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An initial-boundary value problem for a loaded parabolic equation in a rectangular dom@ain was considered.
By discretization with respect to a spatial variable, the problem under study is.reduced to the initial
problem for a system of loaded ordinary differential equations. Based on the previously obtained results of
Dzhumabaev and Assanova, an estimate for the solution of the original initial-boundary value problem for
a loaded parabolic equation was established. An auxiliary initial problem for a systembof loaded ordinary
differential equations is solved by the Dzhumabaev parameterization method: Conditions of the unique
solvability of the considering problem are obtained and algorithms for findingya.solution are constructed.
The results are illustrated with a numerical example.
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Introduction

The parabolic partial differential equations play a very important role in many branches of science
and engineering. Applied problems involving boundary value problems for parabolic equations include:
thermal analysis in engineering, groundwater flow, climate modeling, biological processes, chemical
reactions, environmental engineering, material science and financial engineering [1-5].

Loaded parabolic equations are a type of parabolic partial differential equations that include ad-
ditional terms or conditions representing external influences or interactions, which can vary over time
and space. These “loads” ¢an be functions or integrals that are added to the standard parabolic equa-
tion. Loaded parabolic equations often arise in various physical and engineering applications where
external sourcesgsinks, or 6ther dynamic interactions need to be modeled [6]. These equations are used
to model more complex»systems where simple diffusion or heat conduction is modified by additional
processesisuchias external forces, reaction terms, or other dynamic effects. For information on various
boundary value problems for loaded parabolic differential equations, refer to works [7-11].

A'boundary value problem for a linear parabolic equation without loading was considered in works
[12,13]. “Usinig the polygonal method, estimates of the solution and their derivatives were obtained in
terms of the equation coefficients and boundary conditions [12]. Coefficient estimates of solutions and
the first derivative with respect to x of a linear boundary value problem for a parabolic equation with
one spatial variable were obtained [13].

*Corresponding author. E-mail: zhkadirbayeva@gmail.com
This research is funded by the Science Committee of the Ministry of Science and Higher Education of the Republic of
Kazakhstan (Grant No. AP19675193).
Received: 25 July 2024; Accepted: 12 November 2024.
(© 2025 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)

34 Bulletin of the Karaganda University



Numerical-analytical method ...

The numerical research of boundary value problems for a parabolic equations with and without
loading are of great interest due to their broad range of applications. Several methods for solving these
problems have been developed [14-18|.

This work is aimed at development of methods for solving the initial-boundary value problem for
parabolic equation, proposed in [12,13| to the initial-boundary value problem for a loaded parabolic
equation of the following form

ou 82u sy
o = P(t:2) 5 +alt,2)ultz) + > kit x)u,x) + f(tx), (tz)eQ=(0,T)x (0,w), (1)
7j=1
u(0,2) = ¢(x), z € [0,w], (2)
u(tv 0) = 1#0(15), u(tvw) = wl(t)7 te [O7T]7 (3)

where functions p(t,z) > 0, q(t,z) < 0, m € N, kj(t,z), j = 1,m+ 1, £({{,z) arefcontinuous with
respect to ¢t and Holder continuous with respect to x; functions ¢(x)st)0(€), ¥1(t) are sufficiently
smooth and ¥(0) = ¢(0), ¥1(0) = ¢(w) matching conditions are performed,

A solution to problem (1)—(3) is a function u(t,z), continuous on Q= [0, 7] x [0,w] that has con-
tinuous first-order partial derivatives with respect to ¢ and €ontinuous second-order partial derivatives
with respect to . It satisfies the loaded differential equation(1) and'boundary conditions (2), (3).

