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Global solvability of a nonlinear Boltzmann equation

In this paper, based on the splitting method scheme, the existence and uniqueness theorem on the whele
time interval ¢t € [0,7),T < oo for the full nonlinear Boltzmann equation in the nonequilibrium, casetis
proved where the intermolecular interactions are hard-sphere molecule and central forces. Consi@eringithe
existence of a bounded solution in the space C, the strict positivity of the solution to the fullfmonlinear
Boltzmann equation is proved when the initial function is positive. On the basis of this some mathematical
justification of the H—theorem of Boltzmann is shown.

Keywords: full nonlinear Boltzmann equation, splitting method, existence and unigueness theorem on the
whole time for the nonlinear Boltzmann equation, positivity of the solution to the, nonliéar Boltzmann
equation, Boltzmann’s H —theorem.

Introduction

The Boltzmann equation [1| is a complex nonlinear intégro-différential equation and refers to
difficult-to-study mathematical objects. Proof of the exigfenge and uniqueness theorem for a solution
of the Cauchy problem for a spatially homogenebus Boltzmann equation begins with the work of
T. Carleman [2].

H. Grad [3] proved the first existence theorém,in the "Small" for spatially nonhomogeneous Boltzmann
equation in the case of Maxwellian molecules whemythe initial function tends to Maxwellian distribution
function in a special norm.

The world’s leading experts on kinetic éguations provided a review monograph [4], on the current
state of mathematical theory of the Boltzmann equation starting with its derivation, theorem existence
and uniqueness and methods of sglution. They wrote: «... For over 110 years this equation attracts
the attention of researchersgpbutionly in recent years it has proved global solvability spatially —
nonhomogeneous problem in théycase®df a small deviation of the gas state from equilibrium positions
- more general results argfotiobtaified to this day ...» [4].

T. Carleman in [2] poidtedfout that solving the full Boltzmann equation for practical problems
can be only donéghrough appfoximate mathematical methods. In this connection, we have chosen the
splitting method,to'selve®he full nonlinear Boltzmann equation. Splitting methods for solving a class
of various applied‘problems were developed by G. I. Marchuk [5].

In Jsazakhstan, the study of the nonlinear equation and its corresponding discrete models began in
S.KgGoduney, and”U.M. Sultangazin works [6].

Injtlis commection, to solve the full nonlinear Boltzmann equation in the class of positive initial
functionsy, tie splitting method was applied [7], [8]. First, based on this method boundedness of
positive solutions in the space continuous functions was got. With the help of the boundedness of
the solution and of the established a priori estimates, the convergence of the scheme splitting method
and uniqueness of the limiting element were proved. The found limiting element satisfies the equivalent
integral Boltzmann equation. Thus, a weak solvability of the nonlinear Boltzmann equation as a whole
in time.

From modern bibliographic sources it follows that there are no the existence and uniqueness
theorems as a whole in time for the nonlinear Boltzmann equation in a nonequilibrium case when
intermolecular interactions are hard-sphere molecules or central forces.
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1 Statement of the problem for a monlinear Boltzmann equation

Cauchy problem for the full nonlinear Boltzmann equation for molecules — hard spheres of radius
X in the domain

Q = (te[O,T),Tgoo;x=(:c1,m2,x3)€GE{0§ma§1,a=1,_3};

v:(£1’£27£3) GVE’)E{_OOSé.QSOO, a:m})

with respect to the distribution function f = f(¢,x,v) is written as [1], [2]:

% + (v, V)f = 3(f) = /S(f) =B, ), ’\ (1)

with an initial
ft,x,v) |t=0= p(x,V) (2)

and periodic boundary conditions*

ft,x,v) ‘FOIQ = f(t,x,V) |Flza ,

S(f) = / f/ 727f(t,x,vl)K(G,w)dadﬁdvl _ ‘ \)(G,W)dadvl;

00
J(f) = / ft,x,v')f(t, w)dodvy, K(0,w) = 0.25x | w | sin(26),

VgXZ

molecules, w = v — vy is relative velocity vector; velocity
v, vi by the dynamic relation: v/ = v+g(g,w), v} =
ection of scattering of molecules:

v — g(g,w); g is unit vector in tlfe d
g = (sinfcose, sinfsine, €eX={0<60<m0<e<2n}; Iy, — edge cube G
; g
s

v, v are the velocity vectors of two collidi
of molecules after collisions v/, v}, are r

perpendicular to the axis x, ough z, = p, p takes the value either 0 or 1.

