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Coefficients of multiple Fourier-Haar series and variational modulus
of continuity

In this paper, we introduce the concept of a variational modulus of continuity for functiohs of‘several
variables, give an estimate for the sum of the coefficients of a multiple Fourier-Haar seri€svin terms of the
variational modulus of continuity, and prove theorems of absolute convergence of series_eemposed of the
coefficients of multiple Fourier-Haar series. In this paper, we study the issue of the absolute/convergence
for multiple series composed of the Fourier-Haar coefficients of functions of several, variables of bounded
p-variation. We estimate the coefficients of a multiple Fourier-Haar seriesfingterms, of the variational
modulus of continuity and prove the sufficiency theorem for the condition forfthe) absolute convergence
of series composed of the Fourier-Haar coefficients of the considered fungtiontclass: This paper researches
the question: under what conditions, imposed on the variational modulus of‘eontinuity of the fractional
order of several variables functions, there is the absolute convergencefamseries composed of the coefficients
of multiple Fourier-Haar series.
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[ntroduction

It is known that the definition of p-variation functions for one variable was introduced by Wiener [1],
for functions of two variables this definition'was given by Clarkson and Adams [2]. Similar questions for
trigonometric and multiplicative systefmsawere considered in the works [3,4]. Let us give the necessary
definitions.

Let f (k1,...xn) be definedyon the set/ [0,1]JN and p = p1x p2 X .. X pN, here pj = {0 = < XK1<

.<xs=1} §j > 1,j = 1.5, is‘@nrarbitrary partition of a set [0,1]N. Variational sum of order p
of the function f (x1,...xnJ"With respéct to the partitions p is called the quantity (1 < p < ro)
i SN
£ .. £ JAL(f;xli-1,...,xy-1;f t 2 ) 1 p
=1 rN=1
here
A (fgx1,5a,xn;h1l,...,hN) := E*=0 .. Ej,n=0(-1)4i+"+4Nf (x1 + mh-1,...,xn + Vn hN),

(x1,...,xN) e [0,1IN,hj > O, hrj :=x r—xr L,rj=12 ..Sj,j = 1,2,...,n.

Variational modulus of continity wl Vp(f, 51, ..., 5N) of an order 1 —p of the function f (x1,...xn) is
called the value

WL VUp(f, 51,...,5n)= sup NE(f), Q)
Pi1<"]
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here |pjl = max (xj3—xj -).
1<Pj<sj ] J

We say that f G Vp[0,1]N, 1 < p < T7e, if Vp (f, [0,1]N) = wl-1/p(/, 1,...,1) < Te, and if f G
Cp[0,1JN, 1 < p < Te, if éimowl-llp(f,S 1,...,5N) = 0.. The properties of a variational modulus of

continuity was studied by A.P. Terekhin (see [5,6]).
Modulus of continuity w(f, 5*..., 5N) for function f (x1,...xn) is called the value

w(f,51,...,.5n) = sup |f(x1+ hl,...,xn + hN)... —Ff(x1,...,xi + hi, ...,xn) —... + f(x1,...,xn)].
O<hi<Si

The functions of the Haar system on the semi-open interval [0,1) is defined by h0(x) = 1ifx'G [0,1);
ifn=2k+j, kGP = NU{0}, 0<j <2kand AK) = j , j , then

2k/2,x G A2k+1)
hn(x) = ~ —2k/2,x G AMNg+1) ,
0,x G[0,1) \ AjR

(see [7]).

Then the multiplicative Haar system is defined as follows:

hkl,...kn(x1,...,xn) = hkl(xd)...hka(xn),
(x1, ..., xn)"6 [0FL)N.

The Fourier-Hagir coefficients for functiofis, of several variables are determined by the equality:

a,i,...,nN (f) = /ol.../olf (x1,...,xn)hni (x1)..hnN*(xn)dx2...dxN, nb ....nN G N.
This paper researches the question: under what*eenditions, imposed on the variational modulus of
continuity of the fractional order of severaltvariables functions, does the series converge?

Z .\\Z |ani..,nN (f) |B,e > 0,
ni=1 /nN=1

where ani..,nN (f) are thegFourietsHaar coefficients of the function f. For the case of functions of one
variable, such questions wergfcansidered by S.S. Volosivets [8].

