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This paper investigates the issues of existence and uniqueness of a solution to a combinedsboundary value
problem with local and nonlocal conditions for a specific class of mixed elliptic-hyperbolic-type equations
with singular coefficients. A distinctive feature of the considered problem is that on one/ part of the
boundary characteristic, the values of the desired function are specified, while on the other part, nonlo-
cal conditions are imposed. These conditions establish pointwise connectionstbetween the values of the
sought function on different parts of the boundary characteristics using the Riémann-Liouville fractional
differentiation operator. At the same time, a portion of hyperbolic domain’stboundary remains free from
boundary conditions. The proof of the solution’s uniqueness is based on the application of an analogue of
A.V. Bitsadze’s extremum principle for mixed-type equations with singular coefficients. The existence of the
solution is reduced to the analysis of a Tricomi singular integral equations®system with a shift, containing
a non-Fredholm operator with isolated first-order singularityfintkernel. By applying the Carleman-Vekua
regularization method, these equations are reducedsto agWiener-Hopf integral equation, for which it is
proved that the index is equal to zero. This, in turn, reduces'the problem to a Fredholm integral equation
of the second kind, the uniqueness of whose solution ensures the,well-posedness of the given problem.

Keywords: mixed-type equation with singular coefficients; nonlocal condition, regularization, systems of
singular integral equations, Wiener-Hopf equation, index:

2020 Mathematics Subject Classification: 35L80, 35L81.

Introduction

The theory of local and nonlecal boundary value problems for mixed-type equations plays an im-
portant role in engineering and nature, particularly in gas dynamics, state processes, the development
of oil reservoirs, groundwager filtration, heat and mass transfer in objects with complex structures, elec-
trical oscillations im,conductors, fluid flow in a channel surrounded by a porous medium, aerodynamics,
and other phenomena.

The development of'the theory of degenerate equations of mixed type originates from the funda-
mentalfworks ‘of G./Darboux, F. Tricomi, E. Holmgren, and S. Gellerstedt, published in 1894, 1923,
1927, and/ 1938, respectively. The problem for the model equation of mixed type was first formulated
and solved by F. Tricomi, and it is now known as the Tricomi problem. After this work, the the-
ory of localdand nonlocal problems for mixed-type equations was developed in fundamental studies of
E. Holmgren, S. Gellerstedt, A.V. Bitsadze, A.A. Samarskii, V.I. Zhegalov, A.M. Nakhushev, I. Frankl,
S.G. Mikhlin, K.I. Babenko, M.M. Smirnov, M. Protter, M.M. Meredov, Sh.A. Alimov, E.I. Moiseev,
A.P. Soldatov, M.S. Salakhitdinov, and others.
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Among the works devoted to boundary value problems for mixed-type equations, special attention
should be given to the work of A.V. Bitsadze [1], in which a number of important problems in both
two-dimensional and spatial cases were studied. These studies have stimulated further research in this
direction and have attracted numerous mathematicians to this field.

By the late 1970s, many issues in the theory of boundary value problems for degenerate partial dif-
ferential equations, including mixed-type equations with smooth coefficients in the considered domain,
had acquired a mathematically complete form. Further progress in this field was largely determined
by qualitatively new problems for equations with non-smooth coefficients, particularly for mixed-type
equations with singular coefficients. Despite the large number of studies on hyperbolic equations
and equations of mixed type, problems with combined local and nonlocal conditions for a degenerate
mixed-type equation with singular coefficients remain poorly studied.

A nonlocal problem for a mixed-type equation with a singular coefficient in an"unbounded demain
was studied in the work of M. Ruziev and M. Reissig [2], while the works of Z.G. Feng'|3|, Z#Feng, and
J. Kuang [4] are devoted to the study of boundary value problems for nonlinear/mixed-type equations.

