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Partial best approximations and the absolute
Cesaro summability of multiple Fourier series

The article is devoted to the problem of absolute Cesaro summability of multiple trigonometric Fourier
series. Taking a central place in the theory of Fourier series this problem was developed quite widely in the
one-dimensional case and the fundamental results of this theory are set forth in the famous monographs by
N.K. Bari, A. Zigmund, R. Edwards, B.S. Kashin and A.A. Saakyan [1-4]. In the case of multiple series, the
corresponding theory is not well developed. The multidimensional case has own specificsrand the analogy
with the one-dimensional case does not always be unambiguous and obvious. In this article, we obtain
sufficient conditions for the absolute summability of multiple Fourier series of the function f € Lq(Is) in
terms of partial best approximations of this function. Four theorems are proved and four different sufficient
conditions for the |C; S| -summability of the Fourier series of the function  aré obtained. In the first
theorem, a sufficient condition for the absolute |C; 3|- summability of'the Fourier series of the function f
is obtained in terms of the partial best approximation of this function which consists of s conditions, in the
case when 81 = ... = 85 = L. Other sufficient conditions are obtainedfor double Fourier series. Sufficient
conditions for the |C; f1; BQTA—summability of the Fourier series of the function f € L,(I2) are obtained in
the cases 31 = %, —1< B2 < % (in the second theorem), % < B < +oo, B2 = % (in the third theorem),

1< 1< %, % < B2 < +oo (in the fourth theorem).

Keywords: trigonometric series, Fourier series, Lebesgue space, partial best approximation of a function,
absolute summability of the series.

Introduction

Let R® be a s-dimensional Eugclidean space of points Z = (x1,x2,...,zs) with real coordinates;
I;={ze€R°:0<z; <2m, j=1,2,.., s} 18 a s-dimensional cube.
cosnz, =1
We put v;(nx) =< L ¢
sinnxy i= 2
We will consider the following multiple series

> Ba(@) =Y ...> B, . (x1,...7,), (1)
n>1 ni=1 ng=1

where > '@ = (@, ...,&5) means n; > «a; for all j =1,2,...,s;

AP = EHOE2).

Assume that ),ﬂ € R, where n is natural number.

The sum
_ S -1
_ —1 . _
@)= 3 TTA05) (4%)) B
1<k<nj=1

is called (C; ) = (C; B4, ..., Bs) average of the series (1).
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For a given number bz we define the mixed difference as follows:
s— i €4
Aby = Z (1) = bp1ge
0<e<1

Here € = (g1, ...,€5). The series (1) is called ’C; B|)\ - summable (or absolutely Cesaro summable), A > 1, at the
point Z € I, if [5]:

‘AU(B) )‘ -Hn)-‘fl < 4o0.

Further, we put p; =

By L4(Is) we denote the ;pzlce of all Lebesgue measurable, 2m-periodic in each variable functions f(&), for
which .
q

1lla = /If(fc)\qdi“ <400, 1<q< oo

Let
Enypoon,(f)g = inf ||f() Ty, G,

Tny,

be the full best approximation [6] of the function f by trigonometric polynomials of order not exceeding n;
in variables x;(j = 1,..,s). Let us also consider the partial best approximation of the function f which is
determined by the formula [6]:

B (f)g = if |1 £(21, s w0) = Talwsin, 2j-0(75), 1, s 25)

where T, (21, ..., 2j-1, (&), £j4+1, ..., &s) is a trigonometric polynomial in the variable x; of order not exceeding
n with coefficients from the space L, (Is_1).
It is known that [6; 44]:

Enim (flg SC ZE%),OO(f)q’ 1 <q<oo.

Conditions for the absolute summability of series (1) in the case A =1, s =2, 0 < ; < %, j =1,2 were
investigated by I.LE. Zhak and M.F. Timan [7], and the questions of |C; 3|» summability of the Fourier series of
the function f € Lo(Is) were studied by Yu.A. Ponomarenko, M.F. Timan [5], and in the one-dimensional case
these questions were studied by 1. Szalay [8]. Questions of the absolute summability of multiple trigonometric
series were also investigated in [9=18].

Results

Theorem 1. TLet 1 <¢<2,1<A<gq, 1 = —65—%, —&-%—1 If feLy(Is) and

1

q
201y )% () . .

