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On the hyperbolic type differential equation with time involution

In the present paper, the initial value problem for the hyperbolic type involutory in ¢ second order linear
partial differential equation is studied. The initial value problem for the fourth order partial differential
equations equivalent to this problem is obtained. The stability estimates for the solution and: its first and
second order derivatives of this problem are established.
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Introduction

Delay differential equations are universal phenomenon applied their models in engineering systems
to behave like a real process [1-6].

Involutary differential equations have been studied in several papers [7—11]. In the paper [10], the
boundedness of the solution of the initial value problem

y'(t) = f(t,y(t),y(u(t)), t € I = (—o0,00), y(to) = vo, ¥'(to) = yp

for the second order ordinary differential. equation with involution was investigated. Theorem on
stability estimates for the solution of the initial value problem for the second order ordinary linear
differential equation with involution was proved. Finally, theorem on existence and uniqueness of
bounded solution of initial value problem for the second order nonlinear ordinary differential equation
with involution was established. Presently, spectral questions of differential equations with involution
were studied in papers [12-20].

Delay hyperboelic differential equations have been investigated in several papers [21-25|. Partial
differential equations withtinvolution terms have deeply different properties of solutions then without
involution terms [26, 27]. Therefore, it is important to study properties of partial differential equations
with invelution.

In the present paper, the stability of the solution of the initial value problem for the hyperbolic
type time involution partial differential equation

% — QUgy (1, 2) — bugy (—t,z) = g(t,x), t, x € 1,
(1a)
u(0,z) = ¢(z), uw(0,2) =¢(z), z el

is investigated. Here, g(t,z) (t,x € I), p(z) and ¢ (x) are given smooth functions. The stability estimates
for the solution and its first and second order derivatives of this problem are established.
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1 Stability of problem (1a)

Theorem 1.1. Assume that g(t, x) is a continuously differentiable and bounded function and g(0,z) = 0
and ¢(x) is a twice continuously differentiable and bounded function and #(x) is a continuously
differentiable and bounded function and |[b] < a,a € (0,00). Then, for solutions of problem (la) the
following stability estimates hold:

sup u(t, )] < Mi(ab) |sup (o) + / ()| dy + / / 9y, )| dydz | | (1b)
TE

—00 —00

sup |u(t, z)| + sup |ug(t,z)| < Mi(a,b) [sup|gpm(:n)|

t,xel t,xel zel
+sup [¢(z +sup / lg(y, =)|dy| , (1c)
xel
sup |ug(t, )| + sup |ugz(t, )| + sup |uw(t, )]
txel txel txel
< Ms(a,b) lsuplsam(x)\ + sup [tz () |+ sup Ig(t,x)!] : (1d)
xel zel t,xel

Proof. Problem (1la) can be written as abstract.initial value problem

dtg) + adu (t) + bAu (=t) = g(t), t € I,

u(0) = ¢, u'(0) =1

in a Banach space C(I) of all continuous and bounded functions f(z) defined on I with norm
[ fllcy =sap | f(z)].
zel

Here, positive operator A defined by the formula
Au = —u"(z)

with domain D(A). = {u: u(z), v"(x) € C(I)}, g(t) = g(t,z) and u(t) = u(t,z) are known and
unknown abstraet. functions defined on I with values in C'(I) and ¢ = ¢(z), ¥ = (z) are unknown
elements of C(I). Now, we will obtain the initial value problem for the fourth order differential equation
to problem (2a) under smoothness conditions of solution. Differentiating equation (2a), we get

3u ) =
d t?gt) aAu (t) bAu'( t) = gt(t)’
d*u —t) =
dtit) + aAu” (t) + bAU" ( t) gtt(t)' (3)

Using these equations and initial condition and equation in problem (2a), we get

u(0) =, w'(0) = ¥,
W (0) = — (a+b) Ag,
W (0) = (—a+b) A¢ + gy(0).
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Putting —t instead of ¢ in equation (2a), we get

u(—t) + aAu (—t) + bAu (t) = g(—1). (4)