By discretizing with respect to the spatial variable =, préblemy(1)—(3) transforms to a problem for
systems of loaded ordinary differential equations. Am auxiliary problem for a system of loaded ordinary
differential equations will be investigated. Based on the preperties of solutions to the auxiliary prob-
lem, estimates for the solution of the original“initial-boundary value problem for the loaded parabolic
equation will be established. In this case, the approa¢h proposed in works [12,13] will be used. A
numerical method for solving the initial problem for systems of loaded ordinary differential equations
is also proposed. A numerical implementation of the algorithm for the initial-boundary value problem
for a loaded parabolic equation is presemteds The error between the exact solution of the problem
under consideration and its numetical discrete solution has been established.

1 Problem formulation

We take V7 and producé a discretization by variable z: x; = i7, i =0, N, N7 = w.
We present thefollowing notations: w;(t) = u(t,i7), pi(t) = p(t,i71), ¢;(t) = q(t,i7), k:;(t) = k;(t,i7),

j=1,m, fi(t) =y (t47), pi = p(iT), i = O, N.
Using these notations, the problem (1)—(3) is transformed into the following problem
du U 2u; + ui—q A
i i+1 — &Uj i— S e v
dt = pi(t) -2 +qi(t)ui + lek Jui(§) + fi(t), i=1,N -1, (4)
UZ(O) = ©5, iIl,N—l, (5)
uo(0) = o, un(0) =N, wo()=vo(t),  un(t)=1vu(t),  tel0,T]. (6)

Here from relation (6) it is clear that functions uo(t) and uy(t) are known.
Due to the linearity of the system for V7 > 0 there is a unique solution to problem (4)—(6) defined
on [0,T]: {u1 .. ,uN_l(t)}. Relating the functions w41, u;—1 to the right side of each i-th
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equation of system (4), we apply the estimate from work [19]

L) uia(?) 1| wia(t)
= < gL %) L (t)
HUzH H[la?lg]ﬂuz( )|} < max {|‘Pz|7 2 la: @72 211 + lqs ()72
(0 T
mtl
> Kj()ui(&))
+ 1 fi(t) 24 1 =1 2}
2 i (¢ 2 i ()72
pilt )[1 + } pi(t) [1 + %}
mtl
PP ALAS)
< maxq @il 5 Hu’ il +5 ”uz+1” ‘f‘l ax fi) 72 L max =l e W 2\
- 2 0.1 || pi(t) 2 te(0,1] (b

From here it is easy to obtain the following inequality

+
fi(t) 2 } Z
pi(t) 2 te[o T

where n; = max {¢, [lui]| }, & = mal{\wi!}-

k(1)
()

n; <

1 1
=Mi—1+ sNi+1 +

2 TN T
lu; =1,N—-1 7

Similarly to [12,13], using the sweep down and up from (7), we get

-
N —i N—i f (t) S| 2
. < fal) Ry
G N"N+ N lztg% pu(®) ‘ Z teloT] N =D
N i i m—+1 lt ) i N—1 m+1 kl(t) )
ZZ T-m—i——ZZmaX N —1)-2 T n;.
N = = te[OT] (1) Nz S5 o e pi(t)
Considering that ||u;|| < n;, we set
N—i . i . N—ig i)
| < -
) < 5 (T, St )+ 7 3 o
. N-1
¢ Si® || 2
rx 2 |- o e @
l=i+1
where ©; =4 Zz: mil )P Nil mil max || (N — l)ké(t <1
V 4 =1 i=1 tE[O T] pi(t) N l=i+1 j=1 te[0,7) pu(t) '
Then

1 N —1
I < _

.1 . N-1
N—i L] 2 ¢ f®] 2
[——= — N —1)—= .
TN ;fé%&% n®|" +Nl§ltgf% =@l

From inequality (8), reasoning in the same way as in [13] and [19], we obtain the validity of the following
statement:
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Theorem 1. Let

a) the assumptions with respect to the data of problem (1)-(3) be fulﬁlled
x m+1 w
b) the inequality O(z) = “== l;jét;:)) dz + 7 {(w —z) Zl trerl(?)’}]

kj(t,z
p(t,2)

1 tE[O T]
valid for all z € [0, w].

