ISSN 1066-369X, Russian Mathematics (Iz. VUZ), 2016, Vol. 60, No. 9, pp. 23-37. (© Allerton Press, Inc., 2016.
Original Russian Text © N.T. Orumbaeva, 2016, published in Izvestiya Vysshikh Uchebnykh Zavedenii. Matematika, 2016, No. 9, pp. 26-41.

On Solvability of Non-Linear Semi-Periodic Boundary-Value
Problem for System of Hyperbolic Equations

N. T. Orumbaeva'!”

'Buketov Karaganda State University
ul. Universitetskaya 28, Karaganda, 100028 Republic of Kazakhstan
Received March 6, 2015
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The mathematical modeling of phenomena arnd
requires the investigation of periodic boungd
study of periodic boundary-value proble
began in 60ies in L. Cesari papers. O
E. F. Mishchenko, N. Kh. Rozov, S.

T. I. Kiguradze and others [1—8] en
value problems. The application,of

ses, which repeat after a certain time period,
oblems of hyperbolic type. The systematic
lic equations with mixed partial derivatives

estkov, Yu. A. Mitropol’skii, G. P. Khoma, M. I. Gromyak,
ed imjfurther research of solvability questions for such boundary-
nt methods such as functional analysis methods, the method of
successive approximations, the ethod etc allows one to obtain different solvability conditions
of boundary-value proble rbolic equations. In paper [9] by the method of introducing
functional parameters one ‘investigated the nonlocal boundary value problem for system of hyperbolic

nt conditions of the one-valued solvability in terms of coefficients and
ding a solution, each step of which is composed of two points: 1) finding

proposed an algorith
introduced functi

of parameterization method [11] one proposed a new constructive algorithm of

o the quasi-linear semi-periodic boundary-value problem for a system of hyperbolic
ixed derivative. In the present paper, based on proposed in [10] algorithm we establish
ons of the algorithm convergence and the existence of an isolated solution to the

1. PROBLEM DEFINITION
On = [0,w] x [0,T] we consider the boundary-value problem
0u

ou "

u(0,t) = ¥(t), tel0,T], (2)
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24 ORUMBAEVA

where the function f: Q x R" x R™ — R" is continuous, the n-vector-function ¢ (t) is continuously
differentiable on [0, 7] and satisfies the condition ¢(0) = ¥(T").

. . . . . u(x n 2y x,
Afunctionu(z, t) € C(, R™), which has partial derivatives ? éx’t) e C(2,R™), 6636(8;) e C(Q,R™),

is said to be a solution to problem (1)—(3), if it satisfies system (1) with all (z,¢) € Q and satisfies edge

conditions (2), (3).
Let us introduce a new unknown function v(z,t) = 8“(% ) and write problem (1)—(3) in the form
O = flatula ), (D) €9
v(x,0) =v(z,T), z€]0,w],

u(z,t) =(t) + /Ox v(g, t)dE, te0,T], ze€l0,w].

Here the semi-periodic boundary-value problem for the system of hyperbglic t is reduced
to the family of periodic boundary value problems for ordinary differential equati the functional

correlation. A pair of functions (v(z, ), u(z,t)) belonging to C'(€2, R™jis said to be@Solution to problem
(4)—(6), ifv(z,t) € C(Q, R™) is a solution to problem (4), (5), where v ected with u(x, t) by
functional correlation (6).

Problems (1)—(3) and (4)—(6) are equivalent in the sens¢ th
to problem (1)—(3), then the pair (v*(z,t) = 8“8(;” D ut(z

versa, if a pair (0(z,t),u(z,t)) is a solution to problem (4

ion to problem (4)—(6) and vice
en u(z,t) is a solution to problem

(1)~(3).
2. SUFFICIENT CONDITIONS OF EXIS OF AN ISOLATED SOLUTION TO
SEMI-PERIODIC -VALUE PROBLEM
For the solution of problem (4)—(6) parameterization method [2]. By the step h > 0 :
N

Nh =T we decompose [0,T) =

into N parts. We denote by
[0,w] X [(r = 1)h,rh),r =
problem

(r h,rh), N =1,2,... Here the domain € is decomposed

u,(x,t) the narrowing of functions v(z,t), u(x,t) on Q, =
ctively. Then problem (4)—(6) is equivalent to the boundary-value

ot = f(z,t,up(2,t),v0), (x,t) € Qy, (7)

v1(z,0) — . lijrp_OvN(x,t) =0, ze€l0,w], (8)

¢ H}?_Ovs(w t) Us-l—l(xv Sh)? S [0,&)], § = 1aN - 1? (9)

@ wet) =00 + [ w(end, () e r=1N, (10)
0

e (9) are conditions of gluing of functions v(x,t) in inner lines of decomposition. A solution
to lem (7)—(10) is presented by systems v(z, [t]) = (v1(x,t), vo(z,t),...,on(x, 1)), u(z,[t]) =

