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On the function approximation by trigonometric polynomials and the
properties of families of function classes over harmonic intervals

The article is devoted to research on approximation theory. When approximating functions by trigonometric
polynomials, the spectrum is chosen from various sets. In this paper, the spectrum consists of harmonic
intervals. Devices, various processes, perception of the senses have a limited range. In the mathematical
modeling of numerous practical problems and in the further study of such mathematical models, it is
sufficient to find a solution in this range. It is possible to study such models to some extent with the help of
harmonic intervals. To prove the main theorem, an auxiliary lemma was proved, and elements of the theory
of approximations with respect to harmonic intervals were used. For the constructed families of function
classes associated with the best approximations by trigonometric polynomials with a spectrum of harmonic
intervals, their relationship with classical Besov spaces is shown.

Keywords: harmonic interval, spectrum, the best approximation of a function by trigonometric polynomials
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Introduction

In recent decades, the penetration of ideas and methods of the approximation theory into various
branches of mathematical science has been observed. According to a certain rule, the approximation
of a function is understood as the replacement of one function by another, close to the original in
one sense or another. In the study of periodic functions, trigonometric polynomials occupy a central
position as approximating objects. The fundamental results in this theory were obtained in classical
works [1, 2|. Further development of the theory is connected with the works of [3, 4] and with the
works of other mathematicians. The results obtained are also described in detail in books [5, 6] and
others.

When choosing an approximating functions, the spectrum is essential. The spectrum of approximating
functions can have the most diverse configuration and consist of the most diverse sets. For example,
the spectrum can be a hyperbolic cross [7, 8] or the spectrum is a ball [9], etc.

Devices, various processes, perception of the human senses have a limited finite range. In the
mathematical modeling of numerous practical and applied problems and in the subsequent study of
the compiled mathematical models, it is enough to find a solution in this range. The study of such
models [10, 11] can be carried out to some extent using harmonic intervals.

Harmonic intervals are defined as sets I}Y [12] of a special form, where the parameter characterizes
the specified limited range to some extent. The definitions of harmonic segments and harmonic intervals
were given by E.D. Nursultanov in [13, 14]. These sets built according to a certain rule, and their
accompanying elements have found wide application in harmonic analysis.

The lemma and the main theorem are presented in the second section. The theorem is proved
using an auxiliary lemma and using the properties of harmonic intervals and the mathematical objects
associated with them.
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As an auxiliary problem, families of function classes {B; a.N }N connected by the best approximations
over harmonic intervals are introduced. Section 3 is based on the study of the properties of these families
of function classes {B; q N} . The constructed families of function classes are related to the classical

bh 5 N

Besov spaces, and this is shown in the third section.
1 Definitions and auziliary results

Definition 1. [12| If k,v,d, N € N, k < N, then the sets of the following types

d
Ilf:v’d: U ([—k’,k]—i—QVN),
v=—d
N = G ([=k, k] + 2vN) = fj (m+2vN :m € [—k,k])

are called harmonic segment and harmonic interval in Z, respectively.
Let Tév be the set of trigonometric polynomials in the harmonic interval, defined by the formula
[12]

S
TN:{Za,,~ei”x:aV:0 ifygél,iv,seN}.
v=—s
We have

B (1) = 7],
k

where E,]CV (f)p is the best approximation over the harmonic interval I év of the function f € L,[0, 2m),
1 < p < oo by trigonometric polynomials from T,ﬁv of order less than or equal to k [12].
If f e Ly0,27m), 1 < p < 00, then we will consider the following sums as partial sums of the Fourier

series of the function f over the harmonic segment [ ,iv 4 and the harmonic interval I ,iv , respectively [12]

s =Y aver SN =Y ap e

VEI,iV’d VEIIéV

Lemma 1. Let the functions f and g belong to the space Lox[0,27), where k € N. If the functions
f and g satisfy the condition

27

then we have an inequality of the form

27 i 2 i
(/ (|f|2’“+|g|2’“)da:) <k</ !f+g|2’“dx> .
0 0

Lemma 2. |14] Let B = [—k, k] be a segment in Z. k,d,h € N, k < h. {Ig,’d} be a sequence of

harmonic segments in Z, converging to a harmonic integral [ g, and

oo

Ip=J (B+vh).