This work is devoted to the study of the solvability of a combined problem with docal and nonlo-
cal conditions for a certain class of mixed-type equations with singular coefficients. The degenerate
equations with singular coefficients considered in this article differ from the wellzknown classical prob-
lems in that the correctness of the known Cauchy problem (in the hyperbolie region) and Holmgren’s
problem (in the elliptic domain) does not always hold. In the consideréd domains, these problems
in their standard formulation may turn out to be unsolvable,if the,mixed-type equation degenerates
along a line that is simultaneously a characteristic (an envelope of a family of characteristics) or if
coefficients of the equation at lower-order terms are singular., Therefore, in these cases, it is natural
to consider modified Cauchy and Holmgren problems, where the condition on the degeneration line
is given with weight functions. Therefore, ingthe problem formulation of the study, along with local
and nonlocal boundary conditions on the degemeration/line of the equation, discontinuous matching
conditions for the normal derivatives of the soughtyfunction with weight functions are specified. The
problem conditions are given in a combined form: locally on the boundary of the ellipticity of the
equation and on one part of the boundary characteristic, while on the other part, nonlocal conditions
are imposed, establishing pointwisesrelationships between the values of the sought function at differ-
ent sections of the characteristic houndary using the fractional differentiation operator in the sense of
Riemann-Liouville. At the same time,part of the boundary of the hyperbolic domain remains free
from boundary conditions.

By modifying A.V. Bitsadzels extremum principle for a mixed-type equation with singular coeffi-
cients, the uniquenessfof the combined problem has been proven.

The solvability“oef the problem is reduced to the study of non-standard singular Tricomi integral
equations with @aynumerical parameter in the non-singular part of the kernel and a non-Fredholm
operator on the right-hand side of the equation.

The obtained, singular integral equation is characterized by the following properties:

e generalizes the singular integral equation of F. Tricomi. In a particular case, this equation is

reduced to the equation studied by F. Tricomi;

e the “nonsingular” part of the kernel has non-Carleman shifts;

e the non-characteristic part of the singular integral equation contains non-Fredholm integral op-

erators; more precisely, the kernels of these operators have isolated singularities of the first order.

An algorithm has been developed for solving such non-standard integral equations: first, tem-
porarily assuming the non-characteristic part of the equation as a known quantity, a singular integral
equation of Tricomi with a shift is obtained; then, by regularizing it using the Carleman method de-
veloped by S.G. Mikhlin, the Wiener-Hopf equation is derived, which, through the Fourier transform,
is reduced to a Riemann boundary value problem in the theory of functions of a complex variable.
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Furthermore, it is proved that the index of the Riemann problem is equal to zero, which ensures the
unique regularization of the Wiener-Hopf equation into a Fredholm integral equation of the second
kind, whose unique solvability follows from the uniqueness of the solution to the formulated problems.

1 Statement of the problem A

In a finite simply connected domain D of the plane of independent variables x, y, bounded for
y > 0 by a regular curve
oo: rrH4A(m+2) 72yt =1

with endpoints A = A(—1,0) and B = B(1,0), and for y < 0 with characteristics AC' and BC' of a
mixed-type equation with singular coefficients of the following form

(signy) |y Uz + uyy + iouy =0 (1)

is considered, where m > 0, —% < By < 1.

Let D' and D~ denote the parts of the domain D, located, respectiviely, in. the half-planes y > 0
and y < 0, and let Cy and C, respectively represent the intersectionspoifits of the characteristics
AC and BC with the characteristic originating from the point E(e, 0),swhere ¢ € I = (—1, 1) is the
interval of the y = 0 axis.

Problem A. Find the generalized solution u(z,y) of equation (1);that satisfies the following con-
ditions:

w(z,y) oo = @ (B Sl <L (2)
ulacy =0 (), —1 %902 C 3)

ao(z)(1 + 2)° D} Pu by ()] + bo(z) (1= m)ﬁDijﬁu [01(x)] = co(z)u(x,0)+
+do() limy (—y)ﬁog;‘ + folx), c<w <1, W

where D};;ﬁ , Di;ﬁ are fractionall differentiation operators of an order 1 — 3; 8 = ;?;2@0), Oo(x) and
01(x) represent the corresponding affixes of the intersection points of characteristics AC' and BC with

a characteristic originating™from apoint M (z,0), where zg € [c, 1]:

2

xo — 1 (m+2 m+2
0o (z0) = 02 —z< 1 (1+x0)> ,

2

61(m0):x0+1—i(m—'—z(l—xo))mH.

2 4

Given functions 9 (x), ag (x), bo (z), co(x), do(z), fo(z) are continuously differentiable on the closure
of their definition’s domain, with the conditions:

ad(z) +b3(x) #0, co(z) >0, d(z) = ao(x) + bo(x) —do(z) >0, x € (c,1),

cos B 1
t - = =-(1-2
dle) + A etghar (ao(e) ~ bfe) 0. A= s = 1(1-29)
and the function ¢(z) is represented in the form
pla) = (1 - 2?05 (), (5)

Mathematics Series. No.2(118)/2025 165



M. Mirsaburov et al.

where p(z) € CH(I), ¢¥(—1) = 0.