Applying equations (2a), (3) and (4), we get

4u 2u
ddtit) + aAddtst) +bA [—aAu (—t) — bAu (t) + g(—t)] = gu(t),
2u
bAu (—t) = 4 dt2(t) —aAu (t) + g(t)

From these equations it follows equation

4 2 2
d uit) +(1Ad u2<t) —CZA _d U2(t) —aAu(t) +g(t) —b2A2u (t) — —bAg(—t) +gtt(t)
dt dt dt
or
4 2
L) 4 04T | (a2 42) 420 (1) = adg(t) SbAatet) + g1 (1)

Then, we have the following initial value problem for the fourth order abstract differential equation

Lul) Lo ATUO L (a2 12) A%u(t) = F(t),

F(t) = aAg(t) — bAg(—t) + gu(t), t € I,

(5)
u(0) = ¢, v'(0) = ¢, u"(0) = = (a+b) Ap,
u” (0)=o(—a +b) A + g.(0).
Now we will obtain solution of the initial value problem (5). It is easy to see that
d*u (t) d?u (t) 9 o\ 49 d? d?
Therefore, problem (5) can be written as abstract initial value problem
(& + () A) u () = v(t), u(0) =, w'(0) =,
2
(4 + (a= o) 4) v(t) = F (1),
(6)

F(t) = aAg(t) — bAg(—t) + gu(t), t € 1,

v(0) = (=b+[b]) Ap,

v'(0) = (b+[b]) AY + ¢'(0)

for the system of second order abstract differential equations in a Banach space C(I). Problem (6) can
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be written as initial value problem

PULD) (04 b)) g () =0 (t2), £, 7€,

u(0,7) = ple), w0,2) = b(x), x €T,
% - (a - |b|)uxx (t7$) = F(t,x),

F(t,l’) = _agaix(tvx) + ngl‘(_tax) + gtt(t,l’), ta T e -[7

U(va) = (_ ‘b‘ + b) (P:L’x(x)v

L 0(0,2) = (= [b] = b) Yuu(z) + ¢'(0,2), x €T

for the system of hyperbolic equations. Applying Dalambert’s formula, we get

z++/a+]|b|t
o(z + /a+ |blt) + ¢(x — \/a + |blt) 1
u(t,x) = + d
(t,x) 2 2/dt 0] P(€)dE
z—/a+[blt
t :L"+\/C?|b|(t*‘r)
+/ —[b| +b ¢££(§+\/a—lb7)+<ﬁ£s(§—\/a—le)dng
a+ |b| 2
ot i-7)
t z++/a+|b|(t—7) E++/a=|b|T
1
— | — b+ b AN dAdEd
J7= L ] eevvamadr
0 a—fat[b|(t—7) E—/a—|b]7
t x++/a+|b|(t—7) E++/a—|b|T
1 /
+ | YV 0, A)dMdéd
[T / [ donadear
0 a+|b (t T)E— \/77'
t zHy/a+[b|(t—7) + &+4/a—[b|(T—p)

1
o F(p, N)d\dpdédr.
/4\/(12—172 / / / (p, A)dAdpdSdr
0 Varblt—7) O e=\/a=[pi(r-p)

= 1t x) + Jo(t, ) + J3(t, ) + Ja(t, @),

where
a++/a+[b]
() = PEESTETIO + e~ QHW)*N;TW [ vie -
t x4/ a+|b|(t—T)
nita) = | 2—lbl++|bb| / sosg(€+\/a—7|blf);sogg(€—\/WT)d§dT,
w—/a+[bl(t—7)
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¢ o+ y/a+[b|(t—7) E++/a—[b|7
1
= — bl +b N)d dedr,
--[m=s | ] Gl+veaeaacr
z—v/a+|b|(t—7) E—+/a—|b|T
t z+y/at[b|(t—7) 7 &+4/a—[bl(T—p)

/ . a2 / / / F(p, \)dA\dpdédr

z—/atpl(t—7) O e—\/a—]b|(r—p)

¢ x4/ a+|b|(t—7) E++/a—|b|T
1 /
TR - 0, \)dAdEdr.
/ 4v/a? — b? / / g0, Aydrdedr
0 Vatbl(t—7) E—/a—|b|r

