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Solution of a two-dimensional parabolic model problem .in a
degenerate angular domain

In this paper, the boundary value problem of heat conduction in a domain was consideredssboundary of
which changes with time, as well as there is no the problem solution domain at the imitial time, that is,
it degenerates into a point. To solve the problem, the method of heat potentials was usedjiwhich makes it
possible to reduce it to a singular Volterra type integral equations of the second kind. The peculiarity of
the obtained integral equation is that it fundamentally differs from the classical Volterra integral equations,
since the Picard method is not applicable to it and the corresponding homogeneous integral equation has
a nonzero solution.
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Introduction

Recently, in connection with the intensive development of modern contact technology and due to
the high speed of electrical devices, more reliable measurement of the temperature field of the contact
system has become relevant. And, no less important, it is necessary to study the dynamics of its
change over time. At the same time, the temperature field of high-current contacts must be studied
taking into account the changesin the size of the contact area, which changes both due to the action
of electrodynamic forces and due, to the melting of the contact material at high temperatures.

When the electrodes are opened on the contact surface, the melting temperature is reached and a
liquid metal bridge appears between them. As a result of further opening, this bridge is divided into
two parts and the contact material is transferred from one electrode to another, that is, bridge erosion
occurs, which can eventually disrupt their normal operation.

To solve this kind of heat conduction problems, it is necessary to use generalized heat potentials
and further reduce the original boundary value problem to singular Volterra type integral equations.
From a mathematical point of view, the peculiarity of the problems under consideration is that, firstly,
the domain in' which solutions are sought has a moving boundary, and secondly, at the initial moment
of time, thelcontacts are in a closed state and the problem solution domain degenerates into a point
[1-14].

The problem considered in this paper is called a model one, since the case is studied when the
boundary of the domain in which the solution of the problem is sought moves according to the linear
law x = t. In the future, it is planned to study this problem in the case when the boundary of the
domain will change according to an arbitrary law x = ~(t), v(0) = 0.
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1 Statement of the boundary value problem

We consider the following two-dimensional boundary value problem in spatial variables in a cone

Q = {(m,y,t)| Vri+yi<t, t> 0,} with a lateral surface I' = {(a:,y,t)] Vaz+yi=t, t> 0} for

the equation
ou 5 (0% | d%u 9, (1 Ou 1 Ou
8t_a<&ﬁ+8f>_a6 z ey o M

with a boundary condition

u(x>yat)|F :g(x7y7t)7 (2)

where 0 < 8 < 1, g(z,y,t) is a given function. It is necessary to find a function u(%; y,#)satisfying the
equation (1) in @ and the boundary condition (2).

Such boundary value problems in domains that change with time and degenerateninto a point
arise, for example: when describing the heat transfer process in a moving medium velocity of which
is a function of the coordinates; in mathematical modeling of thermophysical processes in the electric
arc of high-current disconnecting devices, while taking into account the’effect of contracting the axial
section of the arc into a contact spot in the cathode field. They are also relevant in the creation of new
technologies in metallurgy, the production of crystals, laser technologies;ete.

Passing in (1),(2) to cylindrical coordinates, in the domain @={(r,t)| 0 < r < t, t > 0}, we obtain
the following boundary value problem for the axisymmetric case:

9 1-28 9 02
U 2 ﬂ' u+2 u

E:a r E a'w,0<6<1, (3)
u(r, t)‘r:O R gl(t)7 > 07 (4)
u(r, t)lr:t - 92(t>7 t>0. (5)

2 Representation of a solution of the boundary problem (3)—-(5) using heat potentials

The fundamental solution forithe equation (3) is the function
1 8. 51_5 r2 4 &2 ré
G ) =S TS s
(. §t —0) 22 t—7 P [ 4a?(t — 7')] p <2a2(t — 7')) ’

where £ is a parametery I5(z) is the modified Bessel function of order 3. We will seek the solution of
the problem (8) — (5)yas the sum of double layer heat potentials

B LOG(r, &t — 1)
u(r,t)—/o —35

LOG(r &t — 1)
d _ N/ 7
&Jmﬁr+é 5

where p(t) and v(t) are potential densities to be determined.
Let’s transform the function (6), for this we calculate the derivative:

OG(rét—7) 1 Bl rt4¢ r¢ e
o e o ) e (ame) e ()

1 rP(1-2p) r? 42 ré
e a e [ am ) ()

v(T)dr, (6)
£=0
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where we have used the relation [15; 975]:

1) = I ()~ 21502,
Next we find
8G(T7 67 t— T) o 1 7'25 1 7“2 .
96 |y  (2a2)FF1 28t —1)PH Br(B) T ha?(t - ﬂ] ™)
and
OG(r,&,t —7) B
o€ e

n 1 %1 -2p8) . r2 4 72 7 rT
N e e ==
202 (t—T1)7P P a2t —7)| P\ 2a2t —7)
We transform the last equality as follows:

OG(r, &t — 1)

=

where we introduced the notation

Lp-1,6(2) = Ig-1(2) = Ip(2).
We substitute the obtained relations (7), (8) into the equality (6), and then we obtain the integral
representation of the solutionfor the equation (9):

72 1 72

+/0 (2a2)7+1  28(t —)f+1  pr(g) P [‘W(tﬂ

} v(7)dr, 9)

where .
t=Pea? u(t) € Loo(0,00).
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3 Reduction of the boundary value problem (3) — (5) to a singular Volterra type integral equation

We require that the function wu(r,t) defined by the equality (9) satisfy the boundary conditions
(4),(5), which will allow us to define the functions u(t) and v(t).

' 1 r2f 1 r2
i /0 (a2 23t —1)p1 pr(p) P [_40,2(t—7)] : V(T)dT] g

1 LR S L r? (r)d
=——— —.——.lim [ ————exp |————| -v(r)dr =
(2a2)7+1 28 " BL(B) ro0 Jy (t—m)Ft P | T a2l 1)
B o1 1 L
C||4a2(t—1) Tl (2a2t)1 28 BI(B)
. o 26 (4a2)BHL . AL p2 A r2
X}ﬂg% 2 r26+2 22N 'V(t_éla2z>dzz
a“t
1 11 4q?)P 11 » 2
= —— _(a) ~lim eyt — r dz =
(2a2)8+1 26 BT(B) 4a?  rs0y 2 4a’z

I RN S NS Rl e ) SR SN Sy Lo
-5 50 | &= 53 55 TA) - 00 (t) = 01(0).

from here one of the sought-for densities v(t) is directly determined

v(t) = 2a*Bg(t).

Therefore, ,
u(r,t) =Y wun(r,t) + gi(rt), (10)
i=1
Where t TBTI_B(T -7) - (r—)? . rT
wy(r, t) :/0 v T e 4ai(t-m) .e 203(t-7) . Jg (2@2(15—7')> p(T)dr,

t 6+1 17/8 (7”*7')2 TT
rPtir - - rT
7t — - . 4a2(t—7) . 202(t—7) . [5 - d ,
ua(r,t) /0 1ai(i = )2 e e 8-1,3 <2a2(t—7'))'u(7—) T

Epf1-28) e e r
us(r, t) _/0 m e 4a?(t-7) .o 2a2(t—7) 'IB <2a2(t_7-)> ,U(T)dT,

_ 11 1t r’
0= s 3 57, o ||

Remark 1. If g1(t) is bounded, then g1 (r,t) is also bounded.
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Indeed,
1 1 1 t r26 2
1)< . t - . - |dr=
00 < s 35 1001 | o |y |
2 H 1 11 >
= — 4l = L 4B g% |91(t)|/ e =
2(+ _ 2\ 98 r
‘ 4a?(t — 1) (2a2)8 28 T(pB) 4a22t

|O|M@£J
= g ()] —— 27
7 NG

Now let us satisfy the boundary condition (5).

<|lgi(®)|, V(rt)eq.

w(r,t)|,—, = lim u(r,t) = ga(t) = q1(t, 1)+

r—t—0

n /t tB+1r1-8 t—T tT 7 tr n
——————exp|———|exp |————| I5— e —
o l4at(t —7)2 P74 P 7 2a2 t—r)] PP\ 2a@(t =)

iy || o ) (e ) e

As a result, we obtain the following integral equation for the unknown density u(t):

B )
+ 2;5::57) exp [—Ta;] exp [— 0N T)J I <2a2 e T)> } w(rydr = F(H. (1)

F(fy=—2a%gs(t) + 2a°G1 (¢, 1).

We introduce the following notation

where

L ]F(t) — (1)

_ t _
t' exp {@} fit) = pa(t), t'"Fexp [4@2

Then the last integral equationis transformed into the following equation:
¢
()~ [ Nt (i = ), (12
0

kernel of which has the form:

and, moreover,
t(1—25) tr tr
Nt )= " | T (T
1) =" eXp{ 2a2(t—7)} 6<2a2(t—7)>+
P R L T
2a2(t—7)2 V| 222t —7)] P\ 2a2(t—7) )"

N67) = 5= = | g % (s

A feature of this integral equation follows from

Mathematics series. No.3(111)/2023 95



M.I. Ramazanov, N.K. Gulmanov, S.S. Kopbalina

Remark 2. The kernel of the integral equation (11) satisfies the equality

t
1—
lim [ N(t,7)dr = 7ﬂ,
t—0 0 /8
moreover, Vt > 0, V3 € (0;1):
t 1— B t
/ Ny(t,7)dT = ——, lim/ Ny (t,7)dr = 0.