Zn (Inn) (En)oo(f)q) <400, j=1,..,s,

then the Fourier series of the function f € L,(I,) will be |C; 3| -summable almost everywhere on Is.
Proof. We prove the theorem for s = 2 (the methods are similar for the higher dimensions). In [9] it was
proved that if 1 < ¢ <2, 1< A <q, 1 =2 = —,, §+ L =1 and

gni+1 gna+1 q

Z Z Z Z pzle -In k]_ In kQ < 400,

n1=0ns=0 k1=2m1+41 ko=2"2+41

then a double series of the form (1) will be |C; 81; 2] x-summable almost everywhere on Io.
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Let’s estimate the last series. For this we use the following inequality

gni+1 gna+1

Z Z Z Z pzlk’Z ~Inky In ko
n1=0

=0no=0 \ k1=2"1+1 ko=2"2+1

Q>

IA

n1 gn1+1 gna+1

o
< Z Z Z Phi, Ikilnky |+
n1=0

no=0 \ k1=2"1+41ko=2m2+1

Q>

A
00 na on1+1 onatl q
q
+ E E E E Pryk, k1 Inks | . (2)
ne=0n1=0 \ k1=2"1+1 ko=272+1

To estimate the first term, we apply Holder’s inequalities to the sum over ny for § = 45 % + % = 1. We get
on1+1 ona+1 q

Z Z Z Z pzl’% “InkyInky <

n1=0n2=0 \ k;=2"1+1 ko=2"2 41

oo ni gnitl [ gnadl g
<C. Z 2n1(2—q)%(n1 + 1)% . Z 27»2(2—(1)%(712 + 1)% Z Z (k1ko)? pzle <
n1=0 nz=0

k1=2"1+1 ko=2m2+1

1

ni 9/ o7
<C. Z oni(2-a)3 n1+1)%_ (Z (2"2(2_‘1)%(712—1—1)%) ) %

T’LQZO

n gn1+1 gna+1

X Z Z Z kle - kalkz

n2=0k;=2"1+1 ko=2"2+41

A
q

a=X
<C- Z 2711(2*‘1)%(”1 + 1)% ' (Z 2"2(27‘%%(712 I 1)&) o

n1=0 no=0

gni+l  gni+l
-2
X Z Z (k1k2)q pzlkZ : (3)
k1=2"1+41 ko=2
Now let’s estimate the following sum:

Q>

ni ni
> 2 VRS (ny + )7 < (my + 1)TF Y 20T < Ong 4 1)Fr 205,
n270

na =0

Using this inequality from (3), we obtain

oni+1 gna+l

oo niy
51 Y Y s, kik| <

n1=0n2=0 \ k1=271+41ky=272+1

Q>

0o 2n1+1 2n1+1
—q)2 A —
<O Y MO )% | Y (ka)T 2,

n1=0 k1=271+1 ko=2

Q[

It is similarly proved

oni+1 gna+l

oo no
30 Y Y d, Wkik | <

na=0n1=0 \ k1=271+41ky=272+1

Q>
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0o 2n2+1 2n2+1 %
_g)2 2 _
SC Y PEimy p 1PN Y (k) T,
no=0 k1=2"2+41 ko=2
Taking into account the last two inequalities from (2), we obtain
A
00 0o 2n1+1 2n2+1 q
SY (Y Y e mhn) <
n1=0n2=0 k1=2"1+41 ko=2"2+1
50 on+l  gn+l %
2n(2—q)2 22
<oyt (XY ik, | @
n=0 k1=1ky=27+1

Further, applying the Hardy-Littlewood theorem [19] and using the monotonicity of thedogarithmic function
and the best approximation from (4), we have

2
on1+1 gna2+1 q

Z Z Z Z pzlkz -In k’l In kg <

n1=0n2=0 \ k;=2"1+1ky=2"2+41

< 0N 20T (04 120 B 5 (f)g < O BN (flg + CF B} o(f)g+
n=0

on

2) (9 ) 2
+C @) T = 1) B (g Y. 1<
n=2

m:27z—1+1

= 2X) (9 ) 2X
<CEN(£)g+CEYy(f)g+CD  m a9 (Inm)