(ur(z,t),us(x,t),...,un(z,t))’, where functions v,(x,t), u.(z,t), r=1,N, are continuous and
bounded on ,, the function v,(x,t), » =1, N, which has a continuous and bounded on 2, partial
derivative 2U7{®!  satisfies system of differential equations (7) with all (z,t) € Q,, =1, N, and

equalities (8), (9) takes place.
We denote by A,(x) the value of function v, (z,t) with t = (r — 1)h, i.e.,, A\-(z) = v.(z, (r — 1)h)
and make a substitution v,.(x,t) = v.(x,t) — A (x), r = 1, N. We obtain an equivalent boundary-value

RUSSIAN MATHEMATICS (I1Z. VUZ) Vol.60 No.9 2016



ON SOLVABILITY OF NON-LINEAR SEMI-PERIODIC BOUNDARY-VALUE PROBLEM 25

problem with unknown functions A, (x):

8(;: = f(z, t,up(2,1),0r + Ar(2)),  (2,1) € Qp, (11)
Up(z,(r—1)h) =0, z€0,w], r=1,N, (12)
Al(x)—AN(x)—tlijmoﬁN(x,t) =0, z€][0,w], (13)

)\s(l‘) +t 111}{1 0/273(33,15) - )\s-i-l(l‘) =0, ze [O,CU], s=1,N—1, 4)

T

wnla,) = $(t) + /0 5 (€, t)de + /0 M(E)dE, (w.t) €Qy, r=1,N,

Problems (11)—(15) and (7)—(10) are equivalent in the sense that if the system of pairs {v,(x,#,
up(x,t)}, r =1, N, is a solution to problem (7)—(10), then the system of triples {\,
1h), vp(x,t) = vp(z,t) — vp(z, (r — 1)h), up(z,t)}, 7 =1, N, is a solution to prob]¢
vice versa, if {\.(z), vp(x,t),u,(z,t)}, r =1, N, is a solution to problem (11)—
{\(2) + 0p(z,t), up (2, )}, 7 = 1, N, is a solution to problem (7)—(10).

Problem (11), (12) with fixed A.(x), u,(x,t) is one-parameter family of chy problem for
systems of ordinary differential equations, where z € [0,w], and eqina to nonlinear integral
equation

t
Up(,t) :/ fz, 7, up(z,7) (16)
(r=1)h
Instead of v,.(z, 7) we substitute the corresponding right-h f (16) and repeating this process v

times (v = 1,2,... ) we obtain

t
Up(,t) :/ f(x 71, U (2, 71), x,To),
(r—=1)h
Tv—1
/ (z, 7, ur(z, @ ))dr, + Ar(x ))dTQ +)\T($)>dﬁ. (17)
( —

TI/
r 1)h
Hence, defining lim o, (x,t), ituting,them in (13), (14), we have a system of nonlinear equations

t—rh—0

with respect to A,.(z):

Nh T1
A(2) — Ay(a) - L (@, n>/ f(x,muw(xﬂ),---,
(N=1)h

(z,7), 08 (2, 7) + An(2))dry + -+ - + )\N(:L‘)>d7'2 + )\N(l‘))dTl =0,

T1

a: ,T1, Us (2, 71), f(.’L’,Tg,us(.’L’,Tg),...,
S5— h (s 1)h

f(a: o us(2, 7)), U (@, 7)) + As(z))dry + -+ + )\3(93)) dro + )\s(x)>dﬁ — As+1(z) =0,

(s—1)h
,w], s =1, N — 1, which we write in form

nyh(ﬂj‘,u(l‘, []),17(1), [])a)‘(l‘)) =0. (18)
Without decomposition (N = 1, h = T'), system of equations (18) has the form

/OTf(l‘,Tl,u(Qj‘,Tl),/(;ﬁ f(ﬂ?,TQ,U(QS‘,T2),... a/OTV_l f(xaTVau(:EaTl/)ag(:L‘aTl/)

RUSSIAN MATHEMATICS (IZ.VUZ) Vol.60 No.9 2016



26 ORUMBAEVA
+ Aa))dr, + -+ )\(93)) dro + )\(93)) dri =0, z€[0,w].

For finding the system of three functions {\.(x), v,(x,t), u,(x,t)}, » = 1, N, we have a closed system
composed of Egs. (18), (17), and (15), defined by the function f, the decomposition step A > 0, and the
number of substitution v.

We choose h>0: Nh=T, N=1,2, ..., a vector-function \(¥)(z) = ()\(0) (x),)\go) (x), ...,)\53) (x)) €

C([0,w], RN™), and assume that problem (11)—(15) with \.(z) = A(O)(x), r=1,N, has a solu-
tion u(o)(x t)ye C(Q,,R"), ¥ 7 (z,t) € C(Q,,R"), r =1,N. We denote the set of such
C([0,w], R*N) by Go(f,=,h), and the corresponding to A (z) system of solutions t6”pro
(11)=(15) by 70 (. ) = (@ (. £), B (1), ... 0 (2, 0))',u (2, []) = (o1 (2. 0" (1), .
u\ (2, 1))

Taking A (z) € Go(f,z,h), 7O (z,[t]), u®(,[t]) and continuous on [0,w
6(z) > 0, we construct sets

SOO (@), p(a)={ (M (@), (@), .., An (@)Y €C([0,0], B™) : [ A, (2)

S@O (z, [t]),0(x)) = { @ (2,t), Va2, 1), ..., On(2,1)),
o, t) € C(Qy, R™) : Ww t)

S (z, [t]), wlp(z) + 0()]) = {(u1 (=, t), uz(z, 1), .. ., ’,
up(z,t) € C(Q, RY) : |Jur(z,t) — ul® (zgd) | )+ 0(2)], (z,t) € Qp,r =1, N},

| < wlp(x) + 0(x)], (x,t) € Q, r=1,N,

G1(p(@), 0(x)) = {(z,t,u,0) : (2,t) € Q, ||u
v=A(@) =7 (2, )|| < p(z) + (),
lim vg\(,])(x ) < plz) +0(x), t =T7}.