Indeed,

o= {55 o [ (=
t?

tT

tT 7 tT d . w .
g [z | v () - | = -
_/ (1—25)-12-z-e_z-lg(z)dz+/ e ATy 1 D9} dz =
0 z 0
=(1-28) /OO % e Ig(2)dz + 1 ={)(2.15.4.3),[16; 272] || =
0
_\/ET[ 1+5]+1-7’
t t t tr tr
[ e rie = [ g [l () -
tr < ¢ b A B B
ot 1 B, 31 ¢
_ﬁ.%.r[ 1+52]_2a2ﬁg>0.

4emSolution of the characteristic integral equation

In order to find a golution of the integral equation (10), we first study the following characteristic
integral equation:

) - /0 Ni(t, )y (r)dr = B(2). (13)

Remark.3. Remark (12) implies that for % < p <1, (O < % < 1) the integral equation (13) in
the class of essentially bounded functions has a unique solution that can be found by the method of
successive . approximations.

By Remark 2 for 0 < 8 < % (% > 1) equation (13) is indeed characteristic for the equation (11).

Instead of the variables ¢, 7 we introduce new variables x, y:

=l m0=m(5)=w), e0 =2 (1) =m0, (14)

Then the equation (13) reduces to the following integral equation with respect to the unknown
function ps(y):
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(o) - [ M (y — 2)ps()de = B (y), (15)

M0 =2 o0 () 1 (=) *

e (Came ) e ()

Remark 4. If we find a solution to the equation (13), then we will obtain a solution to the equation
(11) by applying the equivalent regularization method to the solution of the characteristie equation
[17,18].

where

5 Solution of the homogeneous characteristic equation

The equation (15) differs fundamentally from the Volterra equations of‘the second kind, for which
the solution exists and is unique. The solution of the corresponding homégeneous equation

pa() — [ My = 2)pa(o)dz =, (16)

in the general case may also be non-trivial. The eigenfunctions of the integral equation (16) are
determined by the roots of the following transcendental equation [18; 569] with respect to the parameter

p:
o o
M_(—p) = / M_(2) - eP*dz =1, Rep <0, (17)
0
since, by applying the Laplace transform te the equation (16), we obtain
a1 M- (-p)] =0, Rep<0. (18)

In order to find the image of the function ]TJ\_(—p) we use:
1) the formula (29.169)419; 350]; )
2) the property: let f(t) & f(p), then 1 f(t) = fpoo f(p)dp [20; 506|. Thus, we have

(=) =201 - 205 (V) 13 (Y2 )+

. (57) 1 () () (50

—00

To calculate the last integral, we use the formula (1.12.4.3) [16; 44]:

o (50) e (59) - (500 (59 -

a? ) .
- H\/? = :Z/OOZ[KB—I(Z)IB—I(Z) — Kp(2)Ig(2)]dz =
— 2 o0
= (1 ! (6z21)> Ti1(2)K g4 (2) = I’B—l(Z)K'ﬁ—l(Z)] =
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o0

— 22 [(1 + fj) I5(2)K 4(2) — I’B(Z)K’ﬁ(z)} =

v—P

= 72 [(1 e ;21)2> Is 1(2)Kp_1(2) —

'—{%V)+B;lﬂ%ﬂ@}{—K%@W+6;y&%ﬂﬂ}}i?—
2 [(1 + fj) I5(2)K5(2) — {Iﬁ_l(z) - f]g(z)} {—Kﬁ_l(z) - fKﬁ(z)H OOE K

= [(2*+ (8= 1)%) Is-1(2) Kp-1(2) + 2%Ig(2) Kp(2) —
—2 (8= DIg(2)Kp-1(2) + 2(8 = 1)Is(2)Ka(2) = (8 = 1)*I5-1(2) Kp 41(2)] \@ -
— [(22 + B2)Ig(z)K5(z) + zQIﬁ_l(z)Kg_l(z) + 28151 (2)Kp(z) &=

—2B15(2)Kp1(2) = B15(2) Kp(2)] | ==

- [ZIB(Z)K,BA(Z) - ZIB_l(Z)Kﬁ(Z)} ‘0;—7’ -

a

= [220p(2) Kp-1(2) — (215(2) K-1(2) +ZIﬂ—1(Z)KB(Z))]|O\STTp =

S L)

oo
= 2z15(z)K671(z)‘@ . - "

where we used the following relations:

K sa) = Ko (2) — DKi(2),
-1
Kig—1(z) = —Kps(z) + TKﬁ—l(z),
Ia(z) = Is1(2) — C15(2),
Is(2) = Io(2) + 22 ()

Then the equation (17)will take the form:
2, (TD) [(1 — 28)K (Sp) - %;]’K[H < v _pﬂ —0, Rep<O0,

where Kpg (@) is the Macdonald function.