Now, we will estimate Ji(t,z), k = 1,2,3,4, separately. First, we start with estimates for J(t, ).
Applying the triangle inequality and formula (7), we get

|[J1(t, 2)| < My(a,b) {Supso |+/|¢ )dy |

|J1,t(tax>‘ ) ‘Jl,x(tax)’ S Mll(avb) |:Sup |§0$( )’ + SléII) W(x)|] )

xzel
’JLtt(t’x)’ ) |J1,t1‘(tax)| ) ‘Jl,xm(ta .I')‘ S Mlll(a7b) |:SUI? ‘QD$$<1')’ + SuII) |¢£B(x):|
Te xre

for any ¢, x € I. Second, we will estimate Jo(¢,2). We have that

Jo(t,r) = —F——= B ULE {(a:—k a+|b|t)

2+/a + o]
o (v = Va+ o) o (2 + Vo= Pit) — o (2 = va— blt)] -

Applying the triangle inequality and formula (7), we get

[J2(t, z)| < Ma(a,b) Sup ()],
S

[2,4(t, 2)| | J2,2(t, )| < Ma(a,b) sup o2 ()],
xe

201t 2)l |20 (8, 2] [ T200 (t, 2)] < Ma(a, B) SUP |02z ()]

zel
for any ¢, ® € I. Third, we will estimate J3(t,z). We have that

Jg(t,x):/%[w(x+ GBIt~ )+ at bl + 4 (2 — at bl —7) — vt [Blr)
0

—z/;(ac— @+ [B|(t —7) + a—]b[7>+¢<x—|— a—l—]b!(t—f)—\/a—\bT)]dT. (8)

Applying the triangle inequality and formula (8), we get

Js(t, )| < Ms(a,b) / o(y) dy,
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|‘]3,t(t7x)| ) |J3,x(t7 :E)‘ < M3(a7 b) SUI}) |w(1")‘ )
xe

‘J3,tt(t7x)| ) ‘J3,t513(t7 1‘)‘ ) |J3,xz(t7x)| < M3(a7 b) SUII) W]x(x”
S

for any ¢, x € I. Fourth, we will estimate Jy(t,z). We have that

t :D+\/(T|b‘(t_7—) T 5-}—\/(1—7‘!)‘(7—7’)

Ta(t,z) = 4\/a21ﬁ / / / / (—agan(r, A) + bgan (—r, A)] dAdrdédr

O z—/atpi(t-7) O e=\/a=o|(r—)
¢t Tty atbl(t—7) 5 E+y/a—[b](T—7)
1
I o (1, \dAdrdédr
4m/ / / / g AJdrde
0 o—\fatppl(t—r) O g—y/a—]p|(r—r)
atr/at[b|(t—7) E++/a—b]7

t
1 )
e 0, \)dAdEdr,
s | ¢/(0, N)dAdgdr
0 4 a+|b|(t77)£fﬂ‘r
Applying formulas
7 EHy/a—bl(r—r)
2a 2b
[ e s # S 6) - (o 6)
O e—y/a—[p|(r—r)
r E+y/a—bl(r—7) E+y/a—[blr
[ amonviar—2Vasllaro - [ don
0 e—\/a—o|(r—) €—/a—[b|r
we get

. t T+ a+|b|(t—T7)
a
—— &N E————
2\/a2—b20/ / [w/a— Tk
z—+/a+|b|(t—7)
t T+y/at[b|(t—7)

1
_i_i
2va? — b? / /
0 g /at|b|(t—T)

Applying the triangle inequality and formula (9), we get

J4 (t, l‘) =

€) dédr

- \/ab—illﬂg(_ﬂg)]

a — [blg(r, €)dédr.

a(t )| < Mi(a,b) / / 19(y, )| dyd,

—0o0 —O0

[Jaalt,2)], [ Jaa(t,2)] < Ma(ab)sup / 9y, 2)| dy,
e

‘J4,tt(ta l‘)| ) ’J4,t$(t>x)‘ ) |J4,:L‘a?(t7x)| < M4((1, b) Sup[ |g(t,x)|
t,x€

for any ¢, x € I. Combining the estimates for Ji(t,x),k = 1,2, 3,4, we obtain estimates (1b)-(1d).
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2  Conclusion