The initial function ¢ es condition (3) and it is such that
V) A (leWlaier € 2257, 7> 6);

- vz

POy - (V) () 1K (6, W)dordvy = a(v) < oo n

I lle)llne @ K8, w)dodvy = ga(v) < oo,
V3><E

where = sup | ¢(x,v) | at every v € V3, [qi(v)dv = const, k = 1,2. Following
xcG V3

[2], requirements (4) for the initial function were taken into account, that improper integrals were
convergent in the velocity space.

Lemma 1. For periodic functions, the following integration-by-parts formula over the cube G3 is
valid

/ VAU dx = — / VV VU dx. (5)
G3 G3

*or mirror reflections of molecules from the boundary of the G domain.

Mathematics series. Ne3(107)/2022 5



A.Sh. Akysh (Akishev)

Proof. Let us write down the integration-by-parts formula

/VAde:—/VVVde—F/Vg—de. (6)
Q

From the properties of the cube surface, it follows

3

oU oU
Va_l’l dx = 221 ( / Va—mnnn dSCBd.I’y‘f’
6G3 R= 0,zk
/ V— n,ida:gd:c,y) (B,7v) €{1,2 Q/\
1—‘1 , TR
where n is the outward normal vector to the cube surface, then consideringgt of the normal
-1 =0
component in formula (7), n, = ’ " we have
+1, p=1,

/V‘;_de_ (/V nnda;gd%%gnmdmd% :0.
0G3 k=1

Taking into account this relation, from (6) we get

/i / (41 + g2)dv. (s)

O

Suppose an approximati no f” x,V), at time n7. Then the schemes of the splitting method
corresponding to the pro ) are ertten as follows:
fn+1/2 fn
——— =B{U". "), (9)
Jn
n+l _ pn+1/2
I v =0 (10)
with in periodic boundary conditions
0 _ +1 _ ol
f (va) - (p(X,V), fn ‘FOxa_ fn ‘lea' (11)

Let the known approximation f"(x,v) has all the properties (4) of the initial function.

Introduce a shift operator T~Y2 such that T-Y2fm = f7=1/2_ that is, the operator T~Y/2— acting
on the function f™ returns its value obtained by the previous fractional step of the splitting method.
Acting this operator on scheme (10), we find the difference-differential analog of the continuity equation

*Condition (8) on the step 7 is necessary for the solution positivity of the splitting method schemes.
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(or mass conservation equation) at each v € V3 corresponding to the first fractional step of the splitting
method, that is

fn+1/2 _ fn . . .
e O 0, (12)

The boundary condition was obtained from (9), since the function f™ has this property.
It is easy to see that there is the maximum principle on spatial variable x € G for problems (10)-

and (12).
Let us first consider problem (12) in the form
T e N P AL \

Applying the maximum principle to this problem, we find an estimate for the 1/ 2(x
the space C(G)
sup]f"+1/2( )\<sup\f VVGV3
xeG
Then in the same way from problem (10), (11) we obtain an estim
4
sup |/ (v)] < sup |f”+1/2<v>
xeG
Combining the found estimates, we have
sup | f*H (v )\<sup|f 2(v)| S sup |f*(V)], Vv € V5.
xeG xeG
From here, summing over n, we find the main estimate
sup | /" (v)| < "W < eVl (@) = q0(v), Vv € Vs (13)

xeG

that allows us to obtain estimateg for the nonlinear terms of the equation (9).
Consider first

= / fn(xv VI) : fn(X,V/l)K(Q,W)dadvl.
Vax X

From here

I 7, V1 17 (%, V)| K (0, w)dodvy <

3><E

< / sup | (x, V)| - sup | f™(x, v})| K (0, w)dodv, =
xeG

xeG
VaxX
- / 1 omi - 1D o (6, w)dodvy <
V3x X
le(V Mo - leW oo @ KO, w)dodvy = qi(v) < oco. (14)
V3x X
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2. f*(x,v) | S(f"(x,v1)) [< sup [ f*(v)] / | [ (x,v1) | K(0, w)dodvy <
xeG VxS