1 Formulas and theorems

Theoremql. Letiyf G Cp[0,1], 1 < p < Te and an(f) = /0 f(x)hn(x)dx, n G N. The following
inequdlitytis valid
~2feri-1 \' P

z EAB S h ol kol

You can see the proof of Theorem 1 in [8].
Further, we are considering the functions of several variables. We need the following auxiliary
statements.

Lemma 1. Let f GVp[0,1]N, 1< p< Te m0<51,52< 1 The following inequality is valid
i

i
51,...,5N)Lp < 56 ....5n)5b..5R.
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This lemma is an analogue of the corresponding lemma from the work [5], it is proved for the case
of functions of one variable, for functions of several variables, the proof is proved similarly to the one
variable case.

The following theorem gives an estimate for the Fourier-Haar coefficients of two variables functions
in terms of the variational modulus of continuity of the order (1 —1/p).

Theorem 2. Let f GCp[0,1IN, 1 <p < > and

Mol
anuaN(f) = /o {0 f (XD XN (D). hAN(XN)dXi..dXN, uiyoun GN,

the following inequality is valid

¢

1
K411 2KN+1- 1 \ P \
£ mmmE FL-INOB] <-1U0 f oadid N 2 £ o @
=2kl iIN=2kN

Proof of Theorem 2. We present the proof for the two variables ¢ In many variables it
is proved in a similar way. Using the definition of the Haar function ,y) = hnl (x) hn2 (x) if
ul= 2kl + m1u2 = 2k2 + m2, we have

\ 4
nn2(f) = /0 0/ f (x,y)hnl Ndx y
ml+l 2+l
f X xR )
=11 fmp GOC)NIRCORN2(y)dxdy =
X1 &2

i+l 2P+l m+l 22+l
P + x,y)ydxdy — [/ + [/~2T f(x,y)dxdy—
ml /m 2m1+1 /252Q+1

2%0+1
2ml+1 mi+l m2+1 \
— /mX1+ ,y)ydxdy + /2+1 ~2+1 f y),
X + X1+l 242+l /
then, replacing the varial Q ng the shift of the arguments, we get

i+l 2P+l mi+1l  2nP+1
anln2 (f) = I 24 g2+ f(x,y)dxdy — foqdq fafoth f (X + 2-k1-1,y)dxdy—
22 A&+l A2

2m+1  nR+1

il /2112+1f (x,y + 2-k2-1)dxdy+
A1 A2+1

mi+l M2+l
+ 42+ Jam2+ f(x + 2-k1-1>» + 2-k2-1)dxdH =
X1+l Ae+1 /

i+ 2np+l
/ %ﬁﬂ ('ﬂégﬂ(f(x y) —f (x + 2-k1-1,y) —
& , ,

—S(x,y + 2-k2-1) + f (x + 2-k1-1,y + 2-k2-1))dxdy"j .
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Now, based on Holder and Lemma 1, we have (here p + 1 = 1)
I_[Z(/>< 2N L+1l) L i, J(/(x-»>- f<x+2-1-1-
(L ondi) b el y

<Xy + 2-K2-1) + [ (x + 2-k1-1,y + 2-fc2-1))|pdxdy) A~ 2fcl+c+2 <

I
kl+

k2
<2 2 sup |A2(/,x,y,hi,h2)|pdxdy T
s %Y ACRHD 3
V 2- N+T

ml ml+1 m2 m2+ 1

N
<20 Wl o o 22, 2
1 1
X px14%042 DXL4%042
on mimi+1 m2 @ Woip 1t 45D
=20 W g B +1 2241
o N
— oA ml ml+1 + 1 1 1
2 Ve(/, %1 ¥ , o 2%1+1 [\ 2f2+1
1 mlyl m2
+
&, 22
ml ml+ 1 m2 m2+ 1
2-n -2
W (/. 2*1 2*1 y 272 22
Therefore
mimil+1 m2 e p
[ouLu2(/)lp < 2- +2-2M M [ o o , I\)EbN P . (3)
We take e > 0 such that 1,...,2*1—land m2= 0,1,..., 2*2—1 and find partition £mlL and nm2
squares gf(ll m21 d 2%51 (look (1)) such that
m1l ml+ 1 m2 m2+ 1 \y e
(M=r (v2 e 20 220, 22 22 || 2212

th partitions of the square [0,1]2 with a diameter no more ~accordingly and,
alities (3), we get

&k1+1—12k+1 /1 1 \
i=EZk1 i=E2k2 [“-j(Np< “PA/0/mw <& £) 2 p—2p
and since e we can be made arbitrarily small, then inequality (2) is proved. Theorem 2 is proved.
In the case of one variable functions, a similar estimate for the Fourier-Haar coefficients was obtained
in [8].