: 0
lu— t_}l]lvlﬁl_o ugv) (z,t)|| < wlp(x) + 90
(xat) S QT‘a r = , lim

h) the family (A (z), 7O (z, [¢]), u® (z, [t]), p(x), O(x)), with
10p(z),0(x)) has continuous partial derivatives f/(z,t,u,v),
x), | fl(z,t,u,v)|| < La(x), where Ly (x), La(x) are continuous

We denote by Uy(f, L1(z),
which the function f(z,t, u,v
Fol,tyu,v) and || £z, t, o
on [0, w] functions.

By the system {\ ), ur(z,t)}, r =1, N, we compose the triple {\(x), v(z, [t]), u(z, [t])},
where A(z) = (Afz) )Y 5@, [1]) = (1(,8), s Oy (,8))'s (e, [1) = (un (@), s up (2,8))'
Assuming thegXistence of A (z) € Go(f,z, h), we take the triple {\©) (z), 7 (z, [t]), u®(z, [t])} as
an initial approximatiomof problem (11)—(15), and construct successive approximations by the following
algorith

ssuming that u,(z,t) = ne (x,t), r =1, N, we find the first approximations by A, (z),

, solving problem (11)—(14). Taking N30 (z) = XO(z), 51V (2, 1) = 3t (2, 1), we find the
sy of pairs {\V(2), 3 (2,1)} as a limit of sequence A" (z), 3™ (z,¢)}, r = 1, N, which
is defified by the following method.

Step 1.1. a) Substituting '177(}’0) (x,t), r=1,N, in (18) from the system of functional equations
Quon(,u® (2, [1]), 719 (2, []), AM(z)) = 0 we define A"V (z), =1, N. b) Sunstituting 5" (z, ),
)\51’1)(93) instead of v,.(z,t), A\.(z), respectively, in the right-hand side of (17), we find ot 1)(93,15),
r=1,N.
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ON SOLVABILITY OF NON-LINEAR SEMI-PERIODIC BOUNDARY-VALUE PROBLEM 27

Step 1.2. a) Substituting vy by (z,t), »=1,N, in (18) from the system of functional equations
Qua(z,u® (z, []), 70D (2, []), A(x)) = 0 we define A2 (z), r = 1, N. b) Substituting in the right-
hand side of (17) instead of v,(z,t), A.(x), respectively, ok (z,t), A2 (x), we find otk (z,t),
r=1N.

On the (1,m)th step we obtain the system of pairs {\"™ (), 5™ (2, )}, r = 1, N. We assume
that the solution to problem (11)—(14) (a sequence of systems of pairs {Afnl’m) (x), ebm (z,t)
defined and with m — oo it converges to {)\9) (z), ! (x,t)}, r=1,N.

B) Functions uY (z,t), r=1,N, are defined from correlation (15), where \.(x
Up(x,t) = vﬁl)(x,t), r=1,N.

Step 2. A) Assuming that u,(z,t) = u (x,t), r=1,N, we find the second approx
Ar(2), 5, (x, 1) solving problem (11)—(14). Taking A9 (z) = A (z), 7 (z,) =
the system of pairs {\?(z), 5 (z,#)} as the limit of sequence {A* m) (z), T&" r=1,N,
defined as follows.
Step 2.1. a) Substituting v,"" (x,t), r =1, N, in (18) from t
Quan(a,u® (x, ), 720 (x, []) ( ) =0 ve deﬁne AP (), r =1,
Up(x,t), Ar(x), respectively, o, o (3: t), A (x) in the ri%h nd side

5(2.0) ctional equations

stituting instead of
~(2,1)

(17), we find 0,77 (z, 1),

r=1,N.
Step 2.2. a) Substituting v(2 )( t), r=1,N, in (18)fr he system of functional equations
Quon(a,u® (2, [1]), 7V (2, []), Mz)) = 0 we define M&? (@)W = 1, N. b) Substituting instead of
Up(x,t), A\r(x), respectively, 552’1)(93,15), A22) () 4 t-hand side of (17), we find a3 (z,1),

r=1,N.
On the (2, m)th step we obtain the syste

that the solution to problem (11)—(14) (#h¢

defined and with m — oo it converge

7(n2,m)(x) 7B (x,t)}, r =1, N. We assume
dhce o systems of pairs {A>™ (z), 7™ (z,)}) is
,5&2)(:1:,75)}, r=1,N.