In the present paper, the initial value problem for the hyperbolic type time involution linear partial
differential equation is investigated. The equivalent initial value problem for the fourth order linear
partial differential equations to the initial value problem for this second order linear partial differential
equations with involution is presented. The stability estimates for the solution and its first and second

order derivatives of this problem are proved.
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. Ampipaseres’ 23, A. Amsipassies?, B. JIMOXaMM
A A amsles 23 AL A asnbles?, B. AGmamvoxamyen!

! Bazvewezup yrusepcumemi, Cmambya, Typrusa;
2 Peceti wasvikmap docmuwiev, yrusepcumemi, Macxkey, Peceti;
3 Mamemamuxa oicone mamemamuxaios modeavdey unemumymot, Aamame, Kasaxcman;
4 Pypixmen memaexemmir coyaem-KypoLavic urncmumymaot, Awxabad, Typikmencman

YaKbITThl THBOJIIOIAAJIBI TUIIEPOOJIAJIBIK TUIITI AuddepeHIaaabIK

46

TeHJIey >KalbIH/Ia

Maxkanana exiumni perTi gepbec TYbIHIBLIAPIAFH! t CHI3BIKTHIK, TEHIEY/Ier] TUIepOoIaIbIK TUIITETT HHBOJTIO-
NUSLTBIK, TeHAEYAiH OacTankpl ecebi 3eprreneni. TeprTinmt perti mepbec TYBIHABLIBI TEHICYIEP YITIH OChI
€CeITiH, SKBUBAJEHTTI OacTankbl ecebi ajblHbl. 2Korapblja aTajfaH eCcenTiH ImerriMiniH, OipiHiI »KoHe
eKIHIII PeTTi TYBIHIBLIAPBIHBIH, TYPAKTHLIBIK, Oafaayaapbl AJTbIH b

Kiam cosdep: MHBOJTIONUSLITBIK, TUIITI TUIIEPOOJIAIBIK, TEHIEY, TYPAKTHLIIBIK, BaHax KeHIiCTiri.

. Ampipassies’ 23, A. Amsipassies?, B. JIMOXAMM
A A ambles 23 AL A asibles?, B. AGnasmoxammer!

! Viueepcumem Bazvewezup, Cmambya, Typuus;
2 Poceudickuti yrusepcumem dpyocbu. napodos,:Mockea, Poccusa;
3 Mnemumym mamemamuky U Mamemamuieckozo modeatposanus, Aavamu, Kasazeman;
4 Typrmencruti 2ocydapemeennvitl apTumeRmypHo-cmpoumesvholl uncmumym, Awzabad, Typkmenucmar

O muddepennuansbHOM ypaBHEHUN FUIIEPOOJINIECKOTO TUIMA C
WHBOJIIOIUEN 110 BpEMeHU

B crarbe U3y4vYeHa HaYaJIbHad 3ada4a [1jid WHBOJIOTHUBHOTO YPaBHEHUA rnnep6omxmec1<oro THOAa B t JU-
HEHHOM YpaBHEHUUN B YaCTHBIX IIPOU3BOAHBIX BTOPOI'O IOPAIKA. Honyqua SKBUBAJIEHTHAs 3TOM 3aJa4e
HadaJibHad 3a/a4a JIJId ypaBHeHI/IfI B YaCTHBIX IIPOU3BO/IHBLIX YE€TBEPTOI'O IIOPAIKA. YcTaHOBJIEHBI OIICHKN
yCTOI‘/'I‘II/IBOCTI/I penieHud U ero IMMpOUu3BOJHBIX IIEPBOTO U BTOPOTO IMOPAIKA yKa3aHHOI>‘I BBIIIIE 3aJa49U.

Karoweswie crosa: rurepboandeckoe ypaBHEHNE HHBOJIIOTUBHOIO THUIIA, YCTONYNBOCTb, OAHAXOBO IIPOCTPAH-
CTBO.
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