The following theorem gives sufficient conditions for the convergence of double series, composed of
Fourier-Haar coefficients.
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Theorem 3. Let f GCp[0,1IN, 1 < p < > and

«1 rl
anu..,nN(f) = 7/ 7/ f(xi,...,xw)hrai(xi)...h,,N(xN)dxi...dxN, wui,...,un GN.
o 0

1) Let B > 0, p > B- Then, under the condition of convergence for the series

0] o] !/ n 1\
Tawoe fui.-.-.-ﬂﬂ)>_2_f"f_i/p (/,uui- - u") m
ni=1l niNel 4 7

the following series converges
_ L 4
E .. E I°ni.nN(f)lee
ni=1 nN=1
2) Lete> 0,p>8B, Y>1+ 1 YGR. Then, under the condition of conver r%xe series

g g /1 1
(ul.un)Y_f_1< 1 /p(f, - ,...
ni=1 nN=1

the following series converges *

ni=1 nN=1

Proof of Theorem 3. We present the proo
proved in a similar way. Consider the case 1).
Using Holder’s inequality and Theoremf2, we have

- 4
271 127+1 1 N 11 \ fB [27+i_ 1241 1\ 1—5
Y, Bmn(f) |8 Emng)) f%F o 1
m=2k n=2I 2k n=2| [\ m=2k n=2|
/% 1 \ f 4B ( 4
= (2k2)Lf IfE | (MNHef I < 2k+HL f2(*+_24 11/, (/, 2k,2N
'1-.2=2k n=2I

N
+o(1 f f
2 a\/\/1_1/H f,2k, 2V .

Su 0 ides of the resulting inequality, we have

0 0o /2k+112+11 \

EEIE E | onkl<
y

k=0 1=0 y m=2k n=2I

0 0 ( 00 /I 11\ © 9
<cEE 20 1T 2)-f_17if,2,%) E EK» (f)1e <
k=0 I=0 v =gl
<cEE ok+, 1 F 2-f i 2k 20 E E(mu)_Z_f" (1~ 1
k=0 I=0 m=1n=1 '
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0 o0 2aml 12n+11 :

=cE E E E(«) _f 20 /,,(4 1)>
k=0 1=0 k=2m I=2n 4 7

0 o / 1 1\
> Y Y322 o (§i s)3em,
m 6n=6 - ' !

=e "N 2(n+m,/1-2-f),f_1/,(/, 2m, £ .).
m=0n=0 ' '
Therefore

0 0
Eemy2fiu, (fr i) <x

m=1n=1 *
00 \
E E &mn(f) 1
m=1n=1
Now we consider the case 2)

2k+1 121+1 1 [2k+1 121+1 1
E E (muYa™n(f) < | E E <
m=2k n=2I Vm=2k n=2I

< A2(k+1,792(1+1,Yq2(k+D)" g

= 27-22(k+ 4 Y+1_9)/ 1/,

Summing up both sides /

E | e (mn)Yjamn (f) B I <
k=0 I n=21 /
° e /1 1\
<E E 2Y-22(k+% i 1/r/, £,2f)2-¥ -2E E(mn)VYa,,, (/)]|<
k=0 1=0 ' 7 m=1n=1
00
ce E (mu)Yy-f-1-f-1/p (/,m,J
m=1n=1 ' '

Theorem 3 is pro
Th m™3,.is amdextension to the two-dimensional case of the corresponding theorem from the
wor
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T.B. AxaxaHoBl, H.ANBbokaesl, A.T. MaTtuHl, T. AKTOCYH2

1N.H. Tymunes aTbiHfakblgEypasid ynT Thil, YyHuBepcuTeTi, AcTaHa, KasaucTaH;
2ApnuMHITOHAaebINTexac yHuBepcuTeTi, ApAnHrToH, AKL

Ecenl ®dypbe-Xaap K,atapbiHbIl KO3appuumneHTTepl X3He
BapuaunanbikK y3wocl3gxk moaynl