m=3

! E?i\l,m(f)q
The theorem is proved.
Theorem 2. Let 1 < ¢ < 2,1 <\ <gq, fr= =,

70— 1 < [2 <—,7a+ L =1.1f f € L,(I5) and

n,00

(o)
. A
Zn%<3*q<1+ﬁ2>>*1(mn)% (E(a) (f)q) <400, j=1,2,

then the Fourier series of function f. € Ly(I2) will be |C; B1; f2]» -summable almost everywhere on I,
Proof. Since 1 < ¢ <2, 1€ A< q, b1 = g7, =1 < f2 < 7, ¢ + 7 = 1, then for |C; §1; fo| x- summability
almost everywhere on Iy of a double series of the form (1) is sufficient that [12]

oni+1 ona+1 q

3550 (I SIND DI RTUREh
no=0

< +o00.
n1=0 =2"1 41 ko=2m2+41

It is known that

[ V)
3
S
+
-
[ V)
3
©
T
AN
Q>

n1=0n=0 \ k1=271+1ko=272+1

o  n gni+1 gna+l

: Z Z Z Z pZ1k2 -In kl . k’g(liﬁ?)*l n

n1=0n2=0 \ k1=271+1 ko=272-41

Q>

A
o o on1+1 gnao+1 I
q(1—B2)—1
ST Y s @
np=0n1=0 \ k3=271+1ky=272+1
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Let us estimate the first term. To do this, we apply Holder’s inequalities to the sum over ny for 6 = ¥,

% Gi—l We get

Q>

gn1+1 gna+1

i i Z Z lekz nky - kg(l_ﬁ2)_1 <

n1=0n2=0 \k;1=2"1+1 ko=2m2+41

Q>

o ny gn1tl gnatl
) —q)2 A ’ — A
<C- Z gm (2—a)% (nl + 1) <. Z 2rL2(1 aB2)% Z Z k1k2 /’Zlkz <
n1=0 no=0 k1=2"1+41 ko=2"2+41

Q>

gni+l  gni+l

= — A A
<(C- Z 2n1(3 q(1+52))q(n1+1)q Z Z k1k2 q— 2pk1k2

n1=0 =2"141 ko=2

For the second term (5), we similarly obtain

Q>

no gn1+1 gna+1

SY(T T mne) &

na=0n1=0 \k1=2"1+41 ko=2"2+1

50 gna+l  gna+l q
3—q(1 2 2 —2
<C- Yy 2neCraER e [N T Y (k)R
no=0 ko=2"141k;=2
Therefore N
gn1+l ona+1 a

Z Z Z Z pZ1k2 -In ]fl . k)g(l_ﬁQ)—l <

n1=0mn2=0 \ k;=27141ky=272-+1

gn+1l  gn+l q

<O Y2 )7 TR ST (k)™ ey, | (©)

n=0 ko=2"+41k1=2

Now, applying the Hardy-Littlewood-theorem [19] and using the monotonicity of the logarithmic function
and the best approximation from (6),/we obtain

gny+1 gna+1 q

n1=0m5=0 \ k1 =2"1+1 kpy=2"2+1

A A
SCUEN (P +C-E)o(f)g +C Z ma BB ) o - BX(f)g

The theorem is proved.
Theorem 3. Let 1'< q < 2, 1<)\<q,—<ﬁl<+oo B2 = %,% %*1 If f e Ly(Iz) and

ZnQ (20 lnn) (E(J) (f)q)k<—|—oo7 j=12,

then the Fourier series of function f € Lq(I2) will be |C; B1; Bg| A -summable almost everywhere on I5.
Proof. Tt was proved in [12] that, 1f1<q<2 1<A<gq, —<61<—|—oo B = i,, %—i—%:land

gn1+1 gna+1 q

Xl X X Ak <o

n1=0mn2=0 \ k;=2"1+1 kg=2"2 41

then a double series of the form (1) is |C; 81; B2|x- summable almost everywhere on Is.
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Similarly to the previous theorem, we obtain

Q>

gn1+1 gna+1

Z Z Z Z pzlk2 “Inky <

n1=0n2=0 \ k;=2"1+41 ko=2"241

o on+1 ont+1 q
<O PN nT | Y (kak) 0,
n=0 ko=2741 k1=2

Hence, applying the Hardy-Littlewood theorem [19] and using the monotonicity of the logarithmic function
and the best approximation, we have:

gn1+1 gna+1 q

Z Z Z Z pzlk2 “In ks <

n1=0n2=0 \ k;=2"1+41ko=2"2+1

N 2a(g_g) 2
<C- EI\,l(f)q +C- E2)\,2(f)q +C Z ma G~ 1(lnm) ¢ Eri\z,m(f)q-
m=3
The theorem is proved.

