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Implementation of summation theorems of Andrews and
Gessel-Stanton

Generalized hypergeometric functions and their natural generalizations in one and sevefalwariables appear
in many mathematical problems and their applications. Solving partial differential equationsyencountered
in many applied problems of mathematics physics is expressed in terms of such genéralized hypergeometric
functions. In particular, the Srivastava-Daoust double hypergeometric function (S<B. functien) has proved
its practical utility in representing solutions to a wide range of problems in puresand“applied mathematics.
In this paper, we introduce two general double-series identities involving Boundedgsequiences of arbitrary
complex numbers employing the finite summation theorems of Gessel-Stahton@nd Andrews for terminating
3F2 hypergeometric series with arguments 3/4 and 4/3, respectively. Using these double-series identities,
we establish two reduction formulas for the (S-D function) with"arguments 'z, 3z/4 and z, —4z/3 expressed
in terms of two generalized hypergeometric function of arguments‘roportional to z3 and —z3 respectively.
All the results mentioned in the paper are verified numerically®ising"Mathematica Program.

Keywords: Generalized hypergeometric function; Srivastava-Daoust double hypergeometric function; Reduction
formulas; Mathematica Program.

1 Introductiontand pfeliminaries

The pFq (p, g £ No) is the generalized hypetgeometric series defined by (see, e.g., [L Section 1.5]):

E al,...,ap,Z (a1)n mm(ap)n z
S f=0 (B )n mm(eq)n n\ (1)
—pFaq(al, ..., aP;sl, ..., Pqg; 2),

being a natural generalization of the Gaussian hypergeometric series 2F1, where (A)v denotes the
Pochhammer symbol ((for A*™v'£ C) defined by

MA+ v)
A v+ Af C\Zo

A = " A )

1 (v—o0, A£ C\Z°),

AA+ 1) mmA+n - 1) (v—n £N, A£C).
Here I' is the familiar Gamma function (see, e.g., [1; Section 1.1]) and it is assumed that (0)o :—1, an
empty product as 1, and that the variable z, the numerator parameters al, ... ,ap and the denominator
parameters Bb ..., Pq take on complex values, provided that no zero appear in the denominator of

(1), that is, that
(pj £ <C\Zo; j —" ...,0).
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Here and elsewhere, let Z, R and C be respectively the sets of integers, real numbers, and complex
numbers, and let

N:={1,2 3... ; No:=NU{0};Z- :=Z- U{0} = {0,-1, -2, -3, mee} .

For more details of pFq including its convergence, its various special and limiting cases, and its
further diverse generalizations, one may referred, for example [2,3].

Whenever the generalized hypergeometric function pFq, including 2Fi, can be expressed in terms of
Gamma functions through summation of its specified argument, which may include unit or 2 argument,
the outcome holds significant value from both theoretical and practical perspectives.

The generalized hypergeometric series has classical summation theorems, including, th@se, ofiGauss,
Gauss second, Kummer, and Bailey for the 2Fi series, as well as Watson’s, Dixon’s, Whipple’s,
and Saalschutz’s summation theorems for the sF2 series and others. These theoremsyhaveysignificant
importance in both theory and application.

From 1992 to 1996, Lavoie et al. [4-6] published a series of works that generalized'the aforementioned
classical summation theorems for the 3F2 series of Watson, Dixon, and Whipple. #hey also presented
many special and limiting cases of their results, which have been furthefextended and generalized by
Rakha-Rathie [7], Kim et al. [8], and more recently by Qureshi et al. [9]¢Thése results have also been
verified, using computer programs such as Mathematica.

Srivastava and Daoust [10; 199] introduced a generalization%ef.the Kampe de Feriet function [11;
150] by means of the double hypergeometric series (see also [12,13]):

FA B; B ( [@A):» & : {bB)“# [BB):VY;x y
CDDv [(cc):s,e]l: [(dB): nf [(MDY: n7T;
A B B'
e T I (aj)mi)i+ntpl R, (bjpm~j I _(bj)n'dy Wi )
=1 =1 =1 X
E E J(: Iol IID m!n!
m=0n=0  (GYm$j&n£j M (dj)mnj M (dj)nnj
J=1 J=1 J=1 J

where the coefficients

8L amSain/a,...,"a; "1,...,"b; ., ®BY; ML, Sc;
ed,.4&ec: n1,....nD; ni,...,nD’
are real and positive. [Let
(C D \ /A B
EAj+E njl - TEM] +E N
j=1 j=1 / \j=1 j=1
and
(c d \ /a b'
E ef+E nl- (E ~j+E 7j
j=1 j=1 |/ \j=1 j=1
Then

(i) The double power series in (2) converges for all complex values of x and y when A1 > 0 and
A2 > 0.