Then the problem (1)—(3) has a unique classical solution u* (¢, x), and for it the following inequality
holds:

w—

s | (1,2)| < g s manc . ma [o()], mas [4o(0)]}

ermax{ max |p(z)],  nax |91 (t )l}

z€[0,w] te[0,T)
w—z i f(t,z)
+ w[l — O(z)] /Ztle%a:%{“}
0

p(t, 2)

f(,2)
p(t, 2)

T
-+ aremy /7 Camylian] -

The proof of Theorem 1, with minor modifications, follows the same pringiples as the proof of
Theorem in [13].

Thus, we have established an estimate for the solution of the original initial-boundary value problem
of the loaded parabolic equation (1)—(3).

Substituting uo(t) and un(t) into the system of loaded equations (4), the discretized problem
(4)—(6) can be written in the following matrix-vector form

d m+1
— u—l—ZIC (taley) + Ft)y uweRN"L telo,T), (9)

a(0)= ®,  deRVNL (10)

where a(t) = (u1(t),ua(t), ..., un <)) is tnknown function, the (N — 1) x (N — 1) matrices A(t),
ICi(t), j = 1,m+1, and (N ,— 1){vector=function F(t) are continuous on [0,7], 0 =& < & < ... <
Em <&ms1 =T. Here

2771( ) +q ( ) P%(tr) 0 o 0 T
”j—gt) 220 4 (1) r2(f) . 0
Alt) = 0 L) =20 ety 0 :
I 0 0 0 2PN 1(75) +gn— 1()
kel 0 o 0 7
0 k() 0 0
K 0 0 KO 0 |, j=Tm+1
N;l
Lo o 0o K0
2o (t) + fi(t) [ o1 ]
fa(t) ©2
F(t) = f3(t) , b= ¥3
P2 (8) + foa () [on—1]
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A solution to problem (9), (10) is a vector function @(t), which is continuous on [0,7] and con-
tinuously differentiable on (0,7"). This function satisfies the loaded differential equation (9) and the
condition (10).

2 Solving problem (9), (10) by using the parameterization method

We will use the approach proposed in [20—-24] to solve the initial value problem for loaded differential
equations (9), (10). This approach relies on the algorithms of the Dzhumabaev parametrization method
[19,25] and numerical methods. The implementation and efficiency of this method for finding analytical
and numerical solutions to boundary value problems for various differential equations are shown in
[26-32].

md
The interval [0, T7] is partitioned into subintervals by loading points: [0,T) = [J[§s—1,68).
s=1

Define the space C([0,T], &, RV-D0m+D) consisting of system functions, @ltle="Cii1 (1), o (t), . . .,
@my1(t)), where each @ : [€5_1,&) — RY~1 is continuous on [£,_1, &) andyhas finite left-sided limits

lim 14(t) forall s = 1,m + 1. The norm on this space is defined as ||@[Jjl2.= " hmax sup ||as(t)]|-
t—€,—0 S:mtE[fs—h{s)

The restriction of the function u(t) to the interval [{5_1,&s) ‘isfdenoted by us(t), meaning
as(t) = a(t) for t € [£5-1,&), s = 1,m+ 1. We introduce additional*parameters ps = tsy1(Es),
s = 1,m, pmt1 = W(&n+1). By making the substitution @a(t), = vi(t) + ® on [£p,&1) and
us(t) = vs(t) + ps—1 on each interval [{5-1,&s), s = 2,4+ Ly we obtain multi-point initial value
problem with parameters

dv g
— = Al (01 + @)+ K0+ F (1), € 6. ), (1)

j=1

dv m—+1 S
dts :-A< )(Us+ﬂs 1 +ZIC Nj +~’r() te[gs—lvfs)v s=2,m+1, (12)
7=1
Us(&s—1) =0, s=1,m+1, (13)
P+ tjgrfl_ovl(t) = 1, (14)
ps—1 + lim vs(t) = ps, s=2,m+1. (15)
t—E€s—0