Theorem 4. Let 1 < q<2,1<A<q, =1 <1 < 7, 5 < o < +00, ¢ + 5 =1.1f f € Ly(I) and

> . , A
> ntCoat It (B0) (£),) < o, J =12,
n=2

then the Fourier series of function f € Lq(I2) will be |C;B1; Bals -summable almost everywhere on Is.

Proof.Itwasprovedin[H]that,if1<q§2,1§)\§q,—1<ﬁ1<$,$<ﬁ2<+oo,$+$zland

A
gn1+1 ona+1 q

Z Z Z Z lekg ,k1Q(1*ﬂ1)*1 < 400,

n1=0n2=0 \ k;=2"1+1 ks=2"2+1

then a double series of the form (1) is |C; 51; B2|x-summable almost everywhere on Is.
For the last converging series, similarly to Theorem 2, we obtain

o) o) on1+1 gna+1 q

Z Z Z Z pZﬂcz ’ qu(l_ﬁl)_l <

n1=0my=0 \ ky=271+1ky=272+1

2n+1 2n+1 q

(3 2 _
<C- ZQ (B=q(1+p1)) 7 . Z Z(klkz)q QpZZﬂCz
n=0

ko=2"+1k,=2

Hence, applying the Hardy-Littlewood theorem [19] and the monotonicity of the best approximation, we
have:

2n1+1 2712+1 q

Z Z Z Z lekz ,qu(l—ﬂl)—l <

n1=0n2=0 \k1=2"1+1ko=2"2+1

<O BN (f)g+C Y maGabn-1. g (f),.
m=2

The theorem is proved.
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Axademur E.A. Boxemos amuwvindazv, Kapazandv, yrusepcumemi, Kapazanow, Kaszaxcman

Jlepbec eH »KaKcChI >KyBbIKTayJ1ap >koHe ecelli Pypbe KaTapbIHbIH,
abCOJTIOTTI Y€3apOoJIbIK, KOCHIH/IbLJIAHY bl

Maxkasa ecesni Tpuronomerpusiibik @ypbe KaTapblHbIH e3apo OoiibiHITA aOCOMIOTTI KOCBHIHABLIAHY Cypa-
reiHa apHasraH. Pypbe Karapapbl TEOPHSCHIHIA epeKille OpHbI Gap Oysi cypak Oip esmmeMuai karmaiiza

JKETKITIKTI KeH 3epTTeJireH *KoHe 6y TeopusiabiH, iprei wormkenepi H.K. Bapu, A. 3urmyna, P. 9asapc,
B.C. Kamun xone A.A. Caaksuuby [1-4] Gesrini monorpadwusmapega kenaripiaren. Ecemi xarapmap
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JKaraafiblHa COMKeC TeopHhsi COHINAJBIKTHI KYIIITI KacajiMaraH. Fceml Kapmali/iblH €3 epekiensikTepi 6ap
2KoHe Oip eJimemii »KargaiiMeH YKCACTBIK, OpKalllaH OIpMoHJII eMec »KoHe alKbIH Oosa Gepmeiimi. Maka-
aana f € Lg(Is) dysxkuusacoaby ecesni Pypbe KaTapbHBbIH abCOMIOTTI KOCHIHIBLIAHYBIHBIH, KEeTKITIKTI
MmapTTapbl OChl (PYHKIUSHBIH, 1epbec eH »KaKChl KYBIKTayIapbl TiTiHIe aJbiHFaH. TepT Teopema JoJiesie-
uin, f € Lq(Is) dbyuxnuscomby Oypbe Katapsmbid, |C; B|n KOCBIHABLIAHYBIHBIH 9PTYPJI TOPT JKeTKiTiKTi
mapThl HakThLIanraH. Bipinmi Teopemana f € Lq(ls) dyukuusceinbiy Pypbe karapbiubiy |C B |» KOCBIH-
JBIIAHYBI OChI (DYHKITUSHBIH 1epOec €H YKAKChl KYBIKTAyIapbl TLTIHAEr § MAapTTaH TYPATHIH KETKITIKTI
maprhl f1 = ... = s = % KargailblHga ajblHFaH. Backa »KeTKigikTi maprrap eki ecesii @ypbe KaTapaapbl
yiuin ansiEasl. f € Lq(I2) dyukuuscenbiy @ypoe Karapbably |C B1; 2|y KOCBIHIBIIAHY MAPTTAPBI MBIHA
Kargaiapaa agbiHae: f1 = %, -1 < B < % (exinmmii Teopemana), % < B1 < 4o0, B2 = % (yrmiemmi
Teopemana), —1 < f1 < %, % < B2 < +00 (Teprinmi TeopeMasa).