B) Functlons ur are» defined from correlation (15), where \.(z) :)\7(?)(3:),

Up(x,t) = 2 , T = 1 N

Contmumgthe process% tep we obtain the system of triples {\*) (z), 5" (2, 1), ul® (2, 1)},
i

r=1,N.
The following the e shes sufficient conditions of the feasibility, the algorithm convergence,
and the existence, o on to the multi-characteristic boundary-value problem with functional
parameters (1 1L9=(
Theore eflthere exist h > 0: Nh=T (N =1,2,...), v € N, A\ (), 5 (z, []), v (z, [t]),
Ly(x), Lo(x),z, h), with which the Jacobi matrix 8Q”’h($’“(x’g;’v(x’H)’)‘(x)) is in-
(‘Tv (‘T) ( ) [])7'“’('7:7 H))) where x € [0,0J], ()\(x),ﬁ(a:, [t]),u(x, [t])) S S()‘(O)(x)v
x S@O) (x,[t]),0(x)) x SO (x,[t]),wlp(x) + 0(x)]) and the following inequalities are ful-

Qu,h(xvu(xv[é]i\ra(xr['])7)‘(x)7)] -1 H S ,yy(x’ h)’

gy (,h) = PG [1 +wleh) X (Ll(ﬁ)h)j] <p<l,
‘]:

V!

£
x c(&1)dér £
eo(@)en (@) + cole) + Lea(a) La(a) /0 ()es /0 eo(En)er(€n) + eol6r) + 1
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28 ORUMBAEVA

X (€1 WIQu (€1, ul® (&1, [0 (61, [), XV (1)) | dé dé
+ [eo(@)er (@) + 1 (@, W) | Qun (2, w (2, [1), 0 (2, [1), AV (@))]] < pla), (19)

I3
x c(&1)dér £
eo(e) + Lea(a) La(x) /0 ()es /0 leo(€1)en(€1) + co(€r) + 1]

X Y (&1, )| Qun (€1, 0@ (€1, [1), 30 (&1, [1), A0 (&) || dr d€
+ co(@) 7 (2, W)|Qun (z, u® (2, [1), 9 (x, []), AD (2)) ]| < 0@), (20)

where
e(z) = [eo(w)er(2) + 2c0(x) + 2ea(w) La(z), cola) = | ql(x y 3 (L1(2)
14 9 ]:1
r(@) =2t m) P ) < ey 3
=0
then the sequence of functions (\¥)(z),2%) (z, [t]), u® (z, [t])), k= defined by the al-

gorithm is contained in S\ (x), p(z)) x SO (z, [t]), (x)) x S(uO,[t]),w[p(z) + 6(x)]), con-

verges to (\*(z),v*(x, [t]), u*(x, [t])), which is a solution em (11)—(15), and estimates are
true:
a) max ||[\:(z) — A0 ()| + max sup  [|vf(x, t

r=1,N r=1,N te[(r—1)h,rh)
¢
c(é1)déx
< et " [Me©a© +ale 11,59 (€, [1), A9 (€)) g
Heo(wen @ W Qu (a0, 1,5 (1), X0 @)l
b) max sup  ||ui(z,t) &

r=1,N t€[(r—1)h,rh)
< max ||\ )||d€ + max sup o (e, t) — 0O, b)) de.
0 r=1,N 0 r=1,Nte[(r—1)h,rh)
In aa’dztton any so x),0(z, [t]), u ) to problem (11)—(15) in S\ (z), p(x))S (T x

(x,[t]),0 Q w[p 0(z ] is Lsolated
Proof. 1 orem 1 from [12](P. 91) with u, (z, ) = u!” (z,t), 7 = 1, N, problem (11)—(15) has
ol

teddolution (AW (z), 51 (z,1)) € S(AO(2), p(x)) x S@ (z,[t]),8(x)) and the estimates hold

sup ||’67(~1) (xv t) - 67(10) (.’L‘, t)H < o ! h max sup ||U£1’1) (.’L‘, t) - ’67(}70) (xv t)”?
r=bN te[(r—1)h,rh) L= (2, h) r=1,N te[(r—1)h,rh)

max DO (2) — AO @) < L1I@OMT W@l i 50 @, ) — 509 (@, )|

r=1,N V! 1—qy(z,h) = LN te[(r—1)h,rh)
+ 3 (2, )| Quyp (O (, 1), 80 (a, [1), A ()|
~(L.1)

Since functions vy (z,t), v b0 (x,t), r =1, N, are defined from correlations

RUSSIAN MATHEMATICS (I1Z. VUZ) Vol.60 No.9 2016
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t T1
'177(~1’1)(1‘,t) :/ f(l‘,ﬂ,ugo)(x,ﬂ)a/ f(x’72=“£0)($,7'2),---,
(r—1)h (r=1h

Tv—1
/ f(x, Ty, uﬁo) (,7), 551’0) (x, 7)) + /\£171> (a:))dT,, 4+ )&71) (x)) dr + )\gl’l) (a:)) dr,
(r—1)h

t T1
/277(}70)(33715) - / f(x7717U7(~0)(33771)’/ f(x’TQaug"O)(w’TQ)" T
(r=1)h (r=1)h

Tv—1
/ f(x, Ty, uﬁo) (,7), 59’0) (x,7) + )\51’0) (a:))dT,, + -+ )\7(}’0)
(r—1)h

r = 1, N, we have that the estimate is true

max  sup |0V (@, ¢) — 00 (2, 0)|| < Z (La )h) max ALY
r=1,N te[(r—1)h,rh)