(ii) The double power series in (2) is convergent for suitably constrained values of |x| and |y| when
Ai1=0and A2= 0.
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(iii) The double power series in (2) would diverge except when, trivially, x = y = 0 when A1 <0
and A2 < 0.

Qureshi et al. [14] provided insightful remarks on previous studies, specifically [15-17]. They
employed a double-series manipulation technique, utilizing Whipple’s transformation (see [18; 266,
Eq.(6.6)]):

m Ml FE 1-m-B-C,1-m-D:

5Fa4 1
1-m-B,1-m- C, H+E-D—m, 2+E-D— ;

_m7 87 C7 E;

(Om 3 1

(D - B)m 1-m-B,1- m- C,D;

(m e No; B, CD, l+te2D—m, +E-b-me C\ Z—,
and (see [19; p. 537, Eq.(10.11)]; see also [17; Eq. (2.5)])

-m, X, Y, Z;
UW, X +Y+Z+1-U-W-m;
U-XmY+2Z+1-U-W-mm
UmX+Y+Z+1-U-W- mlm

-m, W OYW,- 4, X ;
1- m+ X - U,U+W-Y-Z,W;1

43

X 4F3

meNo,UW X+YHEZ+1l- U>W-m,-
I-m+X- U U+W-Y-2ZDWeC\Z—

Through this approach, they introduced three double-series identities, which incorporated a bounded
sequence of complex numbers. In addition, they [14J%d&monstrated that the application of double-series
identities enables the provision of numerous reduction formulas, whether they are already known or
newly discovered. Subsequently and cofieurréntly, a number of papers have utilized series manipulation
techniques along with, among severalyothers; transformation formulas for 2F1 in Chan et al. [20],
the reduction and transformation{formulas of Kampe de Feriet and Srivastava-Daoust functions [21],
implications of Bailey transformations#in double-series and their consequences [22], the reduction
formula for 2F 1 in Karlssongf23], tecmjinating 3F2 (|) [24; Eq.(1.3)] (see also Gessel-Stanton summation
theorem [25; Eq.(5.21)] andgerminating 3F2 (| ) [24; Eq.(1.4)] (see also [26; Eq.(1.12)]) in Qureshi et
al. [24]. These papers fhave presented multiple or double series identities, which have been employed to
derive a range of reduetion_formulas for the Kampe de Feriet, Srivastava-Daoust function and other
intriguing identities farthe pFq functions.

Inspired Qy the“aforementioned papers, especially [14,21], and utilizing the reversing order of the
finitegSummation, theorem of Gessel-Stanton [25; 305, Eq.(5.21)])

-n,-2b- ,-6b-n 0 'n=3m+ 1 and 3m + 2,
¥2 bt (1)m(3)m(sb+ 1Bmbr 2m@am . _ (3)
—3b—n, 2 —3b—n; (1+2b)m@o+])am(3b+1)3m@3n oM = M

where m = 0,1,2,3,...
(also, reversing order of the terms in finite summation theorem of George Andrews [26; 4, Eq.(1.12);
see also p.16, Eq.(4.8)])
-n. 13-en 2-3p-en.
' 2 2 0 n=3m+ 1 and 3m + 2 @
F2 Gm(—mBm . _

1 b n1 3 2n : m!(bg3m(3) = 3m,
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where m = 0,1,2,3,...