Kiam cesdep: Tpuronomerpusiiibik, Karap, @ypbe Karapsol, Jleber kenicriri, GyHKIUIHBIH, Aepbec eH *KAKChI
JKYBIKTaybl, KATAP/IBIH a0COJIOTTI KOCHIHIBIIAHYBI.

C. burumxan, JI.T. Anmubuesa

Kapazandunckutl ynusepcumem umenyu axademura E.A. Byxemosa, Kapaearda, Kasaxcmanr

YacTHbIe HauJiy4dmnime HpI/I6JII/I}KeHI/IH 1 abcoJroTHas
9e3apoOoBCKad CYMMUPYEMOCTDb KPAaTHbBIX PAO0B (I)ypbe

Crarbsl TOCBAIIEHA BOIIPOCY aOCOIOTHONW CyMMHUPYEMOCTH 110 €3apo KPATHBIX TPUTOHOMETPUYECKUX Psi-
noB Dypbe. Dror Bompoc, 3aHMMasl IIEHTPajbHOEe MecTO B Teopun psgoB Pypbe, B OJHOMEPHOM CiIydae
pa3paboTaH JOCTATOYHO MIMPOKO U (DyHIaAMEHTAJIbHBIE PE3YJIbTATBL 9TOM TEOPHUU WM3JIOKEHBI B M3BECTHBIX
monorpaduax H.K. Bapu, A. Burmynna, P. DasapacayB.C. Kamuna n A.A. Caaksana [1-4]. B caygae kpa-
THBIX PsIZIOB COOTBETCTBYIOIIAsl TeOpus pa3paboTaHa He CTOJIb CUIbHO. MHOrOMEpHBI ciIy4ail HMeeT CBOIO
creruduKy, 1 aHAJOTUs C OJHOMEPHBIM CJIydaeM JIaJeKO HE BCerja OJHO3HAYHA M OueBHIHA. B crarbe mo-
JIy9EeHBI JIOCTATOYHBIE YCJIOBUS aBGCOTIOTHON CyMMUPYEMOCTH KpaTHBIX psanoB Pypoe dynkuun [ € Lqg(1s)
B T€PMUHAX YACTHBIX HAWJIYYININX HPUOJIMKeHwii paHHOoi dyHKiuu. /loka3aHbl YeThIpe TE€OPEMbI U IIOJY-
YEeHbI YeTBIPE PA3HBIX JOCTATOYHLIX yeaoswuii |C; |y cymmupyemoctu paja @ypoe bynxmuu f € Lq(Is). B
IepBoil TeopeMe MOJIyHYeHo JOCTAaTouHOe yciosme abcomornoit |C; B|x cymmupyemoct psga ®ypbe dbyn-
kiuu f € Lq(Is) B TepMuHAX YaCTHOIO HAMJIYUINEro MPUO/INKEHNs 9TON (DYHKIWH, KOTOPOEe COCTOUT U3 §

yCJIOBHiA, B ciaydae Korma 31 /= ... = 3s = %. JIpyrue J0CTaTOYHBIE YCJIOBHS MOTYYeHBI JIJIsl JBOMHBIX PIOB
Dypoe. Jocrarounsie ycnosus |C; Bi;.02|n cymmupyemocru psina @ypoe bdyukuun f € Lg(lz) mosydenst
B ciaydasx (31 = %7 -1 < pa < ql-, (Bo BTOpOIT TEopeme), % < B < Hoo, B2 = % (B Tperbeil Teopeme),

-1<pi< %, % < B2 £ +o0 (B yeTBepTOil TEOPEME).

Karoueswie caosa: TpuronoMmerpudieckuii psan, psag @ypee, mpocrpancTso Jlebera, YacTHOE HAMIyUIIEe IPH-
Oskenne (pyHKIUA, - adCOIIOTHAA CYMMUPYEMOCTD PsiJia.
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