Taking into account the inequality

max A (@) = A (@) < . (x, h)IIQu,h(w,u(o) (a, [0 DX @),
r=1,N
we have
max sup [0 (z, ) — 00 (2, 1)
r=1LN te[(r—1)h,rh)
< co(@)yw (@, h)[|QH ), (@, [1), A (2))]] < 0(x),
maxx [AD(@) = N0 (@)] < feo(o) )50 @, D AO @] < po).
Then
AW (z) = max AWM (z) = XO(z sup 15 (2, 8) — 2O (2, 8)
r=1,N Nte[(r 1)h,rh)
< [Co( 1 co(@) + 1 (@, 1)||Qun (e, ul® (x, [1), 70 (2, []), A ()],
max ) (2, 1) — ul® (2, )] < / AD (¢)de.
)h rh) 0
Hence we see t )EeS u(o [t]),w]p(x) + 6(z)]). We assume that the triple is defined
A““ ! “(2.0) € SO (), p(o) x SEO . 1), 0) SO ], wlp(z) +
we kth appr0x1mat10n by Ar(z), Uy (x,t) solving problem (11)—(14). Conditions of this

d the fulfillment of conditions of theorem 1 from [12], if we take )\(k_l)( ), ~(k_1)(x t)

), respectively. Then due to theorem 1 from [12] there exists an isolated solution
GS AE=D (), pE=D (1)) x S@F=D (z, [t]), 0%~V (x)) and estimates hold true

sup \|5§k) (z,t) — 0D (a, 1)
r=1,N te[(r—1)h,rh)

~(k,1) ~(k,0)
< max sup [IN Uy z,t)|,
1= qu(@,h) r=1,N te[(r—1)h,rh) | (=) - (=0l

max [\ (z) = A ()
r=1,N
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30 ORUMBAEVA
- (Li@h)” (e, h)

~(k,1) _ ~(k,0)
max sup [N T,t) — vy z,t
vl 1 —qu(z, h) r=1,N te[(r=1)h,rh) | (1) (=)l

+ (@, h)[[Qun (@, u® Y (, [1), 74V (@, [1), A* D (@)

Since the functions """ (x,t), otk0) (x,t),r =1, N, are defined from correlations

t 1
ot (z, 1) :/ f(x LUl 1)(90,71),/ f(w,T2,u7(~k_1)(x T2)s- s
(r—1)h (r=1h
Tv—1
/ f<x7 Ty, ugk—l) (x7 TI/)) '@(ﬂk,o) (:E, Tu) + )\gk’l)(x))dﬂ, 4 A(k 1) dTg + )\ k,1) ,
(r—=1)h
t T1
/177(.]6’0)(:1;;1?) :/ f(valaug"k_z)(val)a/ f(:I;’TQ’ 2 :I; TQ
(r—1)h (r=1h

Tv—1
/ f(a: Ty, U (k 2) (z, 7)), ﬁﬁk’o) (x, 7)) + )\,(]c’o)(l‘))dﬂ/ +...+ )x(k d7'1,
(r—1)h

r = 1, N, we have that estimates are true

max  sup [[55 (@, 1) = 5O (2, 1)
r=1,N te[(r—1)h,rh)

< ~ (La(@)hy Lo(x)h max sup

per r=1,N te[(r—1)hyzh)
— (Li(x)h)I (k,1) (k,0)
+ ) max ||\ (x) — AT
> o ma A ()

Jj=1

Therefore, we obtain

max  sup |0 (x
r=LN te[(r—1)h,rh)

< C2($)L2(93)/ N G + co(@)y (@, M| Qup (z, u® ™ (2, [1), 807D (2, [1), A=) ().
o* =D (z, []), \E=D (x)) = 0, we establish the inequality

(e, [, 5%V (@, 1), A D @)

7y($ah ) [ a,D/ B s L° 7)\ Sz
v J
) 3 PO L s a0 - D o)

r=1,N te[(r—1)h,rh)

x
< ep(a)Lo(w) max  sup  [ul" D (1) — w7 (@, 1) < ea(x) Lo(a) / AF(g)de,
r=1,N te[(r—1)h,rh) 0

max MO () — A (@) < co(@)es(x) L () /0 " AED()dg

r=1,N
+ [eo(@)er () + U (@, 1) | Qupp (2, u™ ™ (2, [1), 787 (2, [1), AED (@),
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max  sup[ul(a,t) — ult V(. 1)]
r=1,N te[(r—1)h,rh)
< [ max AP - AFDE)dE+ [ max  sup  [[I(g 1) — TRV (€, 8)]|de
0 r=1,N 0 r=1,Nte[(r—1)h,rh)
We take

0" (2) = c(w) Lo () / " AW (E)de + cola (e WIIQun(z, u® (2, [1),5%) (2, [1) 2D (@))]]