A pair (v[t], %), wheze the elements are v*[t] = (v} (£),v5(t),...,v5 1 (t)) € C([0,T], &, RNV,
1t =00, W - 1) € R0+ Hig said to be a solution to problem (11)—(15) if the functions
vi(t)s4& 1,m+ 1, are continuously differentiable on [¢5_1,&s) and satisfy (11), (12) and additional

conditions (14), (15) with p; = pj, j = 1,m + 1, and initial conditions (13).

Problems (9), (10) and (11)-(15) are equivalent. If the @*(t) is a solution of problem (9), (10),
then the pair (v*[t], u*), where v*[t] = (a*(t) — ®,a*(t) — a*(&1),...,a*(t) — a*(gm)), and p* =
(ﬁ*(fl),ﬂ*(fg),. LU (Em), W (Emyt ) is a solution to problem (11)—(15). Conversely, if the pair
@[t],7) with elements o] = (01(t),02(t),.... U1 (t)) €  C([0,T)], &, RN-Dm+D)),

o= (f1, g2, - - -5 fimt1) € R(Nfl)(mﬂ) is a solution to problem (11)-(15), then the function a(t)
defined by the equalities @(t) = v1(t) + @, t € [£o,&1), U(t) = Vs(t) + fs—1, t € [§s-1,&5), s =2,m + 1,
and @(T) = fim+1, will be the solution of the original problem (9), (10).
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d
By employing the fundamental matrix Xs(t) of differential equation ditl = A(t)u on [£s-1,&s],

s = 1,m+ 1, we transform the solution of an initial value problem for a differential equations with
parameters (11)—(13) into an equivalent system of integral equations:

t t m—+1
wlt) = (o) [ A A @+ 200 [ 4700 S K)o
50t o j=1 (16)
L) / XN () Fn)dn,  t € [, 61),
&o
t t m+1
valt) = (1) / X () A()dn - ey + Xalt) / X7 Y K (g
Es—1 Es—1 j=1
(17)

¢
+ 20 [ AT F0dn te 66 s = Zmeg D
Es—1
By substituting the respective expressions from (16), (17) into the conditions (14) and (15), we get
a system of linear algebraic equations with respect to the parameters us, s = 1,m + 1:

&1 m+1
X)) / X7 0) S K5 (n) g
&o j=1

(18)
&1 &1
— o X)) / XL ) A Vg B 1 (69) / XL ) F ()i,
éo o
& &s m+1
o1+ (6 / X Ay Tt — s + Xa(Es) / X5 Y K (n)dmpg
€s—1 &s—1 J=1
& (19)
——2fE) R Fwdn. te g6 s—TmFL
P

Unknown parameters jtdys= 1, m + 1 can be found using the system (18), (19). Using O € RVN-1LN-1
zero matrix, I € RY -5~ jdentity matrix and

ya(B.1) = A1) / X7 (n)B(n)dn, s=T,m

Es—1
notations, we write system (18), (19) in the following form
Qu(&p = F.(§), peRW-DmHD, (20)

where

yi(Ki, &) =1 y1 (Ko, &1) y1(Ks,&1) Y1 (Kmt1,&1)

I+ y2(A, &) + y2(K1, &2) Yo (K2, &2) — 1 Y2 (K3, €2) Y2 (Km+1,82)
Q«(&) = y3(K1,€3) I+ ys(A &) +y3(K2,83)  ys(Ks, &) —1 ... y3(Km1,&3) :
y7n+l(lcl7 £m+1) ym+1(’C2> gm-ﬁ-l) yM-H(K:& €m+1) cee y7n+1(’C7n+17 £m+1) =1
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/

F§) = (= @ = 5(A &) = n(F.6), ~92(F, &) ~yn(F ) —Yons1 (F )

It can be readily shown that solving the boundary value problem (9), (10) is equivalent to solving
the system (20).