Our objective is to introduce two double-series identities. These identities incorporating bounded
sequences of complex numbers are derived using series rearrangement techniques and Pochhammer
symbol identities. These issues are further discussed in Section 2. In Section 3, we employ these general
double-series identities to establish two reduction formulas for Srivastava-Daoust double hypergeometric
function in terms of generalized hypergeometric functions with arrangements proportional to z3 and
—z3. We achieve this by using Cauchy’s double series identity (see, e.g., [27; 56])

E E O(nr)=E E O(n—rr) (5)
n=0r=0 n=0r=0

provided that the associated double series are absolutely convergent. We also “have“the following
identities involving the Pochhammer symbol:

n'(—)r
(—)r = (n(—ril - 0<r<n, (6)
D D /j\ D /1Lz7 D84 i -
M (di)3n = 33nDM ( n di
i=1 i=1 45)'%n i-1 v ¢ 7a |r:]1 ; n
_ 1 oej 2+ €] 8
M fe)an=33nEn (fl. N 3 F 3 0

Remark 1.1 Wolfram’s MATHEMATICAghas implemented the pFq function as Hypergeometric
PFQ, which is appropriate for performing both¥symboli¢c/and numerical computations.

Throughout this article, we assume that any“valués of parameters and arguments, which would
render the results in Sections 2 to 3 invalidior undefined, are tacitly excluded.

2 Twopgeneral double-series identities

This section demonstrates two deuble-series identities that involve bounded sequences by primarily
utilizing Gessel-Stanton and,George Andrews (3) and (4). The first identity takes the following form:

Theorem 1. Let {@® "~ )¥2" be a bounded sequence of essentially arbitrary complex numbers or real
numbers such thaty®(0) = 0. Then, the following general double-series identity holds true:

e T (=2b)_on+r @ + eb)n+r (2 + 3b)n (2 + 3b)n(3)rzn+r
f=o0rz0_ ( )(—2b)_2i_ (1 + 3b)n+r (1 + 3b)n+r(x + eb)n(4)r rin!
)|
=V ®(3n) 9)
n=0

provided (—2b, 1+ 3b, 1+ 3b, 1+ 6b, ,P+2,60+1,60+5 GC\Z _), and the infinite series occurring
on both sides of equation (9), are absolutely convergent.

Proof.

(—2b)_an+r (1 + eb)n+r (1 + 3b)n (1 + 3b)n(3)rzn+r
Let Ni(z) = > > oM+ r)-—- 3A )
n=0r=0 (—2b)_ _ _2r(@ +sbjn+r @ + sbn+ra + 1 (4)r rin!

(10)
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Replacing n by (n —r) in equation (10) and using Cauchy’s double-series identity (5), we have

mon (—2b—f )r (—sb—n)r(—3)rzn

1@ = E E O (_sh—n)r (2 —3b—n)r(@)r(n —n!r! (1)

Multiplying numerator and denominator by n! and using Pochhammer symbol identity (6) to the right
hand side of equation (11), we obtain

~ zn ™ (—)r (—=2b—LW) (—sb—n)r(3)r

@ =Y & Gy (3 ab —nyr@yr o
n —n, b —Zn,—b—n;
E ¢(")n 3Fz (12)
n=o0 ° ) 2 —3b—n, —3b —n;
We now apply the decomposition identity
N N AN N
E ®(n)=E ®@Bn)+E d@Bn+ 1)+ E $(8nsF 2),
n=o0 n=o0 n=0 n=q

provided that each of the sums is absolutely convergent, to€thedrightshand side of (12). This produces

3N -(3n),-2b - 2n, - sheM8n; ~3n+1

Mz) = E ¢(3n)73M)! 3F2 +E ®@Bn+1) ’

) = B P70 —3h—3n, 1 ~28h 43 n=o (3n+ 1)t
—3n + 1), —2b —2n —s3—6b —3n —1; Zgnf2

X3F2 + E (3n+2) X
—3b —8h —1, —8b—3n —2; n=o (3n + 2)!
—(3n®2), —6b —2n —3, —6b —3n —2;
X3F2 (13)

—3b —3n —2, —3b —3n —2;
Finally, using the summatiegn,theerem (3) to the right hand side of equation (13), we get
3 5 3, (6b+ 1)an(2b+1)2n(3)
i (2)s r|1£=o ® (31 (3n)! (2b+ 1)n(3b+ 1)3n 6141 )3 (4)3n
After further,simplification, we get the required result (9).
The"secondyidentity is given by the following theorem:

Theorem®2, Let {d(~)1~=1 be a bounded sequence of essentially arbitrary complex numbers or real
numbers such/that ®(0) = 0. Then, the following general double-series identity holds true:

(3f>Wr (ifa),+r (f )n+r (G)»(—4)rznfr

Eofoo PG D @pyaner(yntr (A )0 (f)n (B)r 1t n
il
E @(3n) (b)n(_ZE) (14)
n=0 (I)nNe )nNe )n (729)n n!

provided (3b, if 31,b, 31,3, I+i,1+2 e C\Z° ), and the infinite series occurring on both sides of equation
(14) are absolutely convergent.
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Proof.

(BbW r (M ) n +r (f)n+r (b)n(-4)rzZn+r

E g(n+ ) (15)

Let -
20 = EE, (30)2n+2r(b)n+r (148 n (aQn @) ! !

0

Replacing n by (n —r) in equation (15) and using Cauchy’s double-series identity (5), we have

'1-3b-2n* A2-36-2n" (_4)rzn
2 (16)

2(2)=E E ®()(q _p_n)r(1 —3b—2n)r@3)r ! (n —n)!*
n=0 r=o0
Multiplying numerator and denominator by n! and using Pochhammer symbol @e right
hand side of equation (16), we obtain

™ (—)r 1-32-2n 2-32-2n  (4)r

zn
12(2) = nV_@CD() P @b —n)r @ —36 —Znjr{3)r

. _p, FB 2%, @
E n 3F2 (17)

n=0 1—b—n, 1—3b-22n;

We now apply the decomposition identity

Te TE Te
E ®n)=E &@Bn)+E +0) + E O@3n+ 2),
n=0 n=0 n=0

provided that each of the sums is absolutely conv , to the right-hand side of (17). This produces

an _%n 36%n 2-36-6; a1

2(h = B ®(3n)(3n)7 3F2 L% —on: * E:0¢(3n+ Dan+ m "

*3F2 +E o@n+ 2)(3n o *

n=0

@xs . s
% —(3n+2), 3b—6n—3J —3-pn—.
X3F 2 . (18)

—b —3n —1, —3b —6n —3;
Fina e summation theorem (4) to the right hand side of equation (18), we get

-3n r(3n)!(—L)n(b)n
2@) = E @GN @n) nib)an(3)3n

(b)n(—z8

E®Gn) 5y (b)ant.

n=0

After simplification, we get the result (14).
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3 Certain consequences of general double-series identities (9) and (14)

In this section, we establish a result for reducibility of Srivastava-Daoust double hypergeometric
function as in the following theorem.
Theorem 3. The following results hold true:

[(dD) : 1,1], [2b:—2,3],[1+6b:11] :[R+3b:1,[1+3b:1 ;—;

£ D+2:2.0 7 :iz
E+3:1,0 :
[(eE) : 1,1], [ 2b:—=2,—3],[R+3b:11],[1+3b:11] :[1+eb:]] ;—;

A[3; (dD)] eb+1 6bg2-

3
z
2+43DF4+3E 16x(27)(1+E-D) (19)
3o+l 3p+2 6b+l 6b+5;
A[3;(eE), 737 737, 6, 6
and
dD) :1,1], [3b:2,1], 11 [F o 11] ] §-
i (0D LU B0 2L IR IR R o
E+2:2,0 z,—3
[(ee) :1,1],[3b:2,2], b:11] : [f “1“M™ 2 11];-
A[(3(ED)];
1+3DF 3+3E (7/(23E-D) (20)
where (e1,e2,..,ee,b —2b,3b, 1+ 6b f A | itpplgtd ,MI,3&H, FH+2,ew ., G C\Z_). When

D ~ E then above transformations are alWays convergent for |z| < Te. When D = 1+ E then above
transformations are convergent for suitably ‘eonstrained values of |z].
Proof.