Under the generalized solution of Problem A in the domain D, we refer to a function u(z,y) €
C (D) N C? (DY), which satisfies equation (1) in the domain DT, while in the domain D, it is a
generalized solution of a class Ry [5,6] and in the degeneration interval I it satisfies the following
conjugation condition 5 5

. , OU U
ylgglo(—y)ﬁ o ylggoyﬁoafy , xe\{c},

and these limits at x = +1, * = ¢ may have singularities of an order no higher than 1 — 23, while
satisfying conditions (2)—(4).

Note that Problem A is a generalization of the problem by F. Tricomi |7] and, for the limiting value
¢ = —1 from the Problem A it reduces to the problem of A.M. Nakhushev [8], andifor the,limiting
value ¢ = 1, with the additional conditions ¢o(z) =0, do(x) =0,

ao(x)(1 +2)" D" Y(O)a=1 +bo(z)(1 — 2)°D, 1 (1), = €o0L),

it leads to the problem of F. Tricomi [7]. Problem A in a particular case, was studied in [9].

For degeneration on the boundary of the hyperbolic domain withgsingular coefficients, the gen-
eralized Tricomi problem with Goursat conditions was studied in [10]. #Solvability issues and spec-
tral properties of local and nonlocal problems for model mixed-type ‘equations were investigated in
[1,5-8,11-14].

2 The Extremum Principle and Uniquenes$ of.thexSolution to Problem A

Before proceeding to the proof of solution uniqueness for Problem A, we present, without proof,
the extremum principle and the local properties of the selution to equation (1) in the domain D*.
Let us consider the Gellerstedt equation withya singular coefficient

E(u) = y " uzg + uyy + [ZO uy =0, y >0, (6)

where m > 0, —5 < By < 1, in a fifiite, simply connected domain €2 of the complex plane z = x + iy
which is limited by a simple, Jordan are I' with endpoints A(—1,0), B(1,0) lying on the half plane
y > 0 and a segment AB of the axisyy.= 0.

Lemma 1. (The ExtremumpPringiple) [1,14] Any regular solution u(x,y) of equation (6), continuous
in 2, does not achieve its positive maximum or negative minimum at the interior points of the domain 2.

Let a regular'selution u(#}y) of equation (6) achieve its positive maximum in the domain € at the
point (b, 0) along the axisy = 0.
We derive the inequality in the neighborhood of the point (b, 0) for the function

v(z) = lim yﬁo@, x e (—1,1). (7)
Y

Let limit'(7) exists at the point (b, 0) [13,14].

Lemma 2. (Analog of the Zaremba-Giraud Principle) [1,14] Let 1) the function u(z,y) € C(2) N
C?(2) continuous in Q satisfy the inequality E (u) > 0 (< 0) and take its maximum positive value
(minimum negative value) at some point (b, 0), b € (—1,1);

2) the value u (x,y) on the curve I is less (greater), than at the point (b, 0). Then

ou
li Bo
Jm y 8y<0(>0),

provided that this limit exists.
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Suppose that the limit (7) does not exist at the point (b, 0) and in the neighborhood of this point,
the partial derivatives of the solution u(x,y) to equation (6) are allowed to have the following order of
singularities

youy @ y)| <O (p7P7%0) . fualay) <O (pfo—l), ®)

where £ is a sufficiently small positive constant, p = (z — b)? + Sy

(m+2)
Lemma 3. |6] If the solution of equation (6) in the domain € achieves its positive maximum (negative

minimum) at the point (b, 0) on the axis y = 0 and the estimates (8) are valid at this point, then there
b+ry
exists a neighborhood (b —r1, b+ r1) of the point (b, 0) for which [ v(z)dz <0 (> 0)

b—r1

By virtue of Darboux’s formula [9]

1 m—+2

u(z,y) = f [:v+ o (— y)T] (1= )1 +0)" it
NP N I,

where 24 r(28) 2w 26)
m + 20g o 1-28 _ = 28-1
2m+2) T E)° Tl N1 5)

giving a solution to the modified Cauchy problem

8=

u(z,0) =7(x), zel, y1~i>n—10 (_y)ﬁoaiy =v(z), wel,

from the boundary conditions (3) and (4), tespectively, we have

v(z) =R e (2) + U (z), z€ (-1, c), (9)