Theorem 2. Let the matrix Q. (£) : RIN=Dm+1) _y RIN=D(m+1) be invertible. Then, for any F(t)
and ® € RV=1D the problem (9), (10) has a unique solution #*(t) and this solution satisfies the

estimate
[a* ]|y < M max(|[®], | F]l1),

B m+1

M = e”‘gé{a max (1,7(5) [1 1 eS€a + eo‘gﬂ) < Z Biv(€) ) [1 + eC€a + eafg] }

+ 7(€) - REEF e,
where 7(§) = [[Q«(§)] I, & = max AWl B; = max [I;(t)]], j =T, m I, £= max (& —&-1),

te[0,T] t€[0,T] 5=1,m+1

|l = max .
Jalh = s 20

The proof of Theorem 2, with minor modifications, follows the same principles as the proof of
Theorem 1.1. in [32].

3 Algorithm for numerical solving of preblem(9), (10) and (1)—(3)

The proposed numerical algorithm is based on the cemstruction and solving of system (20). The
coefficients and the right-hand side of this system (20) are found as solutions to Cauchy problems.

Algorithm for numerical solving of problem(9), (10):

1. Assume we have a partition: 0 = §y < & < <€, < &m+1 = T'. Divide every interval [€5_1, &),
s=1,m+ 1, with step hs = (§s — &-1)/I,;L €N, s=1,m + 1.

2. To determine the values of matrix (J«(£) and the vector Fi () in system (20) we compute the
values ys(A, hs), Ys(Kj, hs), j = 1, mul, ys(F, hs), s = 1,m + 1, using the Runge Kutta RK4 Method
with step size hs in each subinterval.

3. Solve the system of linear algebraic equations

QUE) = F (&), pe RN-Dm+D), (21)

here ﬂﬁr(ﬁs) = ME, s =1, m=d.
4. To define the wvalues of approximate solution at the remaining points, we solve the Cauchy
problems

i . m+1 _ .
o = A+ K OK+FO, W0 =0, ekl (22)
du o 7 S
)i + Z Kol + F(t), a(&r) = ply, telgn&), s=2m+1.  (23)

Solving Cauchy problems (22), (23) also using the Runge Kutta RK4 Method, we obtain a numerical
solution to linear initial-boundary value problem for loaded differential equations (9), (10).

If 11*(55?) = (u{(f}), u§(§§), e uyv_l(g]’?))', j =0,(m+ 1)l is a numerical solution to linear initial

value problem for loaded differential equations (9), (10), then u*(¢; h ,ST) =1 (§h) s=1,N — 1 will be
a numerical solution to linear initial value problem for loaded diﬁerentlal equation of parabolic type

(1)-(3)-
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4 FEzrample

To provide a clear overview of our investigation, we selected a specific test problem. Thus, the
numerical method discussed in earlier sections were applied to the following initial-boundary value
problem for a loaded parabolic equation

ou 0%u
Tl mt@ — (z + 2t)u(t, z)

+ 2tu(0.02, z) + 22%tu(0.04, ) + (z + t)u(0.06, z) + 4ztu(0.08, x) + 5zt>u (0.1, z)

7
+ (4a® + 8tx? — 8tx)cos25mt — 100wz sin25mt + (2 + 3%~ :r2>t2 +—z— —2?