O (") 2 (dM@d2)"...(dD)M= M j=1(di)M
(ed)Me2)"...(eE)M ™ nELxCei)*

Put y =0,1,2,3,...,

on the both sides of general double-series identity (9), we obtain

~ ~ nD=1(di)n+r(—2b)_on+r (L + eb)n+r (2 + 3b)n (1 + 3b)n(3)rzn+r
n=o r=0LLE=1(ei)n+r(s2b)_2p__ (1 + 3b)n+r (2 + 3b)n+r(1+ 6b)n (4)r rin!

nD=1(di)3n (eb+1)n (6b32)n z3n
E (21)

Now applying the definition of double hypergeometric function (2) of Srivastava-Daoust to the left
hand side of equation (21) and definition of the generalized hypergeometric function (1), together with
the Pochhammer symbol identities (7) and (8) to the right hand side of equation (21), we get the
desired result (19).

The proof of (20) follows exactly the same procedure and will be omitted. This completes the proof
of Theorem 3.
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4 Conclusions and Remarks

In our present investigation, we have obtained two general double-series identities by using the finite
summation theorems of Gessel-Stanton and George Andrews for the terminating hypergeometric series
3F2 with arguments 374 and 4/3 respectively. These results have been used to derive two reduction
formulas for the (S-D function) with arguments (z, 3z/4) and (z, —4z/3) in ter3ms of two generagzed
hypergeometric functions 2+3D”"4+3" and 1+3"/~3+3# with arguments 16x27a+pa-B) and (27)0+E-d)
respectively. We believe that the results established in this paper have not appeared in the literature and
represent a contribution to the theory of generalized hypergeometric functions of one and two ¥ariables.
The various results, which we have presented in this article, are potentially useful in mathematical
analysis and applied mathematics.
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M.N. Kypewnl, T.P. I_IJaxll2

10>xkamua-Munnua-Ncnamna (OpTanbiy yHUBepcuTeT), Hblo-Aenun, YHArcTaH;
2VH>K:eHEP/I>K YK 3He TEeXHONOMMA YHUBEPCUTETTHIL NMHCTUTYThI; ['ypy HaHak yHuBepcnTeTr, Nb6paxmum MaTHaMm,
TenaHraHa, YHArcTaH

QHAaptoc neH 'eccenb-CTaHTOHHbLIL, KPCbIHAbIIAY TeopemMasapbiH
XXy3ere acblpy

>KannbiiaHraH rynepreoMeTpussibiK qyHKUMSNap MeH onapabLy, 6ip >xkaHe GlpHelle aliHbIMabuiapiarb!
3aHAbl XXanmnblnaHybl KeNTereH MaTeMaTUKasbIK ecernTep MeH onapfbliH KocbIMLLIaNapbiHaa kesaecedi. Ma-
TeMaTUKasbIK (hr3nKaHbIH KenTereH KongaH6asibl ecentepi 6ap Aepb6ec TybIHABIIbI AndidhepeHnanabKTeH-
JeynepaL, WeLiMi OCbIHAAM >kamnblUlaHraH rmnepreoMeTpus/ibiK hyHKUMSNap apkbiibl OPHEKTeRedi. Atarl
alitkanga, LLpmBactaBa-[aycTTbiH KOC rMMepreoMeTpus/ibik oyHKUMsCk (S-D doyHKumch)iprenipkaHe.
KoMJaHb6abl MaTeMaTMKadarbl KeH ayKbiMabl ecenTepAiH LuelliMaepiH YebiHy Yl 03iHIH NpakIKaibiK
naigansuibirbiH Aanengesi. Makanana cavikeciHwe 3/4 xaHe 4/3 aprymeHTTepi 6ap 8k 2@8AKTanarbiH ru-
nepreoMeTpUssIbIK KaTapra apHairaH Meccenb-CTIHTOH X3HE SHAPHOCTLL, aKbIp/bl KOChIHALUIAP Teopema-
NapbIH MaiganaHa oTbIpbIn, epKiH KeLleHAl caH4apAbIH LLeKTeNreH Ti36eriHeH TypaTthiH KOC KaTap/ap YLl
€0 YKasMbl CalikecTeHAIpy eHrisinreH. OCbl KOC KaTap C3MKeCTKTepLU nariganadia oTeipbin, z, 3z/4 >aHe
z,—4z/3 aprymeHTtTepi 6ap (S-D chyHkumschl) eto kenTipy chopMynackl A3edeHréH, onap z3 xaHe —z3
aprymeHTiHe MPOropLMOHa eto XanmblnaHraH rmnepreomMeTpus/ibiK OYHKUKSIaR apKblibl epHeKTeneab
CoHbIVeH KaTap MaKanafa aiTbliraH 6apnbiK HaTVpkenep «Mathematica», bargapnamMackl apKbi/ibl CaHObIK
TYpae Tekcepinaj.