—1,x

d(z)v(w) = vao(z) D R+ vbo(x) Dy 7(x) + co(x)r(2) + f(2), 2 € (¢, 1), (10)

where
_ 20 (g1 —Byfm+2\¥ _ B, 1
v= I'(B) I —2B) < 4 > , U(z) = T (25) 1x¢< > x € (-1, ¢,
_ 217 a() d [el-1/2)d |
0 D1 - B)(m +2)% fol@) + I'(B) dg:/ (z—t)"F , (e 1),

“1
here ¥(z)€ C[-1, c]NCY(~1, ¢), f(x) € Cle,1]NC(c, 1).

Theorem 1. (Analogue of A.V. Bitsadze’s Extremum Principle) [1] The solution u(x,y) to Prob-
lem A under the conditions: ¢ (x) =0, fo(x) =0

ap(z) >0, bo(z) >0, co(z) >0, ap(z)+bo(x) > do(x), (11)

achieves its positive maximum or negative minimum in the closed domain D% only at points on the
arc og.

Mathematics Series. No.2(118)/2025 167



M. Mirsaburov et al.

Proof. Let u(z,y) be a solution to Problem A, satisfying the conditions of Theorem 1. Clearly, by
the extremum principle, the solution u(z,y) in the domain DT cannot achieve its extreme. Assume
the function u(z,y) achieves its positive maximum in the closed domain D* at the point P(xg,0),
zo € I\ {c}, i.e. max u (z,y) = u(z0,0) = 7 (z9) > 0. Using the fact that the fractional derivatives

x,y)€E
Dg;w 7(z), Di;w 7(x) at the point of the positive maximum of the function 7(z) are strictly positive
from (9) and (10) based on (11), we have v (zg) > 0, it contradicts the known analogue of the Zaremba-
Giraud principle, stating that at the point of positive maximum v (zy) < 0 (Lemma 2) and hence it

follows that xg ¢ I\ {c}.

Now suppose that the solution u(x,y) achieves its positive maximum (negative minimum}) at the
point E(c,0). Then, by Theorem 2 there exists 71 > 0, such that for the interval the followingsholds

ct+r
/ v(z)de <0 (>0). (12)
e—r1
On the other hand, using (9) and (10), for the specified r;, we have
ctr c ety
/ v(z)dx = / v(z)dx + / v(z)dr >0 (<,0) (13)
e—r ey c

Inequality (13) contradicts inequality (12), i.e., the function,u(#yy) does not achieve its positive max-
imum (negative minimum) at the point E(c,0).

Therefore, the function u(z,y) achieves its positive maximum in the domain D* at points on the
curve oy.

It can also be shown that the function u(x, y), which satisfies the conditions of Theorem 1, attains
its negative minimum within the domain DV, including at points on the curve y. Theorem 1 is proved.

From Theorem 1 follows

Corollary. Problem A under conditien (11) has no more than one solution.

3 [ FExistence of a solution to problem A

Theorem 2. Let the followingiconditions be hold:
sin a cos B jbo(€) — ao(c)] [(2ao(c) — do(c)) sin S + 2bo(c) — do(c)]

<1, (14)
[eh2my + cos2ar] {[d(c)(l + sin B7))% + [(bo(c) — ag(c)) cos 57?]2}
where o = #, y = 11‘% Then there exists a solution to Problem A.

Thesproofief Theorem 2 will be carried out in several stages. From the known solution to the
modified preblemsN (6), (2) and (7) [14], we obtain a functional relationship between the unknown
function$ 7(x) and v(x) carried over to I from the domain DT