Makanafa KemjaiHbiManbl (yHKUMANAP YW BapuauusanblK, Y3l Ka3AX MOAYNWIL, ¥rbiMbl €HN3LITEH,
dypbe-XaapgkodNPULUNEHTTEPLUEH K¥pblaraH ecenl katapnapabl BapuaumanbiK y3w KM3axk mogynl apkbi-
Nbl 6aranay Xake Pypbe-Xaap KOIpOULUMEHTTePLWEH K¥pbinraH ecenl katapnapiblH abcontoTa XUHaKTa-
NybiHbIH TeopeManapbl AanengeHreH. Aptopnap ®Pypbe-Xaap Koap@uUMeHTTeplWweH K¥pbiiraH ecenl Ka-
TapiapAblHBapMaLnanbiK y3WKM34X MOAynl apKbinbl 6aranaHyblH X3HEe KapacTblpbl/iblM OTbIpraH yHK-
umnafap KhacblHaH anbiHraH ®ypbe-Xaap KoapduuneHTTepweH K¥pbiaraH ecenl katapnapablH abcontoTa
WWHaK, TaflyblHbIH X EeTI KT WapTblH ganengereH. Ken aiHbiMansl GyHKuuanapablH (1 —1/p) peTta Bapu-
aluanbIK y3LW KM3>X MOAY/LWe KaHAal wapTTap KoiraHga, ®ypbe-Xaap KoO3a@hULMEeHTTEPLIEH K¥pbliaraH
ecenl*KatapnapfblH abCcontoTTl XXMWHaKTany AereH macene 3epTTe/reH.

Kbl T cB3gep: ®ypbe-Xaap KaTapbl, BapuaumanbikK y3w KM3aK moaynl, ecenl dypbe-Xaap KoaphuuneHT-
Tepl.
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T.B. AxaxaHoBl, H.A. bokaesl, A.T. MaTtuHl, T. AKTOCYH2

1EBpa3uninicknii HaunoHanbHbll yHUBEpCUTET MMeHun J1.H. F'ymnnesa, AcTaHa, KasaxcTaH;
2TexacCKuil yHuBepcuTeT B ApANHITOHe, ApAHIToH, CLUA

KoaghhnumeHTbl KpaTHoro psga ®ypbe—Xaapa v BapuaLMOHHbI
MOAY/Nb HenpepbIBHOCTU

B cTaTbe BBeLEHO MOHATUE BapUALMOHHOTO MOAYNS HEMPEPbIBHOCTU ANS YHKLUA MHOIMX NEpeMeHHbIX,
npuBeAEHbl OLEHKa CyMMbl KO3 (ULNEHTOB KpaTHOro pajga ®ypbe-Xaapa yepe3 BapuaLMOHHbIA MOAYIb
HenpepbIBHOCTA, U JOKa3aHbl TeopeMbl 06 aBCONMOTHOW CXOAUMOCTU PSAAOB, COCTaBAEHHbIX N3 KO3 (UL NEH-
TOB KpaTHbIX psgosB ®ypbe-Xaapa. ABTOpamMu McCnefoBaH BONpoc 06 abCONOTHON CXOAUMOCTUPKPaTHbIX
pALOB, COCTAaBNEHHbIX U3 KO3h(huUuneHToB Pypbe-Xaapa (YHKUUA MHOTMX MepeMeHHbIX orpaHuy4eHHON
p-Bapuauuun. MNpreefeHa oLeHKa KO3 ULLMEHTOB KpaTHOro paga ®ypbe-Xaapa yepe3 BapraluoHHBLAMO-
AYNb HEMpepbIBHOCTU, U AOKa3aHa TeopeMa A0CTAaTOYHOCTM YCNOBMS abCOMOTHON cxoaUWMoecTu “pPsifoB, Co-
CTaBMeHHbIX U3 KO3 dununeHToB Pypbe-Xaapa paccMaTpMBaemMoro knacca yHKLUMW. 3[echgi3yyeH BONpocC:
«[py Kakux ycnoBmax, HakfnafblBaemblX Ha BapuaLMOHHbLIA MOAYAb HeMpepbiBHOETW APO6GHAFO mopsagka
(YHKLMWIA MHOTUX MepeMeHHbIX, UMeeT MecTO abCoNOTHAA CXOAMMOCTb KpaTHbIX PAROB, COCTABNEHHbIX U3
KoappuruneHtoB Pypbe-Xaapa?»

Kniouesble cnosa: pagbl ®ypbe-Xaapa, BapuaLMOHHbIA MOAYAb HEMPEPbLIBHOCTA, KOAMDULUEHTbI KPATHOTO
paga ®ypbe-Xaapa.
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