Let’s assume that Iy ?) = 0. According to the definition of the Bessel function for the imaginary

a

argument Ig <@) = e‘gﬁijﬁ <@), where Jg (1\/jp> is the Bessel function — cylinder function of
the first kind. The function Jg(z) for any real 5 has an infinite set of real roots; for § > —1 all its
roots are real and equal iz = ag, 2z = —iag, ap € R, k € Z\{0} [21], i.e. in our case @ = qy,
where o € R. Hence pp = aza%, which contradicts the condition Rep < 0.

Thus, it is necessary to find the roots of the equation for 0 < g < %
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- (L) Ve (Y o, e s

It should be noted that for % < 8 < 1 this equation has no roots. This means that in the equation (18)
1- M—(_p) 7é 07

whence it follows that pz(p) = 0. That is, the homogeneous integral equation (16) has only a zero
solution in this case. For 0 < g8 < % the equation (19) has a unique real root py < 0, and.the root
po = 0 corresponds to the case g = % And for 0 < B < % the root is pg < 0. This means that
the equation (16) for 0 < 8 < 3 has a non-zero solution ps(y) = CeP*¥, py < 0. Then, réturning to
the original variables (14), we obtain that the homogeneous integral equation corresponding to the
equation (13), for 0 < 8 < 3 has an eigenfunction

1 PO _ _t
t

M(O)(t):C’-tl—_B-e “4a?, pg <0, C = const.

Accordingly, for 8 = %, the eigenfunction has the form:

M(O)(t) — C’-i . e‘ﬁ7 C' =const.

Vit

6 Solution of an inhomogeneous characteristic integral equation. Construction of the resolvent.

The equation (15) cannot be solved by directly applying the Laplace transform, since the convolution
theorem is not applicable here. Let’s apply the method of model solutions [18; 561]. Then the solution
of the equation (15) has the form

1 o+ioo &’\1(17) 1 o+ico P
= ———=  dp=9 — R_(—p)® Pz ,
o =5 [ R =W g [ o
where .
o N 4 = M_(-p)
Dy p) = / ©,(yye "dy, R_(—p) = ——=—"—, Rep<O0;
0= [ e »=

]\Z(—P) = 1§ 2IB <’CL_£> [(1 - 25)Kﬁ <;p> - \/?Kg_1 (a—p)] , Rep < 0.
If ]-{ii(—p) = R_{(y), then the solution of the equation (15) has the form

W) = 0i0) + 5 [ Ry - (@) (20)
Y

To find the resolvent R_(y), we write its image in the following form:

(7)1 () PR (62) 0 a0, ()

U T (S e () e ()]

a

a

a

and use the following properties [19; 191]:
L If ¢(t) = @(p), then
1.
plat) = —p (£> , o> 0.
a’ \a
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2

1 1 [ b
/ T-e dp(r)dr.
0

2. If p(p) = (), then
v=p

a

For convenience, we introduce the notation
1 —2Ig(2) [2Kpg-1(2) — (1 = 28)Kp(2)]
213(2) [2K5-1(2) — (1 = 28)Kgz(2)]
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= z and find the original expression

R*(z) =

According to [20; 519]:
= Az <X A(z oy
R*(Z) = Bézi = 2 B/((Z];)) ce kY,

where z; are zeros of the function
B(z) = 2Ig(2) [2Kp-1(2) — (1 = 28) Kp(2)] -
1) Let yg(z) = 2K3_1(2) — (1 — 28)K3(2) = 0. This equation, as noted earlier, has one root zq for

2) Let Ig(z) = e‘gﬁiJ[g (iz) = 0. Therefore, iz = ay or z; = —iay, where oy, € R.
A
B0 oo = e (y),

0<B<3.

Then

B AlR) R AG) Alziy, W,

R ( )_ B(Z) O zo:o B/(Zk> ke%\:{o} B/(Zk) y_|_ B/(ZO)
where

B(z) = 2I3(2) [2Kpg-1(2) = (1 — 208)K3(2)]
B'(z) = 215-1(2) [ Kp-1(2) & (1 — 2B)Kp(2)] + 2(1 — 28)I5(2) Kp-1(2)+
+ (ﬂlz_?i) - 22) I5(2)Kps(2).
Thus, we obtain that for 0 < 8 < %:
e ?kY
W 2 o ) () — (L= 29K )
2} ) (21)

0

+
2Iﬂ(ZO)K/3_1(Zo) [1 — ﬁz
1
2] '

70 =
215(20)Kp-1(20) |1 — 1528

1

We'introduce the following notations:
2051 (z) [ K1 (o) — (1 28) Kp(2p)]

Ap i
From equality (21) we have
- — 2 o) 22 .
a 2VTY2 e o) 0
2 o0 22
+ - Apo - / pe T 0Ty
2\/my2 0
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Lemma 1. The resolvent R_(y) satisfies the estimate