0

@) = ol)ea)a(e) [ AP (e

0
+ [eo(@)er (@) + U (@, 1) |Qupp (2, u™ (2, []), 0™ (a, [

and show that S(A®) (), p®)(2)) € S(AO (), p(x)), SEOP (=, [t]),0" (z)) C S
Using theorem 1 from [12], with u(z, [t]) = u®) (z, [t]) we obtain that problem (
solution (A (z), 3+ (z,[1])) € SAW(z), p®) (2)) x S@P) (z, [t 0P (&)
true

max sup |5 (@, 6) - o (x, 1)

r=1,N te[(r—1)h,rh)
x J

SC2(37)L2($)/ AW ()de + co()m (, 1)1 Qup (@ u [, 5% (@, [1), AP @))ll, (21)

0

max [[AF ) (2) = AP (2] < eo(2)ea(x

r=1,N
+ [co(z) (22)
Then we can write inequalities (21), (
max sup oD (23)

r=1,N te[(r—1)h,rh)

| <leo(@)er(x) + co(z) + 1]Cz(x)L2(93)/ AW (€)de. (24)
0
t-hand sides of inequalities (23), (24), respectively, we obtain

®@)| + max  sup [T (2, 1) — 5 (x, 1)
r=1,N te[(r—1)h,rh)

< eo(z)er(x) + 2¢o(x) + 2]ea(z) La(x) /Ow AR (g)de. (25)
nequality (25) it follows that A®+D () < ¢(z) fA(k) (€)d¢. Then

0
AFFD ()

T T k
K (/0 C<§)d§) [ eo(©1e1(€) +co(€) + Tl 11 Q616 D, 7O, D A € k

max s [u (2, t) — (e, 1)) < / AFHD (€)de,
r=1,N te[(r—1)h,rh) 0
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max sup \|5§k+1) (x,t) — 550) (z, )|
r=1,N te[(r—1)h,rh)

< [o(@) + Uea(a) /x S% (/ &&1 €)de

+max  sup [0l (x,t) — 0 (2, 8)]| < [co(x) + Uca(z) La(x ) c(&1)d
r=1,N te[(r—1)h,rh)
¢
X/O [co(€1)er(ér) + co(€r) + 1w (€1, W) Qupn (€1, vV (&1, [1), 0 (1))
+ co () (2, 1) [|Qu (2, ul (2 1), A©
max AT (z) — A9 (z)]]

Q
< [eo(z)er(x) + co(w) + 1ea(z) Laf /0 (¢ k ) '(/ %

+ max AN (2) = AP ()| < [eo(w)er (@) + eole )+1]C2(.93)L

r=1,N

j=o

3
XAM@M@HM& Uy (€1, )| Qup (€1, wl4(Er 0 (&1, [1), A\ (&) |dérde
+ [eo(x %wh M, [, 70 (2, [1), AO(@))] < p(2),

max [A*+D (2) — A0 (z)]| + max

r=1,N r= the
< A () 4 AW (g (@) AW (©)dg + AV (2)
j= 0
% d€ (&) +co(§) + (&, h)
uh (& uO & []), 7O []), MO (©))||dg

( Jer(x) + co(x ) 1]%( z, )IIQu,h(w,u(O)(w, [, (@, [, AO (@)l

max Hur +1)(1‘,t) - U7(n0)(11,‘,t)||
7‘=1,N T
@ max [AF(€) = AP (@[lds + [ max  sup 0D 1) — B0 (1) dE
0 r=LN 0 r=LNte[(r—1)h,rh)

k — oo we obtain conditions (23), (24) and estimates a), b) of Theorem 1.

Let us show theisolation of solution. Let a triple of functions (A*(x), v*(z, [t]), u*(z, [t])) be a solution

to problem (11)—(15), belonging to S(A*(z), p(x)) x S(0*(z, [t]),0(x)) x S(u*(z, [t]) wlp(z) + 6(x)]).
Then there exists a continuous on [0, w] function 6(z) > 0 such that

1N (@) = AV (@) +6(2) < pla), [Tz, [1]) =0 (2, [1)]] + 8(2) < 8(),

lu* (. [8]) = u© (2, (D] + 6(x) < wlp(x) + 6(x)],
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Az) € S(A (z),6(x)), v(=,[t]) € SO (x,[t]),6(x)), ulx,[t]) € S (x,[t]),0(x)).

In view of inequalities

IM@) = AQN < JA@) = A @) + IV (@) = AD) < 6(2) + IV (@) = 2O < pla),

13, 1) = (@, [DI < oz, [1) =7 (@, [D] + 7% (x,

lu(z, [1) = uO @, (DI < lulz, []) = a @, (DI + o (@, []) = o, )]
< 8(x) + [[u*(z, [) — Oz, [ < w[Blg) + 0(x)],
we have
A(@) € SO (@), pla)), Bz, [1]) € SEO (a, [1]), 0(x)), ulz, [1]) € Su® (x,[1]), 6())),
e, S(A <]> (a(c)) SO, (@), S@* (x,[t]), 8(x)) € SE (x,[1]) 1)), 8(x)) €

S(u® (xz, [t]),wlp(x) + O(z)]). We take a number e > 0 such that

(e, h)  (Ta(@)h)” S (La(w)h) Ny bty (o))

v(@, h) <1,
(@ h) < 1 —ev(z,h) V!