404 1, 2
+ (83;4 - 2%:&" + ;5# + 5% - %)t +1, (t,z) € (0,0.1) x (0,0.5Y,
u(0,z) =422, 2 €10,0.5], (25)
u(t,0) = t, u(t,w) = 2t + cos25mt, t €10, 0.1]. (26)

The analytical solution of the given problem (24)—(26) is u(t, z) = 22t feda’cos25mt + t.
We take 7 = 0.1 and produce a discretization by z: z; = i7, i = 045.4Using this, the problem
(24)—(26) is replaced by the following boundary value problem for loaded differential equation

dii
o u—l—ZlC a(&) + F(t),t € (0,0.1), (27)
a(0) = @, e R (28)
Here & = 0.02, & = 0.04, & = 0.06, & = 0.080&5 = 0.1,
wuy (t) —22¢t — 0.1 10t 0 0 0.04
_ | ua(t) B 20t —42t — 0.2 20¢ 0 ~|o0.16
YT us) | Alt) = 0 30¢ —62t — 0.3 30t P =6
g (t) 0 0 40t —82t — 0.4 0.64
j-0.19 ¢ 0 0 0
B 0 G029t 0 0 B
KO=1 o Wj.03.¢ o |I/=hL%
0 0 0 j-0.47 ¢
01%¢ 0 0 0
7 0 W02%:t o 0
Ks(t) = 0 0 03+t 0 ’
0 0 0 04+t
i 0.1-¢73 0 0 0
0 i-0.2.¢73 0 0
K 0 0 i-0.3. i3 0 » 1=45,
0 0 0 i-0.4-¢73
(% — 1—&>003257rt — wsin2dnt + %ﬁ 32182t5 + %32(1)
(s — %) cos25mt — dmsin25mt + B2 — 2 4 4720
F(t) = (% — 4%t>00325wt 9msin25nt + EtQ gggé + 2g§
(% + 9;?) 0525t — 16msin25nt + 2081t2 %92%% + 1602958
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To solve linear initial value problem for loaded differential equations (27), (28) we will use the algo-
rithm of Dzhumabaev parameterization method. According to the scheme of this method, the interval
5
[0,0.1) is partitioned into subintervals by loading points: [0,0.1) = | [€s—1,&s). Using the above
s=1
proposed algorithm, we compose system (21) and by solving this system (21) we find the numerical

values of the unknown parameters pu:

0.02399999 0.00799998 0.07199999
0.02799997 ~0.10400007 0.08399997
=1 0.03199992 | * #2 = | —0.29600015 | * #3 = | 0.09599992 | *
0.03599988 —0.56800025 0.10799986
0.136 0.11999999
| o2 | 0.13999996
HE=1 0488 |'# 7 |0.15999993
0.78400001 0.17999994

We find the values of approximate solution at the remaining points of the subintervals of problem (27),
(28) by solving Cauchy problems (22), (23). Then u*(f?, sT) = u;(gjh), s =1,4,9=0,50, 7 = 0.1, will
be a numerical solution to linear boundary value problem for loaded differential equation of parabolic

type (24)—(26).
The graph of the exact solution 4(t,z) and the found nungericalsolutions u*(¢, ) of the boundary
value problem for a parabolic equation (24)-(26) are showmin Figure.

Sy,

u®(t,

. 2
0 (i} =
! t

(a) (b)

Figure. Exact (a) and numerical (b) solutions for example

For the difference of the corresponding values of the exact u(t, ) and constructed solutions u* (¢, ) of
the boundary value problem for a parabolic equation (24)—(26) the following estimate is true:

max IIﬁ(Sf’, z;) — u*(gf-‘, 2;)|| < 0.0000003.
j=0,50,i=1,4

Conclusion

The initial-boundary value problem for a loaded parabolic equation in a rectangular domain is
investigated. Using discretization with respect to the variable x, the problem under consideration
is reduced to the initial problem for a system of loaded ordinary differential equations. Using the
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results of works [12,13], an estimate for the solution of the initial-boundary value problem for a loaded
parabolic equation is established. The parameterization method is used to solve the initial problem
for a system of loaded ordinary differential equations. Algorithms for finding a solution to the problem
under study are constructed and their convergence is shown. Conditions for the unique solvability of
the initial problem for a system of loaded ordinary differential equations are established. Further, the
proposed approach will be applied to solving boundary value problems for a loaded parabolic equation.
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