1
r(z) = —k:l/ [l =172 — (1= 2t) | w0yt + B(2), el (15)
1

268 12
B 4 I(8)
where ki = (m) 47T (26)°

m+ 2\ / B-1/2 1
O(z) =2k —— ) (1—2%) [ (1-1t% (1 — 2zt + 22 1 Pop(t)dt.
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From relationships (9), (10) and (14), excluding the function 7(z), and taking into account that the
resulting equations have singularities at x € (—1, ¢) and x € (¢, 1), we obtain

v =3 ] (45) 7 (- s v (s

A F(52) ™ (2 - ) v+ Fole), e (10, "
d(2)0(z) = —Aag(x) _fl (1) (2 ) els)ds
“ao(a) fl (1) (& — ) v()ds + Ao(a) j; (1) (& + ) H)a
FAbo(z) fl (}:;)Hﬁ (Sim + 1_23) o(s)ds — freol@) _fl [\x s m—?ﬂ} D) d5— "
—ﬁ%@jDx—ﬂ*ﬁ—u—m@*ﬂu@Ma+E@m z e, 1),
where
Fy(a) = 22= - %( JEPE) ) = 1a0(@) DT () + ybo(PWD, T (@) + f (@) + co(@)® ().

Tk sin B

Proceeding similarly to the approaches in works |6, 14],/dueito the conditions imposed on the given
functions of the problem, particularly condition (5)y in‘the case of a normal curve, it can be shown
that

Fi(z) e Clep1]nC®?) (¢, 1),

By (z) € C(c, 110 CO) (¢, WF, (z) = O ((x _ 0)26—1> '

Note that relations (16) and (17) holdder z'€ (—1, ¢) and = € (¢, 1) respectively. To consider them in
a single interval I = (—1,1) in (15)mreplace™® with ax — b, and in (17), replace x with bx + a, where
a=(1+¢)/2,b=(1-¢)/2,a+b=T1 a—b = cand then perform the substitution of variables
s = at — b for integrals over the interval (—1,c¢) and s = bt + a for integrals over the interval (c,1),
where t € [—1,1]. By isolating the.characteristic part in the integrals with singular properties and
performing some transformations, we have

0+ | (1) (2 - oty 0 -

(18)
—Afﬁﬁﬁ+Tmﬂ+%@%xeFLm
1 1-28
D@wm+K@Hx%® (7 — =gty ) (1) dt =
h (19)

—ufﬁﬁ%+ﬂwm+ﬂmﬂ+ﬂuxxeeLm
where

vo(x) = v(ax —b), vi(z) =v(br +a), A(z) = Aag (bx +a), B(x) = Abg (bx + a),

cos B

D (z) = d(bx +a), Fy(z) = Fy (ax —b), Fy (z) = F| (bx + a), /\:m7

Mathematics Series. No.2(118)/2025 169



M. Mirsaburov et al.

Tl[Vl]:)‘/l a(l+ ) bt —ar + 1 1 a(l+z) azx — b)(bt + a)’

1 1
<1+a+bt)1—251] by (t)dt A/<1+a+bt>1—25 by (t)dt
1—(

1—z\% 1+ 172'Bl+bt+a
1—t 1+t 1+bxr+a’

K(z,t) = A(x) — B(x)(

_ bkico(br+a)
1+sin 87

. 1-28 1-28
{Ga) ™ - ()] (2 — smem) 0
1
J [ (bt@ = )7 = (1 = (b + @) (bt + @)~ | wr ($)dt -
C
1 1-253

__f; (11%) (t_; _ m)(mm,w — K(z,2))vi(t)dt

are regular operators.

8.1 Regularization of the System of Singular Integral Equations of the Pricomi Problem with a Shift

Let us proceed to the regularization of the system of singularimtegral equations (18), (19). In

equation (19) we will perform the following step-by-step:

e Temporarily consider the right-hand side of‘equation (19) as a known function from the class
L,(—1,1), p > 1satisfying Holder’s condition. Byregularizing equation (19) using the Carleman-
Vekua method [15-17] in the class of funetions H, where (1 + 2)' =251 (2) is bounded on the left
end and may be unbounded on the right end.of the interval I, we transform equation (19) with
respect to the function (1 + z)'~2Puy(x).

e In the obtained equation, considering assumptions introduced above for the right-hand side of
(19) and after some transformationsjuisolating the characteristic part of the equation, it is easy
to establish that the kernel of the ebtained integral equation when the condition M (—1) # 0 is
fulfilled, where

M(z) = p(D*(z) + mctgdarK*(z)),
M(—1) = p (D*(—1) + metgdam K*(—1)) =

_(D(—1)+metg3a K(—1)) _ pl(ao(c)+bo(c)—do(c)—Aumctgdan )]
D2(-1)+n?K2(-1) (ao(e)+bo(c)—do(c)*+Am2u?