rom e uniform continui (6] x, t u,v in x e Sstructure o e Jaco-
From the unif tinuity of f/( ) GO(p() d the structure of the J

0Qunlaue DDA s yniform contmu ),8(x)) x S@* (z,[1]),8(x)) x
0,w] function 6(z) € (0,8(x)], with

bian matrix

S(u*(z,[t]),d(x)) follows Therefore there exists a co
which

8th z u( ] *( ))
H ) <e
for all € [0,w], (A(x), ¥(z, [t]), ),0(z)) x S(0*( 5(x)) x S(u*(z, [t]),0(x)).
We note that if {)\* ), v (z, t]) *( utlon to problem (1 1) then

=0
with any veN
Let ( az% [t]),8(x)) x S(u*(x,[t]),0(x)) be another

solutlon to problem (

~

Since Q4 ), A*(z)) = 0and Q, p(z, u(x, []), v(x, [), X(z)) = 0, from inequal-
ities
X -1
QaQuh -77 u* 113 'U ( []) A ( )):| nyh(l‘,u*(l‘, [])"ﬁ*(x’ []),)\*(l‘)),
* 1 ~ ~
x = Aa) - | PO RN g e, 1), 5w ), )

it follows that

*(z,[]), 0% (=, []), \*(x))]*
(@) — M) = \*(2) — M) — [aQ,,,h@:,u( 7 D¢ >>]

< [Qua(z,u* (@, [), 0" (2, [1), N (@) = Qun(,u* (z, [), 7 (z, [1]), M)
+ Quna,u (2, [), 7 (2, [1): M) — Qunla, @z, [1), 0(z, [1), AM=))].
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Applying the Lagrange formula of finite increments ([13], P. 375) to the difference @, s (z,u*(x,[]),
v (z, []), N (x)) — Qup(x, u*(z, []), v*(z, [-]), A(z)), we obtain

IN*(2) = M)l
< Yo(z, h) ||Qy’h(x7u*(m, [])"q}*(m, []), A*(x)) Qu h(m u(x [])75(3}’ H)’X(x)

1- 571/(337 h)
< Y (, h) max {(Ll(x)h) max  sup |[or(z,t) (z,t)]
1 —ey(z,h) r=1,N vl =L N te[(r-1)h,rh)
+ h max sup ur(x,t)
Z ) r=1,N te[(r—1)h,rh) H H

Since

max  sup  ||vi(x,t) — 2, Uz, t)|| < (Ll(x')h) max sup  ||oy (= Uy

r=1,N tE[(T—l)h rh) v r=1,N te[(r—1)h,rh)

L1 “( L1 .
+Z x5 (0) =3 (0] +Z (@)h mak ) = D),
1) (27)

after substitution of (27) in the right-hand side of (26), we ge

max sup  ||vi(x,t) — D Up(z, )|

r=1,N te[(r—1)h,rh)
< gu(w,hye) max sup [T (at) - Miyo) max sup [ (a,t) ~ (. )]

r=1,N te[(r—1)h,rh) r=1,N t€[(r—1)h,rh)

where g, (x, h,e) = (Ll(f!)h)u [1 + 17;526(}1) h)

—~ (Li(x)h)

wx ]

Therefore,
dy(x,h,e)

. _Ar ’ ’ 2
max  sup O% )| < | — gz, B €) Tmfmﬁ]te[(rs%?h " ut(z,t) — 0 (z,t)]|, (28)

r=1,N te[(r—1)h,rh)

. ~ Yo(z,h)  (Li(x)h)”  d,(x, h,e)
A ( A
rril?}]i/ | (B < 1 — ey (z, h) V! 1—qu(z, h,e)

j
py Ei@h) L2<x>h] max sup[ul(e 1) = (2, 1)], (29)
- J: r=1,N te[(r—1)h,rh)

A¥r) = max ||\ (z) —/):T(:L‘)” + max sup  [[ur(x,t) — bt vy (z, )|
r=1,N r=1,N te[(r—1)h,rh)

Yo(z,h)  (Li(x)h)"] dy(z,h,e)
= ([1_{—1_5%/('7;’}7’) vl :|1_Ql/(x7h’€)

(L h)J
+Z( 1(1;) ) Lg(m)h) max sup |lur(x,t) — up(x,t)|. (30)
— J: r=1,N te[(r—1)h,rh)
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Using functional correlation (15) and inequality (30), we obtain

v

arr < ([, 0 AE) e SEEY  a

1_671/(1"’h) vl ]-_ql/(wvhae) =0

Hence it follows that w'(z,t) = u,(z,t), r =1, N. Due to (28), (29), equalities take place \f(x) =
A (), 08 (2, t) = 0p (2, t), r =1, N.