A
R_(y) < —
(y) N
Proof.
2 oo z2 2
R_(y Z Aﬁk/ Te” 4y —iQa xdm—i-Aﬁ,O/ re 4y z0a zdl‘ <
Q\fy keZ\{0} 0
TS A s
< 0—- + :
= B,k 8,0
2\/§ kezZ\{0}
Since |Ag | = Cp = const, we estimate the sum ‘Zkez\{o} Ag,k‘:
I P reren s <z1>—<1—2ﬂ>f< ()] |
keZ\{0} kez\{oy AT IVER) IFRR B-11Sk gk

Kp(z) = BesPHD (i2);  Ig(z) Se T0Jp(i2);
= 2p = —i0; Z_p=ay;
T 1 —Bri (2
Jg(—z) =eP Jg(z); Hé )(—z) — 2B Hé )(z)

= 1
= (Jm(ak) o H Pyl + (1= 28)H ()|

am

1
eB=DmiJ5 1 (ap) [—ake‘(ﬁfl)m’Héle(Oék) +(1— 26)6%1’]{2@(%)]) =

_ | HV Y 2% iNg(2);  HY(2) = Js(2) — iNa(2) || _
Js(ar) =0
_ 2 = (677 <
==z <
i1 (angm (o) + (eNs—1(aw))? + 2ai(1 — 28)N 5_ (i) Na(o) + (1 — 28)Na(ow))
< g = s ' g i 1 <
TS ()’ + (o ()| ™ S anHY () HP (o) |~
2| [ .
<= / 5 d(@n) " — [1(1.10.3.3) [16; 42|
T\ ap - Hy” (o) - Hg” (o)
2| « H/(f_)l(oék) 1 Hg_)l(ozk) Hg—)l(o‘k
Tl a 0 =3 In { +tiarg—g =
m ! Hﬁ—ly(ak) o Hﬁ_l Qg Hﬂ_l(ak) o
1 T
=3 ‘argHé )1(ak) — argHé )1,/(0%) < 5
101
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Thus, we get

a2 a?(m +2C5)  Cz
R (y) <——- A +|A < = ,C(l):const.
(v) NG ke;\:{o} sk + [Agol iy NG

2 2

a a“Tm
R Y gl iE
2\/‘@ kez\{0} 4\/‘@

Lemma is proved.

7 Solution of the characteristic equation

We found a solution of the equation
o)~ [ My = )i = 0,0,
which for 0 < 8 < % has the form
pe(y) = ®1(y) + /yoo R_(z — y)®(m)dx +CePoY.

Returning to the original variables, we write the solution of the characteristic equation (20) as
follows:

¢
R_(t
w1 (t) = ®(t) —I—/ —%Z(P(T)dT +Cet.
0
For the convergence of the last integral it 18 necessary that

By(t) =~ D(t) € Loo(0, 00).

~+ =

Then we write the solution of the characteristic equation (20) as

fi(t) =t - ®o(t) + /0lt R(t,7) - ®o(r)dr + Ce't,

where

R(t,7) < C-

S

\]

T

The last dnequality follows from Lemma 1.

8  Solution of the initial integral equation. The Carleman-Vekua reqularization

Theorem 1. Initial integral equation (11) for any function t—Peta +F(t) € Loo(0,00) (0< B < 3)
has the unique solution in the class of functions

t
t_ﬁ exXp |:42
a

}u(t) € Lo (0, 00), <O<B< ;)

which can be found by the method of successive approximations.
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Proof. We rewrite the initial integral equation (11) as

/Nlt’T),ul( dT—F1 /NQtT,ul d (22)

Assuming the right-hand side of the equation (22) to be temporarily known, we write it in the following
form:

[1— Mlps(t) =
t 1 1 [t~ F(1) C
— /0 M(t, 7)o (r)dr = EF(t) + t/o R(t,T) - . dr + 5e ¢, (23)
where
alt) = L0017 = Tate ) + - [ R M8 ge

The following estimate for the kernel M (¢, 1)
Dy
Vi—T

holds. Thus, we show that equation (23) for each C' # 0 has a tnigue solution

M(t,7) < —1—152, 171, 172 = const

12 (t) = M2,part (t) + CMQ,hom(t)a

where ,
f2mom (t) = [1 = MIT O (8) o (t) = tPea? pu(t).

At the same time, if F'(t) = 0, then integral equationy(23) has a solution ,ugo) t)=C-[1— M O ).
The theorem is proved.

9 Solution of the boundary value problem (3)—(5)

Theorem 2. If the conditions gp(t)€ Loo(0,00), t™Pga(t) € Loo(0,00) (0 < B < 3) are satisfied,
then the boundary value preblem(3) — (5) has a solution u(r,t) € Loo(G).