D(x K(x
p= Alfbo(c) —ao(c)], D*(x) = D2(z) —|—(772K2(:L‘)’ K(x) = D2(x) +(7r2)K2(LU)

for t = 1, © = —1 has a first-order singularity [17,18], therefore, this operator is non-Fredholm.
In the obtained equations, after some simple transformations, we have

1

lll(l‘) = — /n <11—:_?> Ifo_f_tidt—l—No[ﬁo] + Nl[ljl] + FQ(IE), (20)

-1

where 7y(x) = vo(—1)
M(-1)

n(y) = my

(21)
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Nolwo] = (M(a:)—M(—l))f1 avo(t)dt jK(w,t)Vo(t)dt—F

at—br—1
+D*(2) Ho[wo] a:)jl;( 97 (12 i)m R
; X“”%x%@ ::féf)% (75 - eraorrm ) Holold-
—nak () Jun(elds | (#)" (12)" [(1 i) Sy — 1%

w (L _ b dt
t—x 1—(bz+a)(bt+a) | as—bt—1"

The operator Ny[#] is obtained from the operator Ny by substituting vo(—z) with ().

Nuln] = D* (@) ] — K@) [ (32)" (122)" (lete)

—1
w(z)(D(z)+in K(z)) (1 b
X W) (D) Fin K(1)) (ﬂ - Wa)(bwao H[v]dg

Ni[v] is a regular operator,

Fala) = D*()Fy(a) — (@) | (122) ity fiticsate)

1
w(z)(D(x)+ir K(x)) ( 1 Fo(t)dt, w(x)= o

b
X o DO)rin K@) \i—z 1—(bx+a)(bt+a_)) brta

Now consider equation (18). Equation (18) will be ‘eonsidered as a singular integral equation with
a shift in the non-summable part of the kernel relative to an unknown function. Here, proceeding
similarly to the case of equation (19) and performing analogous calculations, we obtain

1
. 1+a\ v (s)ds y
Vo(x):/m(1+s> 1+ s +T2 [7)1]+F3(*:L‘)7 (22)
where
=" A inan (23
m(y) = Y- = sinar/m,

Taforhe 2R f bui(s f (%%ﬁ)%(%)a(lf(ﬁf)sya [(%)a - 1} %

X (ﬁ 7 m> dt + (20T ) 7 ] 4 siner f ( }ifc)) e

i = e | (202" [ (L™ —1} (AT S P

+f1 (1+a+bs) 1 «
—1

(142 (1—2)"

1— 1 2o b1—
Fl1-20—a1-a ") (O ED N5 o0 010 20| o
2 1+a-+bs a 2

a(bs + a)M; (s) — a(ax — b) My ()} byv(s)ds

. {_20‘B(1 —2a,q)
(1 +x)2a
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are regular operators,

(1—-t)” dt 2172 B (1 - 2a, @) 2a(bs + a)
M = = Fl1 1.9 —qr——2 T
1(3) /(1+t)2°‘1—(bs+a)(at—b) 1—C(b8+a) +ao,l, Q) 1—c(bs+a) 3
1
. 1) d 272 B(14+a,1—2a . 2a(az—b
M () = f ((1+t))2(" 1—(ax—lf)(at—b) - 1—¢(:(a:c—b) )F (1 —20,1,2 - _%> )

-1

Here B («, 8) and F (a, b, ¢, z) are beta and hypergeometric Gauss functions respectively.
. 1 2a a a
—_ 1— —b
Fy(e) = R - 5 [ () (1) (Fhag) X
1
X <m - 1—(ax—%)(at—b)) Fo(t)dt,

where 0y (z) = vo (—x), and the operator T4 [v;] is obtained from operater T [vy]l by substituting =
with —ax.

3.2 Derivation and Analysis of the Wiener-Hopfélntegral Equation

Thus, equation (22) together with equation (20) form &’system of integral equations with respect
to unknown functions 9g () and v; (z) with a singular feature'in the kernel [19]. From equations (20)
and (22), excluding the function 9y (z) with respect to thie function v; (x), we obtain the equation

1

we) = [ HELOOTY LR+ pya), (24)
21

where L [v1] is a regular operator and

1

L+ 1+s\ ds
Q(m,t)—/n<1+s>m<1+t>l+s, (25)
<1
[ 17 [vi] P (s)d
+& 1*121 _ +z\ v (s)ds i}
L = ¢ — | /———dt N, — T N
[vl] /n<1+t> 1+t + Mo /m<1+3> 1+s + 2[”1] + 1['111]7

