

[Uf (x,3,2,0); ©,(x,,2,0); 6; qz} = [U[ (2),0,(2), 6; qz}e"(‘”’””‘"”. (5)

The system of equations (1)—(4) reduces to a system of differential equations of first order with variable
coefficients which describes the propagation of harmonic waves:
aw _ BW, (6)
dz
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B=B|c,(z »P;(Z2), W, m,n . . . .
here [ (2P, (2) J— coefficient matrix whose elements contain the parameters of the medi-
um in which waves propagate thermo elastic; m, n-components of the wave vector K.

The vector w has the form:
W(x,y,z,t) = [uz (2),0_,u(z2),0_ U, (z),cyz ,0,9. ]l exp(iot —imx —iny). @)

The symbol ! indicates the transpose of the vector — a vector of strings — Column.
The heterogeneity of the medium is assumed along Z. In constructing the coefficient matrix B is used as
a representation of the solution (5), the system of equations (1)—(4) are in the derivatives along the coordi-
nate Z and the excluded components of the stress tensor is not included in the boundary conditions. The mul-
tiplier exp(iof —imx =iny) i omitted throughout.
Solution of the problem

In the case of one dimensional thermoelastic wave propagation in orthorhombic syngony anisotropic
medium coefficients matrix B (if medium parameters are constant) has the following form:

0 b, b, 0
by 0 0 0

B=lg 0 o by | ®
0 —iob, b, O
here, coefficients b; are given by:
2
b, =L; b, =&; b, =-'p; by =—iw (&Hz} bag =—L.
Cy3 33 Cy3 A3
Considering condition [5]:
det| B —E| =0, 9)
for this problem we obtain characteristic equation of the following form:
Ar=BL34C=0, (10)
where  B=b by, + brsbss, C=bybss(icob; +bpbs)
from (10) we obtain:
7\’12,2 = %(bIZbZI + b78b87) i %\/(bIZbZI - b78b87 )2 - 4i("‘)blz7b21b78 * (1 1)

If we concede that longitudinal elastic and heat waves propagate unbound that is thermomechanical pa-
rameters [3; =0, then roots of characteristic equation (3) will be equal to:

Mo =ie [P = [ G (12)
Cy3 A

The first root of the relation’(12) gives velocity of longitudinal wave that propagates with attenuation; second
relation determines heat wave.
From-therelation (11) we get four roots of characteristic equation (10) having following form:

c c
apet 227, |1 L 5 P L 5
k,=% |=| 1+ —=—=%—= |+—i|b———=~D—x |; ky, =% |=| 1 -———%4= +—i(b+— D—x} (13)
1,2 2 \/5 ,—D—x 2 ( \/5 j 3.4 2 \/5 /—D—x B \/5
where a= b[gbg] ; b= b78b87; c=4ia)b172b21b78; D= \/((12 +b2 )2 + (Z(lb —0)2 .
These roots have already taken into account an effect that elastic and heat waves are bound that is
B, #0.

Let's rewrite &;; in (13) in the following form:

by, =2x, +iv, =3x7 + 7 (Cosy +iSiny); (14)
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k., =%x, +iy, =t—| ———+iD +x, |, 15
1,2 D ﬁ(m | 1} (15)

c
2b—— 1 1

where D, =x*+ 2, x =4 14——@ | yp =—|p——JD—x|.
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Roots k3, in (13) are equal:

5 1 ,
k3’4=i /x2+ly2 :-E[ﬁitz+xz} (16)
2 2
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In an explicit form roots (15) and (16) have following form:
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Let's consider root k; in relations (17).
Real and imaginary parts of this root are equal:

3 @ 2
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From the imaginary part of the root k; ‘we obtain formula for velocity of heat wave:

e=tug [PRaT0 ) Pl vaPhly s g | @1
® c, 2 (p o A, T +c. ey

Real part of this root allows to get attenuation coefficient of heat wave:

[ o A e —oc,phy Ty
ksam = 27\‘ 1+%[ 2 332 7\‘2 T2 3320 2 jB; . (22)
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Now, let's consider positive root k; in relation (18).
Real and.imaginary parts of this root allows to get attenuation coefficient and velocity of elastic wave:

ko= 1/p po ey by T B (23)
2\ ey (PP AT+ el e, v
Cs3 1 ¢, Culy 2

c=,[—=|1-— . 24
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As a result of the roots (17), (18) high quality graphics, presented below, of dependencies of velocity
and attenuation coefficients of elastic and heat wave from frequency are constructed under, changing the pa-
rameters of the medium (thermo-mechanical parameters, temperature).
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Figure 1. Diagram of velocity c of elastic longitudinal wave and frequency under
different thermomechanical parameters £,

From the given diagram it can be seen that under increase of thermomechanical parameter velocity of
longitudinal elastic wave decreases.
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Figure 2. Elastic longitudinal wave velocity ¢ and frequency diagram
under different temperatures

This diagram indicates that an increase of thermodynamic temperature causes a decrease of velocity of
elastic longitudinal wave. It's related to lattice site oscillation that affects wave velocity.
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Figure 3. diagram of attenuation coefficient k3 of elastic Picture 4. diagram of attenuation coefficient k3 of heat
longitudinal wave and frequency under different wave and frequency under different thermomechanical
thermomechanical parameters f; parameters f3;

It follows from the last diagram that an increase of thermomechanical parameter causes attenuation
of heat wave in anisotropic medium. Under explicit magnitude of frequency ®, which can be derived from
equation (22) there is no interaction of heat and elastic waves that is these waves propagate without

thermoelastic effect and this frequency will be valid under any thermomechanical parameter f3,.
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Conclusion

In this paper, based on the method of matriciant, we identify the types of dependencies of velocities and
attenuation coefficients of bound thermoelastic waves of frequency; high-quality graphics of velocities and
damping coefficients of frequency are constructed under changing the parameters of the medium (thermo-
mechanical parameters, temperature and thermal conductivity).
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C.K.Tniykenos, E.Apunos, H.A . Ucnynos, A.K.CeifiTxanoBa

222 ;xoHe mm2 KJIACTHI POMOBLIBIK CHHTOHUSJIbI aHU30TPONTHI OPTAJAPAA KbLIYJIbIK
JK9He cepmiM/Ii TOJKBIHAAPABIH OLIY KIHE KbLIIAMIBIK K03 puunentrepi

TepmomexaHUKaIBIK dpGeKTiMeH O0IaThIH CepHiMIl OpTaldapaa TONKBIHABIK IPOLECTePAiH 3aHIbUIBIKTAPIbI
3epTTey ©3€KTiJiri, reopusnka, CeCcMONOrns,; KOMIO3UTTIK MaTepHalAapIblH MEXaHUKACBIHBIH TCOPHUSIIBIK
KOHE KoJlaHOasbl ecenTep/i MenLyinae KaxeTTUliriMeH OainanbicTel. balnaHbiCKaH KO3FalbIC TeHIeYIepi
MeH JKBUTYOTKI3TIIITIK TeHAeyaepl (u3nKa-MexXaHHKAJIBIK IapaMeTpiIepiH KYpJeiri MeH KeInl OOJybIMEeH
epexmeneneni. OcbiraH  GaimaHbIcTHl JedopManusUIaHATBIH — KaTTBl  JIeHE  MEXaHHWKACHIHBIH
«TepmocepmiMAiTiK» AereH Tapaybl KapKblHIbI Aambin Keneai. Ockl OarbITTBIH asChIHAA aHU30TPOIITHI
opTanapablH KehOip (U3HKa-MEXaHUKAJIbIK KACHETTEpiH KOJIaHa OTHIPHIN, OaifIaHBICKAH JKBUTYIBIK KOHE
MeXaHUKAJBIK epicTep 3epTTenl. Makanaaa, MaTpHIAHT 9/iCIHIH HeTi3iH/e, )KUUTIKKe Toyel i OaiIaHbICKaH
TEpMOCEPITiM/I TOJIKBIHIAPIBIH JKbUIIAMABIKTAPl MEH o111y KO UIIMEHTTEePiHIH TOYSNALTIKTepAiH Typiepi
QHBIKTAJI/IBL; CEPHIMII YKOHE JKBITY TOJIKBIHIAPABIH (TePMOMEXaHUKAJIBIK ITapaMeTpIIepAiH a3/IbIFbl Ke3iH/IeT])
KBUIIAaMBIKTAP/BIH JKQHE oIy Kod(QHIMeHTepiHiH TeMIepaTypaHblH, KBUTYOTKI3IITIK KO3 PUINEHTIHIH
JKOHE YKUUTIKTIH ©3repiciHe TOye I IUTriHiH canaibl rpaduKTepi ChI3bUIIBL