Proof. From the integral'representation (10) of the boundary value problem (3)—(5) we have

3
rt) = Zui(n t)+ q1(r,t),

i=1

LpPrl=B(p ) (r—7)?
reT rT
.e T 4a2(t—7) . .e 2a2(t T <> T d7.7
/0 4@4 t—T 8 2@2(t—T) M( )

t T.B"rl 1— IB ('r2 7)2 2 rT
" 4a (t—7) . T 2a (t T) . -
/0 dat(t — 1) e - a1 <2a2(t - T)) ulr)dr,

t RY)
rP(1-28) —_=n s rT
‘[/‘ — - @ 7 . 4a2(t77) T 242 I - d
us(r 1) /0 2a%(t — 7)7P ‘ © f\2a2(t—7) uir)dr,

where

. 1 I B L r?
) = a3 5, e [—4@_)} )

Mathematics series. No.3(111)/2023 103



M.I. Ramazanov, N.K. Gulmanov, S.S. Kopbalina

Let t—®¢ia - 1(t) € Loo(0,00). Let us find out for what values of a the solution of the problem u(r,t)
will satisfy the condition u(r,t) € Loo(G). First, we estimate the first term.

exp |~ 3y | < exp [~

e A0 In e try(ede <
= 1 a“ - N =
2422 J, (# _’_5)2—64—(1 B

B+1—B+a Bil—B+a 1
—t_rft _ _t_ Pt B, 5
< a2 . f[ — a2 . F ] 2 N
< Cie 1 (2422 / ¢ s(§)dE =e 3 (2a2)2 [ L= ]

B IR LA S0 LN LV R
Cre 2 - 23 <t) = 2a22g ¢

Now we estimate the second term.

AT < O] = conbt V(mt)e Q.

t T6+1 1-3 ('r2 7)2 2 rT
’t — _— " 4a (t—7) . T 24 (t RN | _ d =
ua(rt) /04a4(t—7)2 ‘ - LN <2a2(t—7))M(T) !

exp [—422?;] < expTRET TN

20,2 t T O\ = ¢

Chem ¢ pBra—B oo gl-Fta ¢ (6)de
< Cse 442 - / 5 € lp-1p <
0 ()

<

Bra—p
< Cye i . L !

(67

o0 ot t .
/0 e ¢ I521 5(8)dE < Coe 17 52 < (Cy=const, V(rt)e€Q.

2a

And, finally, we estimate the third term.

trP(1—28) (r—7)2 rT
t = _— 4a2(t T) . 2a2(t T) . _[ _ d =
ua(r, 1) /0 20%(t — )75 ¢ ¢ A <2a2(t — 7')) plr)dr

2| exe [-rmtn | < e (5. |
w2 = & N
Do,z 70 —22;8)ta—6 /0 = i—)ﬁ”“ﬁ Ce€I,(¢) d <
e 2625)”_5 /0 2 < 1()de = Cer . U 2625)”_5 T { ﬁHg } _
— Cge 0? - W : (%)’B < 03(1_25265)*/7? 717 1% < Oy = const,  V(rt) € Q.

Hence it is clear that for ae > 0 the solution of the problem u(r,t) € Loo(G).
The estimate for the fourth term follows from Remark 1. This implies the validity of the main
result, Theorem 2.

The results of this work will be used in solving a similar problem in a funnel-shaped degenerate
domain, that is, when the boundary of the domain changes according to the law r = ~(t), 7(0) = 0.

104 Bulletin of the Karaganda University



Solution of a two-dimensional ...

Acknowledgments

This research is funded by the Science Committee of the Ministry of Science and Higher Education
of the Republic of Kazakhstan (Grants no.AP09259780, 2021 — 2023, and AP09258892, 2021-2023).

10

11

12

References

Kavokin A.A. Application of thermal potentials to the solution of the problem of heat conduction
in a region degenerates at the initial moment / A.A. Kavokin, A.T. Kulakhmetova, Y.R. Shpadi
// Filomat. — 2018. — 32. — No. 3. — P. 825-836. https://doi.org/10.2298 /FIL1803825K

Amangaliyeva M.M. Boundary value problems for a spectrally loaded heat operater with load
line approaching the time axis at zero or infinity / M.M. AmangaliyevagD.M. Akhmanova,
M.T. Dzhenaliev, M.I. Ramazanov // Differential Equations. — 2011. — 47.<No. 2. — P. 231-
243. https://doi.org/10.1134/S0012266111020091

Jenaliyev M. On a Volterra equation of the second kind with “incompressible” kernel / M. Jenaliyev,
M. Amangaliyeva, M. Kosmakova, M. Ramazanov // Advances in Difference Equations. — 2015.
— T71. — P. 1-14. https://doi.org/10.1186/s13662-015-0418-6