KrnT ce3gep: Xa/nbliaHraH rmnepreoMeTpussibik oyHKUMS, AIpuBacTaBa-ayCcTTbiH KOC rMrepreoMeTpus-
NbIK oyHKUpsiChl, KenTpy thopmynanapsl, «Mathematica»gfaraaphamachi.

M.N. Kypewinl, T#L. LW axl?2

10>kamus Munnua Vicnamus (IdeHTpanbHblii yHUBepcuTeT), Hbto-Aenn, NHaus;
2VHCTUTYT YHUBEpCMTETa VMH>KeHeplu 1 TexHonornii; YHneepcnTeT lNypy HaHaka, N6parum MaTHam,
TenaHraHa, NHans

Peanusayus TeopeMicyMMMpoBaHUS dHAptoca u MNeccena—CTIHTOHA

OG6O0OLLIEHHbIE TUNePre@MeTPUUECKAE (PyHKLN N X eCTeCTBEHHble OBOOLLEHMSA OT OAHOM U HECKOSbKMX
nepeMeHHbIX BCTPEHAKTES BO) MHOMMX MaTemMaTMyecKuX 3agadax v X NPUIoKeHWUsX. PellieHVe ypaBHe-
HWA B YaCTHBIX NPOV3BOAHL, BOSHMKAIOLLIMX BO MHOMMX MPUKIAAHbIX 33[a4aX MaTeMaTUHecKom coavKu,
BblpaXKaeTcs Yepe3 Takue 0606LLEHHbIE T1MepreoMeTpuYeckne oyHKUMW. B YacTHOCTW, ABOMHas rmnepreo-
MeTpuyeckasidyHKuUmA LLpueacTasbl-faycTa (S-D-dhyHKUMSA) AoKasana CBOK NMPaKTUYeCKYHO Mo/e3HOCTb
4Ns NpeacTaBfeHns “PeLLleHNIA LUMPOKOTO Kpyra 3aday doyHAaMeHTaIbHOM 1 MPUKIaaHOM MaTeMaTukn. B
HacTesLLIeN, CTaTbEPMbl BBOAVM ABa 0OLUMX TOXAECTBA ABOMHbLIX PSif0B, BK/IHOYAOLLME OrpaHuYeHHbIe Mo-
CnefoBaTe/TbHOETY MPOU3BO/bHLIX KOMIMJIEKCHBIX YMCES], UCMO/b3yS TEOPEMbl KOHEYHOIO CYMMMPOBAHUA
[‘eccena-CraHTOHa 1 SHApLoca 47151 3aBepLUatOLLIMX TUNEPreoMeTPUYECKNX psfoB 3F2 ¢ aprymeHTamm 3/4
MU 4/3 coQTBETCTBEHHO. Vcnonb3ys AaHHbIE TOXAECTBA ABOMHOMO psija, YCTaHaB/MBaeM ABe (hopMy/ bl Mpu-
BefeMuA 01 (S-D-thyHKUMM) € aprymeHTamn z, 3z/4 v z, —4z/3, BbIpaXXeHHbIMN Yepe3 ABe 0606LLEHHbIE
rmnepreoMeTpuyeckme oyHKLUMN ¢ aprymMeHTamm, NponopLnoHaibHbIMK 23 1 —z3 COOTBETCTBEHHO. Bce pe-
3ynbTaThl, YNOMAHYTbIE B CTaTbe, MPOBEPEHbI YMCIEHHO C UCMO/b30BaHVEM nporpaMmbl «Mathematica».

Kniouesble crosa: 0606LLEHHAs ryrnepreoMeTpudeckasi oyHKUMS, ABOHAs rMnepreoMeTpuyeckas goyHKUMA
LLIpuBacTaBbl-aycTa, doopMy/ibl MpyBeaeHWs, NporpamMma «Mathematicax.
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