< qo(v) / 1" (vl ) (6, w)dordvy <
Vax¥

< qo(v) / le(vi)ll Lo () K (0, W)dodvy = ga(v) < oo. (15)
V3xX

It is now easy to obtain an estimate for the difference derivative f;' +1/2 using (14), (15), basedyon the
equation (9):

sup | (f"F2 — 1) /r 1< BO ) ISEIG LS 1< au(v) 4 X )-<(16)

xeG

Adding equations (9), (10), on the integer step we obtain the differesice-di ial Boltzmann
equation

(f™ = M7+ (v, ) =B f (17)
with initial and boundary conditions

0 +1 ¢
Pxv) =k v), f \Fma"\ . (18)
From here

| (= /7 IS BT T | (v, V) 7]

When the function f**!(x, v) reaches its max at extremum points reaches x€ in G for every
v in V3 by virtue of the maximum principle, we

(=) (x =T (x6) <[ B ) | (x9).
From here
/7 < B M| = a3(v). (19)
Now from (17) we find K
sup | (v, V) "] < 2gs(v). (20)
xeG
Remark 1. T tions qx(v) € C(V3). k = 0,3, i.e., they are positive continuous summable

functions and cémtinuous depending on the integral of norm for the initial function ¢(v) over the
domain V3.

ion ch problem (12) and (10)—(11) has a unique positive continuous solution that is
and it is periodic function over x4, i.e., it possesses properties (4) of the initial function,

rest of thejproperties have already been proven.

8  Compact solutions and existence

We denote the set of found approximate solutions to problems (9), (10)—(11) by {f7}, and the the
set of interpolated values on the interval [0,7") by fr.

In the velocity space V3, we introduce a ball Vr- with the center at the origin of coordinates and
with the radius R” = O(1/7%) < oo, where 1 < k = const Ak € N resulting in a finite bounded
domain Qr- =1[0,7) x G x Vrr C Q.
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Since all the estimates are established in the domain @ then they are valid in Qp-. The validity of
the estimates are not violated when the radius of the ball R™ increases arbitrarily large as 7 tends to
zZero.

Moreover, from estimates of (13), (14), (15), (16) and (19), (20) it follows the uniform boundedness
of the norms for the interpolated functions

730, sU). i (vVfT

in C(Q) at 7 — 0. From here it follows the equicontinuity of {f7} in C(Q). Hence, the set f7 is
compact in the space C(Q). A convergent subsequence can be distinguished from this set. It donverges
in C(Q) to some element f(t,x,v) € C(Q). Due to compactness, the following limit, transitions take
place at 7 — 0 :

Fo= £ E = fe 3G = 3, FTSUT) = fS(f),

fNT(t’X7V) ‘tZO_> f(t,X,V) ’t=0: SD(X V) @
fT(t’X’V)|Fom: fT(t,x,v)}lea — f(t,x,v) ‘F flt,x,v ’K

Qr- — Q.
Thus, going to the limit in the difference-differential problem (1 make sure that the limit
element f(¢,x,v) uniformly satisfies problem (1)—(3) for tlfe nenlincar Boltzmann equation.

4 Uniquene

Let there be two solutions f(¢,x,v) and F(t,
equations for their difference U = f — F":

oU
E + (V V)U

in the domain @ = [0,7T") x G x V3 with, zerQinitial U |;—o= 0 and periodic boundary condition

roblem (1)—(3). Let us write down the

7f)_B(F’F)? (21)

,a=1,3. (22)

U(@ =U(t,x,v)

T Flza

Note that all improper inte& calculations make sense, i.e. they are converging integrals.
ol

Multiply equation (21) b egrate by domain V3:

A /(V,V)U2dv - 2/U<B(f, )~ B(F, F))dv. (23)

V3 V3

Remark In"(2],p. 13), there are formulas (8), (9) of the involutive transformation. For trans-
form 8),properties are briefly written as
U =PU),
a) Pis olutive transformation, i.e. P(P(U) =U),

b) Transformation P preserves the volume element dodvidv.