Amangaliyeva M.M. On one homogeneous problem fér the heat equation in an infinite angular
domain / M.M. Amangaliyeva, M.T. Jenaliyev, M.T. Kosmakova, M.I. Ramazanov // Sib. Math.
Jour. — 2015. — 56. — No. 6. — P. 982-995. https://doi.org/10.1134,/S0037446615060038

Jenaliyev M. On a homogeneous parabolic problent in an infinite corner domain / M. Jenaliyev, M.
Ramazanov // Filomat. — 2018. — 32. — No. 3. —=P. 965-974. https://doi.org/10.2298 /FIL.1803965J

Pamazano M.U. O cuHryasspHOM HHTErPAJILHOM | ypaBHEHUH BoJsibreppa KpaeBoil 3a/adu Tell-
JIOIIPOBOJIHOCTU B BbIpOXKatomeiicss obinacra, / M.V, Pamazsanos, H.K. I'yiemanos // Becrh.
Vimypt. ya-ta. Matemaruka. Mexanuka. Kommnborepusie nayku. — 2021. — 31. — Ne 2. — C. 241
252. https://doi.org/10.35634 /vin210206

Ramazanov M.I. Solution of thesboundary value problem of heat conduction in a cone / M.I. Rama-
zanov, M.T. Jenaliyev, N.K. Gulmanov // Opuscula Mathematica. — 2022. — 42. — No. 1. —
P. 75-91. https://doi.org/10.7494/OpMath.2022.42.1.75

Ramazanov M.I. Solutien ofia.two-dimensional boundary value problem of heat conduction in a
degenerating domain /Md. Ramazanov, N.K. Gulmanov // Journal of Mathematics, Mechanics
and Computer Science. —~2021. — 111. — No. 3. — P. 65-78.

https://doi.otg,/10.26577 /IMMCS.2021.v111.i3.06

Pskhu A.V.,Boundary value problem for fractional diffusion equation in a curvilinear angle
domain/ A.V: Pskhu, M.I. Ramazanov, N.K. Gulmanov, S.A. Iskakov // Bulletin of the Karaganda
university. Mathematics series. — 2022. — No. 1(105). — P. 83-95.

https:/ /doi.org/10.31489/2022M1/83-95

Jenaliyev M.T. To the solution of one pseudo-Volterra integral equation / M.T. Jenaliyev,
M.I. Ramazanov, M.T. Kosmakova, A.O. Tanin // Bulletin of the Karaganda university. Mathematics
series. — 2019. — No. 1(93). — P. 19-30. https://doi.org/10.31489,/2019M1/19-30

Jenaliyev M. T. On the Solvability of the Burgers Equation with Dynamic Boundary Conditions in
a Degenerating Domain / M.T. Jenaliyev, A.A. Assetov, M.G. Yergaliyev // Lobachevskii Journal
of Mathematics. — 2021. — 42. — P. 3661-3674. https://doi.org/10.1134/5199508022203012X
Kosmakova M.T. To solving the fractionally loaded heat equation / M.T. Kosmakova, S.A. Iskakov,
L.Zh. Kasymova // Bulletin of the Karaganda university. Mathematics series. — 2021. — No. 1(101).
— P. 65-77. https://doi.org/10.31489 /2021 M1 /65-77

Mathematics series. No.3(111)/2023 105



M.I. Ramazanov, N.K. Gulmanov, S.S. Kopbalina

13

14

15

16

17

18

19

20

21

106

Zarifzoda S.K. Volterra-Type Integro-Differential Equations with Two-Point Singular Differential
Operator / S.K. Zarifzoda, T.K. Yuldashev, I.Djumakhon // Lobachevskii Journal of Mathematics.
— 2021. — 42. — P. 3784-3792. https://doi.org/10.1134/51995080222030234

Yumagulov M.G. First Approximation Formulas in the Problem of Perturbation of Definite
and Indefinite Multipliers of Linear Hamiltonian Systems / M.G. Yumagulov, L.S. Ibragimova,
A.S. Belova // Lobachevskii Journal of Mathematics. — 2021. — 42. — P. 3773-3783.
https://doi.org/10.1134/51995080222030222

Gradshteyn I.S. Table of Integrals, Series, and Products / I.S. Gradshteyn, I.M. Ryzhik. —
Academic Press, 2014. — 1220 p.

[Mpymaukos A.Il. Marerpasnsr u psast / A.IL Ilpyaaukos, FO.A. Bporakos, O.11, Mapuaes, — M.,
2003. — T. 2. — 688 c.

lFaxos ®.J1. Ypasuenust tuna cseprku / ®.J1. Taxos, FO.J. Yepcknit. — M Haykag 1978. —
296 c.

Polyanin A.D. Handbook of integral equations / A.D. Polyanin, A.V. Manzhirov. — Boca Raton:
CRC Press, 2008. — 796 p.

Hurkur B.A. CupaBounuk no oneparuonnomy ucauciaennto /| BIA. Jurkun, A.I1. IpygHaukos.
— M.: Buicmn. mk., 1965. — 468 c.