V=—0o
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If feLy0,2m),1<p<00, ) eyl e™?® is its Fourier series, then the sequence of partial sums
of the Fourier series of the function f over the harmonic segment

SE'(f) =D av- e

llelg’d

converges in L,[0,27) as d — oo to the function

h—1
s =4 31 (a+ 2 ) 0u (57).

v=0

where

is the Dirichlet kernel corresponding to the segment B from Z, and its Fourier series will be the function
Zuelg ay - "7

Theorem 1. [15] Let f € Lp[0,27), 1 < p < 0o, m € N, SN(f) be the partial sum of the Fourier
series and EN(f) be the best approximation of the function f over the harmonic interval IV, then the
following correspondence is fulfilled

ENPp ~|1F =Sl

p

Let 1 < p, g <oo,r>0,fe Ly0,2m). Let’s construct a family of function classes {B; q'N}N

satisfying the condition

AN = {f:“f\B;’q.N <oo}, N eN,

where

171

N :
(T )

k=1
2 Properties of partial sums of the Fourier series over harmonic intervals

Lemma 3. Let f be a function from the space Lo [0,27), where k € N. 3" a,, - €™ is its Fourier
series, d € N, (m+ 1)k < d— 1.

o

L=1Iy = :L_J ([0,m] + vd),
o O {frr[f5] )
= O (0[5 +)

are harmonic intervals in Z; S%(f) and S¢_, (f) are partial sums of the Fourier series of the function

[5]

f(z) over harmonic intervals I¢ and T [d@ X respectively, then the inequality holds
k

Jsn = #llst )l
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Proof. We introduce the following notation

u(z) = Z an - €M% v(z) = Z an - €.

nely nels

The functions u(x) and v(z) are partial sums of the Fourier series of the function f(z) over harmonic
intervals I1 and Is, respectively, and therefore belongs to the space Lox[0, 27).

Let’s prove that
2
/ uF - ofdr =0
0

[(Sae) (T ar=o

nel; nels

or

Taking into account the values of the integral fozﬂ e dx when n = 0 and n # 0 we conclude that
the last condition will be satisfied if there are no identical numbers among the numbers n € I; and
n € Iz when raising the partial sums ) ; ap - e and > onel, On - €™ to the power of k.

Note that when u(x) is raised to the power of k, the numbers n fall into the set, which is a harmonic
interval, which we denote by Iy, and

e}

L= J (0,mk] +vd).

V=—00

Indeed, by definition, we have

L+ DL+ .. .+1, = {nl +no+.np, n; €1;, n=1,2, T‘}

SO
Ly=L+..+1= {nl +no+.ng, n; €, n=1,2, k}
—_——
k
Since n; € Iy, then n; = l; + vd, where [; € [0,m|, v € Z, i = 1, ..., k. Therefore,
k k
S =3 4w
i=1 i=1
Thus,

vd < an < mk + vd.
i=1

It means that Zle n; € Ij.
Applying the same reasoning, we get that the numbers n, when the partial sum v(x) is raised to
the power k, fall into the harmonic interval I, and

L= |J {[(m+1k, d—1] +wvd}.

V=—0o

It is obvious that
LNy =0.
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This equality ensures the fulfilment of the condition (1) for u(x) and v(z). The fulfilment of this
condition guarantees the application of Lemma 1, namely

ok % 2 2% 2% % 2m 2% %
{/ ’u‘ dw} <{/ (‘u} —I—M >dfc} <{/ }u—l—v‘ d:r} ,
0 0 0
1
2k
27
|

1
2k 2k o 2k
an - " dx <k / E an - e dx
0

neld, nGI‘E

or

d d
< .
s, < * stz ),
Lemma 3 is proved.

Theorem 2. Let f € Lpl0,27m), 1 <p <00, > cp - e be its trigonometric Fourier series, then

the following inequality

7 (2)

p

H 2N—-1

1 r r
r= P

is true, where D,,(y) is Dirichlet kernel corresponding to the segment[—m;m], C' is a constant that
depends only on the parameter p.
Proof. According to Lemma 2, we have

Hf - £V2§1f<x+ 7 )a(F) H ~[lr - s

|5 et 25w s, o)
p

veZNIY » veQl »
where QN 41 are harmonic intervals in Z, and
o0
XY= U {[—N, —-m—1U[m+1, N] —|—21/N}.
V=—00