C.K.Tneykenos, E.Apunos, H.A.lcnynos, A.K.CeliTxaHoBa

Ko3¢puiiueHTsI 3aTyXaHUsI U CKOPOCTH TENJIOBbIX U YIIPYTUX BOJH B AHM30TPONHOM
cpene poMOMYEeCKOl CHHIOHMH KJIACCOB 222 1 mm?2

AKTyalbHOCTh ~ HCCIIEIOBAaHUSI ~ 3aKOHOMEPHOCTEH  BOJIHOBBIX  IPOLECCOB B  YNPYIHX  cpenax
C TEPMOMEXaHUYECKUM 3(PEKTOM CBsI3aHA ¢ HEOOXOJUMOCTBIO PEIICHHS TEOPETHUECKUX M NMPUKIIAIHBIX 3a-
a4 reou3uKy, ceicMOJIOrHN, MEXaHUKN KOMITO3UTHBIX MaTepHaloB U T.1. CBs3aHHbIE YpaBHEHHMS JIBIKE-
HMS ¥ YPABHEHHMS TEIUIONPOBOAHOCTH OTJIMYAIOTCS CIOKHOCTBIO M OOMINeM (U3MKO-MEXaHHMYECKHX MHapa-
METpOoB. B CBSI3M ¢ 3THM HHTEHCHBHO DPa3BHMBAaeTCs pas3jiell MEXaHHKH AeGOpMHUPYEMOro TBEpIOro Teia
«Tepmoympyrocte». B paMkax 3TOro HampaBJICHHs, ONUPAsCh Ha HCIIOJIb30BAHUE OINPEIETCHHBIX (PHU3MUKO-
MEXaHHYECKUX CBOMCTB B aHM30TPOIHBIX CpPelax, U3y4aroTCsl CBA3aHHBIE TEIIOBbIE M MEXaHHMYECKHE IOJIS.
B craTtbe, Ha OCHOBE METOJla MaTPHIAHTA, ONPEAENICHBI BU/IbI 3aBUCUMOCTEH CKOpOCcTel U KO3 (PUINEHTOB
3aTyXaHHMS CBS3aHHBIX TEPMOYIPYIUX BOJH OT YAaCTOTHI; MOCTPOCHBI KaueCTBEHHBIE IpaduiecKrue 3aBHCHMO-
CTH CcKOpocTeil 1 K03(UIMEHTOB 3aTyXaHUs YNPYTHX U TEIUIOBBIX BOJIH OT YaCTOTHI TP M3MEHEHUH Hapa-
METPOB CpeJibl (TEPMOMEXaHHUECKOTO apaMeTpa, TEMIIEpaTypbl U K03 duLHeHTa TeIIoNnpOBOJHOCTH).
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CioxHBIH M3rud yNpyroi HeoAHOPOIHOM MJIACTHHBI B HEPABHOMEPHOM
TeMIeparypHOM IoJie