1
Fy(z) = — /n (1 i ‘””) Bt gy No[F3(—x)] + Fa(x).

1+t 1+1¢
We evaluate the kernel €2 (z,t), for this in (25) making a substitution %—ii = r, we have
2/(1+t) .
1+x r
Q = —_— — =0 -Q 2
@i= [ () m 0T = -9 e, (26)
0
where - -
1+x dr 1+=z dr
Q t) = —, Q t) = —.
1@ 1) /n<r(1+t)>m(r)r’ 2 (@,1) / n(r(l—l—t))m(r)r
0 2/(1+t)

172 Bulletin of the Karaganda University



A combined problem with ...

Based on (21) and (23) it is easy to establish the estimate

19 (2, 1)] = /OO 0 ()| & <= 1>A<Z)M<1jt)a.

2/(1+t)
From this, it follows that l(ft ) is a regular kernel. Now, by direct computation, we have
i a
0
where y = (1 4+ x)/(1 4+ t). Now, based on (26) and (27), we rewrite equation (24) imthe form
1 142\ _
o(e) = ar-n) [ ($51) (%)_ L g R, (29

1
where Ly [v1] = Lv1] — [ W is a regular operator.
1

Now, introducing the notation in (28) p(z) = e(*~1?/2p; (2% "), after some transformations, we
obtain

[ sh(a(z — )/2)(s)ds
oz / IR R Lol + (o), (29)

where L3[p] = Lo [e(l_o‘)z/Qp(z)} , F5(z) = el D22 F;(2e=% — 1). Equation (29) is an integral Wiener-
Hopf equation [20]. Under the condition

M(~1)msin am
ch2ym + cos 2am

<1 (30)

it is easy to calculate that the iidexiof equation (29) is equal to 0. Therefore, equation (29) is uniquely
reduced to a Fredholm integral equation of the second kind, and the unique solvability of this equation
follows from the uniqueness_of the solution to Problem A. From condition (30) due to the entered
notations, by straightdcaleulations we obtain (14).

Thus, Theoremy2 is_proved.

Conclusion

The paper, investigates the existence and uniqueness of a solution to a combined problem with
local“and nonlocal conditions for one class of mixed elliptic-hyperbolic type equations with singular
coefficients.

The studied problem differs from known problems in that the values of the sought function are
specified on one part of the characteristic boundary, while, nonlocal conditions are imposed on the
other part. These nonlocal conditions relate the values of the sought function on one part of the
characteristic boundary pointwise to the values on the characteristic boundary of another family using
the fractional differentiation operator in the sense of Riemann-Liouville. At the same time, a part of
the boundary of the hyperbolic region of the domain is freed from boundary conditions.

The uniqueness of the solution to formulated problem is proved using an analogue of extremum
principle by A.V. Bitsadze for a mixed type equation with singular coefficients.
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The proof of the existence of a solution is reduced to solving a system of singular Tricomi integral
equations with a shift in the non-summable part of the kernel and a non-Fredholm operator with an
isolated first-order singularity in the kernel of the operator. By the Carleman-Vekua regularization
method, the obtained singular integral equations with a non-zero operator on the right are reduced to
the Wiener-Hopf integral equation. It is proved that the index of the Wiener-Hopf integral equation is
zero. Consequently, the Wiener-Hopf equation is uniquely reduced to the Fredholm integral equation
of the second kind, the unambiguous solvability of which follows from the uniqueness of the solution
of the problem A.

An algorithm has been developed for solving non-standard singular integral Tricomi equations with
a shift in the non-summable part of the kernel and a non-Fredholm operator with an isolated first-order
singularity in the operator’s kernel.

Thus, the issues of the unique solvability of a combined problem with local and nenloe¢al conditions
for a certain class of mixed-type equations with singular coefficients have been formulated and studied.
It has been established that the well-posedness of the combined problem, defined bydecal’and nonlocal
conditions on a single characteristic boundary, significantly depends on the ratio of the coefficients of
the nonlocal conditions at the junction point of the local and nonlocal conditions, which lies on the
degeneration line of the equation.

In conclusion, we note that the developed methods for studying mon-standard singular integral
equations can be applied to a broader class of partial differential equations with singular coefficients,
including for other values of the parameter 3y in equation (1)
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