Then we have

p

. -5

m+1
Since SQN+1( f — Sm) is a partial sum of the Fourier series of the function
f=5Sn(f) = Z a, - €T
vEZ\[—m, m)]

then, by the theorem [14] on the boundedness of partial sums of Fourier series over the harmonic
interval, we obtain the necessary inequality

P

_ HSQN (/ — Sn)

m—+1

Hf—sﬁm

< ch — 5(f)
P P
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Thereby, Theorem 2 is proved.
Note 1. According to Theorem 1 and Lemma 9.3 [16] the relation (2) can be presented in the
equivalent form

EN(f)p < En(f)p,

3 Properties of the family of function classes {B;,q_N}N

Definition 2. [12] Let two classes of functions A" and BY depending on the parameter N be given.
We will say that the class of functions A" is embedded in the class of functions BV and denote it by
AN < BN if the following conditions are satisfied:

1) AN c BY,

2) there is a parameter C such that for any f € AV the relation

£l < ClI#|]aw

is true, moreover, the parameter C' does not depend on f and N.
Definition 3. [15] Function classes { AV}  and {BN} n» Where V€ N, are equivalent

£ [Lax ~ 1l s
if there are parameters C;, Cy such that for any f € AV there is a correspondence
Cllfllpw < v < Colifl] g

moreover, the parameters C1, Co do not depend on f and V.
In this case, the families of function classes {AN } N and {BN } y coincide, namely

{A%}y ={B"}y-

Theorem 3 relates families of function classes {B’" }N to classical Besov spaces [17].

p,q-N
Theorem 3. Let N € N, 1 < p, ¢ < 00, r > 0 then the following relationship is performed

ﬂ b

Proof By definition, we have

f
55
Since the following inequality
S
(FA P
holds for any N € N then we obtain the accordance

<|l|

=Wl 4y, <l

This correspondence follows from the last inequality

ﬂ
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From other side, for a partial sum Som (), where m € N, we get the ratio

H52m(f)‘

By, = HSQm(f)’ B;7q’2m < C(pa QaT)

< C(p,q,r)

Clp,q,r HfH

p a,N

Further, from the last relation, according to the Banach-Steinhaus theorem [18|, we obtain the desired
inequality

or

Clp,q.r HfH

p q,N

m p,q,N PJI'

Thus, Theorem 3 is proved.

10

11
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IA. Ecenbaesal, O.H. Ec6aes?, H.K. Crzapikosal, M.A. Cmupnosal

1 .
Axademur E.A. Boxemos amuvindazv, Kapasandv yrusepcumemi, Kapaeanowv, Kasaxeman;
2 Hasapbaes Suamrepnix mexmedi, Acmana, Kazaxeman

D yHKIUAIAPIbI TPUTOHOMETPHUAJIBIK, KOIIMYIIIEJIeD apKbLIbl XKYBIKTAY
2K9He TapMOHUSJIBIK, MHTEPBAJJIAPFa KATBICTHI PYHKITAIIAPD
KJIACTAPBIHBIH, VifipJepiHiH KacueTTepi TypaJibl

MakaJjia KybIKTay TEOPUsICHI CaJIAChIHJIAFbl 3€pTTeyJIepre apHaJFaH. | PUTOHOMETPUSJIBIK KOIIMYIIEIep
apKBLIBI DY HKIUSIIAP/IBL XKYBIKTaY KE3IHIe CIIEKTP SPTYPJIi XKUBIHIAPIAH TAHIAIAIbI. Byl 2KYMBICTa CIIEKTD
rapMOHUKAJIBIK, THTEPBAJAAAPAaH Typaabl. Kypbuirbuiap, spTypai nporectep, ce3imaepai KadbLiaay Mylie-
JIepi 1meKTey i ayKbiMEa re. KerrereH mpakTUKAJIBIK, eCerTepi MaTeMaTUKAJIBIK MOJIE/Ib/IeY Ke3iHe YKOHe
OepinreH MaTeMaTUKAJIBIK, MOJEIBIEPl OJaH Opi 3epTTey Ke3iHe OChIHal IUama3oHIa IIerniM Taby KeT-
Kinikri. MyHgai Mmoaenbaepdai 3eprrey 6esrisi Oip gopeskejie rapMOHUKAJIBIK HHTEPBaJIIap/IblH, KOMeriMeH
MYMKiH 6osiazel. Herisri TeopemaHbl fpJiesjiey VIIiH KOMEKIII JIEeMMa JTOJIEJIAEH Il »KOHE TapMOHUKAJIBIK,
WHTEpBaJIap OOMBIHIIA XKYBIKTAY TEOPUSCHIHBIH, 3JIEMEHTTEP] KOMIAHBLIALI. | apMOHUKAIBIK, HHTEPBAJIIAD-
JIBIH, CIIEKTPi 0ap TPUTOHOMETPHUSJIBIK, KOIMYIIETiKTepMeH DYHKIUAHBIH €H 2KaKChl KybIKTaybIMeH Oaitia-
HBICKAH (QYHKIMSIIAP KIACTAPBIHBIH KYPbUIFaH YiHipi YIIiH OJapblH KJIaCCHKAJIBIK BecoB keHicTikrepi MeH
GallyTAaHBICHI KOPCETLITEH.