B crartbe paccMoTpeHa cuMMeTpuuHas JieopMalivs HEPABHOMEPHO HArpeTo IIIACTHHBI, KOTJa MOIYINb YII-
PYTOCTH SBIISIETCSI IEPEMEHHBIM HE TOJBKO BJONb PAJNyCa, HO TAKKE M IO TOJIIUHE IIAaCTUHBL Pa3urtne
COBPEMEHHOM! IPAaKTHKU TpeOyeT OT UCCIIeNOBATENeH M KOHCTPYKTOPOB CO3JAHHS HOBBIX METONOB PEIICHUS
0OJIBIIIOTO YHCIIa IPOYHOCTHBIX 3a/[ad, CBS3aHHBIX C ITEPEMEHHOCTBIO TOJIIUHEL, MOIYJISL YIPYTOCTH, KO3(-
¢unmenta [TyaccoHa, HanuaueMBBICOKOTO TEMIIEPATypHOTO IIOJISI B arperaTax u ysjiax KOHCTpyKIuu. Beico-
Ka IOTPEOHOCTh B aHAJTUTHICCKUX M HPUOIIDKCHHO aHAIMTHIECKUX METOJ[axX PelIeHus 3a1ad O pacyerax Ha-
HPSDKEHHO-1e()OPMHUPOBAHHOTO. COCTOSHHS HEOAHOPOHBIX MUIACTHH B HEPAaBHOMEPHOM TEMIEPaTypHOM HO-
ne. VccnenoBaHne TakUX 3a7ad MCKIIOYUTENBHO aKTyalnbHO. B maHHON paboTe B CyIIeCTBEHHOW Mepe BHI-
HOJIHACTCS YKa3aHHBIA POOe.

Kniouesvie cnosa: cAOXHBIA N3rnd, HEOIHOPOJHAS IUIACTHHA, YIPYrOCTh, HEPABHOMEPHOE TEMIIEPATypHOE
0JI€, aHAJTUTUYECKOE PEILICHUE.

3anmavya 00 u3rHOe yrnpyrux HEOIHOPOJHBIX TUIACTHH MPHU MEPEMEHHBIX IMapaMeTpax ¢ y4eTOM HepaB-
HOMEPHOTQ TEMIICPATYPHOTO MOJIA SIBISETCS OJHOM M3 aKTyallbHBIX 33/1a4 TEXHUYECKOU TEOPUU YIPYTOCTH.
AHanu3 TeMIepaTypHBIX HaNpsHKeHHH W AeGopManyii B KOHCTPYKTHBHBIX AIIEMEHTAaX pa3jIMYHOTO THIIA
JOBUTATENICH U yCTaHOBOK, paOOTaIOUINX NPH BBICOKHX TEMIIEpaTypax, UMEeT HCKIFOUUTEIHHO OO0JIbIIOoe 3Ha-
yeHue. TOYHBIN pacyeT TOHKUX IUIACTHUH B YCJIOBUSIX HEPaBHOMEPHOTO HarpeBa ¢ y4eTOM HU3MEHEHUS MeXa-
HUYECKHX ITapaMeTpOB MaTepralia BEChMa CII0KEH, TaK KaK CBS3aH C pPelIeHHeM CHCTeM HEeMWHEHHBIX aud-
(epeHIManbHbIX yYpaBHEHHUH ¢ NepeMeHHbIMU Koddduiuentamu. [1o3TOMy mocTpoeHHE aHAIMTHYECKOTO
pelieHus: Ha3BaHHOM 3aJ]aud SBJIIECTCS BEChbMa aKTyallbHOM.

Kpyrnast mmactuHa nmepeMeHHON TONIIUHBI B KA4eCTBE KOHCTPYKTHBHOTO 3JIEMEHTA HAXOIUT IIUPOKOE
MPUMEHEHHE, K pacdyeTy KOTOPOH NMPHUBOIAT MHOTHE BOMIPOCHI, CBSI3aHHBIE C MPOEKTHPOBAHHEM KPYTIIBIX
(hyHIIaMEHTHBIX TUIHT, TYPOUHHBIX TUCKOB, THOKUX COCAMHECHUIN BAJIOB U JIp.

B mocneaaue roapl 00bIIOe 3HAUCHUE MPHUOOPET aHAINU3 TEMICPATYPHBIX HANPSIKEHUH B PA3IMIHBIX
KOHCTPYKITUSX SIIEPHBIX PEaKTOPOB. BOJbIIyI0 POk UTpaeT aHAIN3 TeMIIEPaTYPHBIX HANPSHKEHUH B TETLIO-
BBLJICJISIONINX 3JIEMEHTaX, YTO 0COOCHHO BaYKHO JIJISI PEAKTOPOB, PA0OTAIOIINX B YCIOBHSIX BBICOKHUX TEMIIC-
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