We define functions
A (x) + ) (x,t) with (z,t) € Q,, r=1,N,
BCHERING (k)
’ AN (x)+t11¥107’N (x,t) with t = Nh,
x
et =)+ [ o€ 0de k=12,
0
denote by Sy (u(?) (z, [t]), p(z), 8(z)) the set of piecewise-continuously di
functions u : Q — R™, satisfying inequalities
lu(z,t) = u©@ (2. t)|| < wip(@) +0()),  Julz,T) = uO(z
s (2, 8) = uf? (2, 0)| < p(a) + 6(=), Hux(waTuu(O)(
(

lue(,t) — uf” (2, )| < wlp() + (@), |luy
Due to the equivalence of problems (1)—(3) and (11)—(15),

ith'gespect to z, ¢

) +0(x)],
p(z) +0(x),
)|l < wlp(x) + 0(x)].

theorem follows from Theorem 1.

d, the sequence of functions {u®)(x,t)},
onverges to u*(x,t), which is a solution to

equality is fulfilled

Theorem 2. If conditions of Theorem 1 are fulfill
k=1,2,...,is contained in S;(u\®) (x, [t]), p(z)
problem (1)—(3) in S1(u®) (z, [t]), p(x), 0(x)), ane

z Joré
o o,t) = u )] < [ ele) ) [Taleat)

+ (&) + (&, O (&1, 11,89, [, AO (&) dérde,  (w,t) € Q.

In addition, any solution r )=(3) in S1(u® (x, [t]), p(x), 6(x)) is isolated.
Example. Let us consideron0, 0.5] x [0, 0.5] the semi-periodic boundary-value problem

82u1 1 8’11,2

oaor ~ 2 90 TN (31)
0? 0 Juy
a;gi = ;(5;1 - 1) 8” i (z,t) + fol, ), (32)
@ ui(x,0) = uq1(x,0.5), wug(x,0) = uz(z,0.5), (33)
u1(0,) =0, wu2(0,t) =0, (34)

fi(z,t) = 0.2m cos 2mt — 0.1¢(t — 0.5),
1
fa(x,t) =04t — 0.1 — 3(0.1 sin 27t — 1)0.1sin 27t — 0.1z sin 27t.

We introduce a new unknown function v;(z,t) = a“ja(m A = 1,2, and write problem (31)—(34) in the
form
(9211
ot

1 0 1
= 2U2+f1(93,t), (;;2 = 3(U1—1)v1 +up(z,t) + fo(x,t),

Ul(xao) = U1($a0'5)a ’Ug(l‘,O) = U2($a0'5)a
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up(z,t) = /090 vi(z,8)dE, wus(z,t) = /090 va(x, §)dE.

Taking h = 0.5, v =1, we denote \;(x)=v;(x,0), i =1,2. We replace v;(x,t) = v;(z,t) — A\i(z),
i=1,2,t €0, 0.5], and obtain the problem with a parameter

T = oot dal@) + 1),
881”;2 = ;(61 + A (z) = 1) (01 + M (@) + ui(z, t) + fa(, 1),
01(x,0) =0, va(x,0) =0,
wfot) = [TOED+ M©OME ualed) = [ @60+ el
111?_0 vy (x,t) =0, . 111151 ng(w t) = 0. (36)

For definition of the triple (A(z) = (A1 (z), Aa(2))’, 0(z,t) = (v1(x, [t]), V2 (z, []) )2
uz(z,[t]))) we have the system of equations with respect to the intreduc tional parameter
Az) € C([0,w], R?)

Quos(, ulz, []), v(z, []), Ax)) = 0, (37)

where J

Q1;075(x7 u(xv [])7 17(%, [])7 )‘(x))

T fl(x,r)) dr

+ M (2)) + w1 (z,t) + falz, 7')) dr

B /00'5 <:1))(51(33,7‘) () —

the system of integral equations
&

z) — 1) (01 (2, 7) + A (@) + ui (@, t) + fg(x,r)) dr

I

alo) + fife.7) )

\

(.7} t (1}1( T

~—

and functional correlatlon application of parameterization method begins from the choice
of an initial approxi functlona parameter \(9)(z). We find an initial approximation by

(33) O\D(@), AP (2)) € C([0,w], R?) from Eq. (37) with 7 (z,£) = 0,
O &)de, up(a,t) = f)\(o )de.  Then A2 (2)] <0.023, AV (2)] <

the functional par

52(1"7 t) = 07

~(0) (0)
0.00836 t)|| < 0.0071085, m t)|| < 0.0117142 max )| <
) L (z,1)]] te[o?o),(s ||712 (z,1)]] ey luy’ (z,t)]]
4 ||l g (x,t)]| <0.0100371, ||Q1,0.5(z, u(x, [-]), 0(x, [-]), M(x))|| < 0.0117142; Ly (z,t) =

) 0543,
@ t€[0;0,5]

(x,t) = 1. We verify the fulfillment of conditions of Theorem I:
[3@1;0.5(wyu(%g;\)ﬁ(fﬂ:['])7)\(95))]_1H < v (z,0.5) = 3,
2)q(x,05) = (1+3) = L <1,
3)2.285 - y1(x,0.5)||Q1.0.5(z, u® (z, [-]), 5O (, []), \O(2))| < 0.160602 < 0.2,
4)1.7213 - y1 (2, 0.5)[|Q1.0.5 (z, u® (z, [1), 7O (2, [1), A (x))|| < 0.1209819 < 0.2.
Then the sequence of functions u® (z, [t]), k = 1,2, ..., defined by the algorithm is contained in the set
S(ul®(z, [t]),0.2) and converges to an isolated solution to the considered problem in S(u(® (z, [t]),0.2).
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