Kiam ce3dep: rapMOHUKAJIBIK MHTEPBAJ, CIIEKTD, FTADMOHUKAJIBIK NHTEPBAJIJAPABIH, CIIEKTPI 6ap TPUrOHO-
MeTPHSJIBIK, KOIIMYIIIeJIiKTepMeH (PyHKIUSHBIH €H »KaKChl XKyBbIKTaybl, Jlupuxiie e3eri, GyHKIms Kiracrapbl-
HBIH, YHipi.
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I'A. Ecen6aesa!, A.H. Ecbaes?, H.K. Crezapikosal, M.A. Cymprosa!l

! Kapazanduncxuti ynusepcumem umenu axademuxa E.A. Bykemosa, Kapazanda, Kazaxcman;
2 Hasapbaes Hrumearexmyarvras wroaa, Acmana, Kasazcman

O npubanmxenuu yHKIN TPUTOHOMETPUIECKAMH MOJIMHOMAMU U
CBOIiCTBaxX ceMeiicTB KJiaccoB (PyHKIU MO TApMOHUYIECKIM
WHTepBaJiaM

Crarbs OCBAIIEHA CCIIEI0BAHUIO 110 Teopun npubsvkennii. [Ipu npubiamkenun GyHKIUI TPUTOHOMETPH-
YEeCKUMU MTOJIMHOMAMHU CIIEKTP BBIOMPAETCS M3 PA3JIMIHBIX MHOXKeCTB. B paboTe CIIeKTP COCTOUT U3 rapMo-
HUYEeCKUX WHTEPBaJOB. [Ipubophl, pa3iimaabie MPOIECChl, BOCIPUITAE OPTaHOB UyBCTB MMEIOT OTPAHUYEH-
HbIA nuana3oH. [Ipu MareMaTryecKOM MOJIEIMPOBAHUN MHOTOYMCJIEHHBIX IIPAKTUYECKUX 3a/1a9 U JaJIbHeli-
€M UCCJIEJOBAHUM TaKUX MATEMATUYECKUX MOJIEIEN JOCTATOYHO HANTH pellleHne B 3aJaHHOM JIMaIa30He.
IIpoBenenne nccmemoBanmii TAKUX MOJE/IEH BO3MOXKHO B HEKOTOPOIl CTEMEHM C MOMOINBI0 TAPMOHUIECKUAX
uHTepBasoB. s noka3aTeabCTBa OCHOBHON T€OPEMBI ObLIa IIPUBEIEHA BCIIOMOIaTeIbHAS JIEMMA U UCIOJIb-
30BaJIUCh JIEMEHTHI TEOPUU MPUOJINKEHUI 110 TAPMOHUIECKUM WHTepBaJiaM. [Ijisl HOCTPOEHHBIX CEMENHCTB
KJIacCOB (DYHKITH, CBSIBAHHBIX C HAWIYUIIAME TPUOINKEHUSIMA TPUTOHOMETPUIECKAMU TIOJMHOMAMHI CO
CIIEKTPOM U3 FapMOHMYECKUX WHTEPBAJIOB, IIOKA3aHa UX CBA3b C KJIACCUYECKUMHU IpocTpaHcTBaMu Becosa.

Karoueswie cro6a: TapMOHUYIECKHIT MHTEPBAJI, CIIEKTD, HAMJIydlllee NpubmKenne (byHKIUNT TPUTOHOMETPH-
YECKUMHU IIOJIMHOMAMHU CO CIEKTPOM U3 FapMOHUYECKUX HHTEPBAJIOB, A1po Jlupuxie, ceMelcTBO KJIaccoB

byHKIHIL.
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