JlaBpentbeB M.A. Metonbl Teopun dynkIimit KoMmiriekcHoro nepementoro /| M.A. JlaBpenTtoes,
B.B. ll1abar.— 4-e u3ss., nepepabd. u jgorn. — M.: Hayka,1973u--749 c.

Barcon [Ix.H. Teopust 6eccenesnix dyuknuit / T:x.H. Bamcon; nep. ¢ anri. — M.: U31-Bo uno-
crpanHoit jureparypbr, 1949. — 800 c.

M. 1. Pamazanos, H. K. Fysnsmanos, C. C. Konbauma

Axademur E.A. Bexemos amwindazv. Kapazandv yrusepcumemi, Kapazanow, Kaszaxcman

ByphINITHIK >KOlibLAATHIH 00JIBICTA MOAEJbAIK €Ki eJIImeMIi
napaboJIaIbIK €CeIlTi Ielny

ZKympbicTa 1mekapachl yaKBILTBIHNO30epyiMEeH KO3FaJIaThIH KbIIYy OTKI3IIITIKTIH IIeKapaJiblK ecebi 3epT-
TeJITeH, COHBIMEH KATap €CEMTLIIeNnty o0JIbICHI YaKbITThIH, O0ACTalKbl COTiH/E OOJMAIBI, SIFHU HYKTEre aii-
Hasmaabl. Bepinaren ecemsi 1enty yIimiH KBTIy MOTEHIIMAIAAPHI 9iCi KOJIJAHBLIFAH, OYJI OHBI eKiHIM perTi
Bosbreppa THITI CHHIYTSPIBIK, MHTEMPAJIIBIK, TEHIEYTEe TYPJAEHIIpyre MyMKIHIIK 6epesi. AJTbIHFaH WHTe-
rPaJIILIK, TEHJEYIIH €pPeKieIiri — oJ KJIAaCCHKAJBIK, BobTeppa MHTErpasiiblK, TeHJeyIepineH Tybereitsi
epexIesene iy oiTkeni oran [lukap o/1ici KO IaHbLIMAKIBI XKoHE COMKeC OIPpTEKTI MHTErpasIIblK, TeHICYIiH
HOJIJIIK eMec IIemiMi 6ap.

Kiam cosdep: Kby ©TKISTIIITIK TEHJEY1, MEKapaJsbIK, eCell, YKOUbLIATBIH 00JIbIC, BoJbTeppaHbIH, CUHTY-
JISTPABIK, MHTETPAJIIBIK, TEHIEY1, PEeryIsspu3aliusi.
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M. . Pamaszanos, H. K. I'yimemanos, C. C. Konbanuna

Kapazandunckutl ynusepcumem umeny axademura E.A. Byxemosa, Kapazanda, Kaszaxcman

Pentenne moesibHOI AByMepHOIT mapadoimdeckoil 3a/1a9M B YTJIOBO
BbIpOXKJaloieiica objgacTn

B pabore ucciiesjoBana kpaesasi 3ajada TEIJIOMPOBOAHOCTH B 00JIACTH, I'PAHUIA KOTOPOH Ipeobpasyercs
C M3MEHEHWEeM BPEMEHH, a TaKKe ODJIACTh PEIIeHUs 3a7a9l OTCYTCTBYET B HAYAJIHHBII MOMEHT BDEMEHH,
TO €CTb BBIPOXKTA€TCS B TOUKY. Jljis pelreHns: OCTaBIEHHOHN 3391 MCIIOJIb30BaH METO/I TEIJIOBBIX ITOTEH-
[IMAJIOB, YTO TIO3BOJISIET PEAYIMPOBATH €€ K CHHIYJISPHOMY HHTEIPAJBbHOMY ypaBHEHHUIO Tuila BoJibreppa
BTOpOrO poma. OCOBEHHOCTH MOJIYY€HHOTO HHTETPAIBHOTO YPABHEHNUST 3aK/II0YAETCST B TOM, ITO OHO ITPUHIIN-
NMUAJIBHO OTJIMYAETCs OT KJIACCUYEeCKUX MHTErpaJIbHBIX ypaBHeHn! BosbTeppa, Tak Kak K HEMY HEIIPUMEHIM
Meton IIlukapa 1 cOOTBETCTBYIOIIEEe OTHOPOIHOE HHTEIPAJIBHOE yPABHEHUE HMEET HEHYJIEBOE PEIICHIE.

Karoueswie caosa: ypaBHEHNE TEILIOIPOBOHOCTH, KpaeBast 3a/1a1a, BEIPOXK JAIOIIASICH 00JIaCTby CHHTYIISIPHOE
WHTErpaJIbHOE ypaBHEeHUE Boabreppa, peryaspusaims.
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