Definition 1. We call two single-valued functions sign equivalent, i.e., U ~ W, in the domain @) for
Vt € [0,T) such that

U(t,x,v),W(t,x,v) € C(G x V3) N L1(V3),Vt € [0,T),

and properties
a) signU = signW in @,
b) U(M’) = W (M’) =0, where M7,j =0,1,---, are zeros of these functions in Q.
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Lemma 2. There is the inequality

/U(B(f, f) - B(F, F))dv <0. (24)
V3
Proof. Consider the expression system
J®B(f,f)dv= [ @[f, fldodvidv,
V3 VExS
(25)
[ ®B(F,F)dv = [ ®[F, Fldodvidv,

Vs VZxE
where * \
. £ = (Ffl = FR)K( (26)

VE="V3x Vs, ®=®(tx,v) is an arbitrary continuous in Q and summabl ctlon
From the first expression of system (25), subtractlng the second expre tlvely, we get
[e®.n-BER)i = [ o(.1- [F,
1%} V2><E

Here we use the well-known involutive transformation P (se )
Applying P to the integrand on the right parts, we h,

£, f1—[F, F] dadvldv

Adding the latter with the previous expression,
1
/<1>(B(f f)— B(F F))dv's - / (@ — @) ([f, f] - [F, F])dodvidv.
V2><E
In this formula, we make th rlables vi = v and find
(@ + @1 — @' — @) ([f, f] — [F, F])dodvidv.
V3 xZ

Hence the square on the right side, replacing the expressions according to the formula (26),
we find

=1 (<I>—|—<I>1 P’ — ) x
V2><E
X ((f’f{ +FR) - (fh+ F’F{))dadvldv. (27)

If we put ® = In(f/F), then from (27) we arrive at formula
[ 04/F)(BU. )~ BEF))dv -
V3

1 F'F] /ol ! 1
= / In (%) ((f fA+FF)—(fh+F Fl))dadvldv. (28)
VZxE
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We must define the sign definiteness of the complex integral (28). In this case, it is difficult to check
the sign of the second the integrand in the domain (). Since we are interested in only integral is definite
in sign, then using Definition 1 we write the sign equivalence functions for the terms of the second
integrand

FFy

(F'F— Ffr) ~ m’} J{ll, (FF\ — F'F]) ~ In

Using these relations, we rewrite the integral (28) sign equivalent form

/m(f/F)(B(f, f) =B(F.F))dv ~ ;1 / In <§/J};1€f)< {tfl;}r
Va VExS

FFy fh /F1) (ff1FF1

1
In—— K (0, w)dodvidv = - ] !
-I—nF,Fl,) (0, w)dodvidv 1 / n(f’leF1 n fle’F’ \
V2x®
fle’F1
In2 <0.Vte[0,T). (29)
| v (Fer ) K @ el

| =
w

VExS

According to Definition 1, the functions U = f — F and ®& 1 are also sign equivalent that is,
U ~ &, since signU = sign® in @, Thus, (29) implies i 1nequa inceU=f—FA®=1In(f/F),

then we will see that signU = sign® in Q, As a result, t the inequality (24).

/ln(f/F) (B(f,f) —B(F,F))dy <0, B(f,f) —B(F,F))dv <0.

V3

Lemma 2 is proved.
Now for functional equation (23), integrating over the domain G taking into account the boundary
condition (22) and Lemmas 1 and 2 ain the main the inequality for the uniqueness of the

solution
2|y <9 (f ) — B( ,F))dvdxg 0.
GXV?, GXVB

The latter we will rewrit
d 2(t,x,v)dvdx — 2 / U(B(f,f)—B(F,F))dvdeO,
G GxV3

scarding the non-negative bounded integral justified in estimates (13)—(16) and,
t, we obtain

/ U?(t,x,v)dvdx < / U?(0,x,v)dvdx, Vt € [0,T).
GXVg GXVg

From here [ UZ?(t,x,v)dvdx <0, = U(t,v,x) = 0. V(t,x,Vv) € Q.
GxV3
As a result, we show the existence and uniqueness of the positive solution to the full nonlinear

Boltzmann equation from the space

f(t,x,v) € CH0,T;C(G x V) N L1(V3)) A (v, V)i B(f, f)) € C(Q) N L1(V3), (30)

Mathematics series. Ne3(107)/2022 11
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it consists of the union of some functional spaces, as the space of continuously differentiable functions
f(t,x,v) by t € [0,T) and at each ¢ continuous in (x,v) in the domain G x V3 and summable over v
in V3, and the functions (v, V)f; B(f, f) at each t continuous over all variables in ) and summable
over v in V3.

Definition 2. The solution f(¢,x,v) with properties (30) uniformly satisfying the Boltzmann
equation (1) with initial boundary conditions (2), (3) in the domain @ will be called strong.
As a result, it was proved next main theorems

Theorem 1. If the initial function satisfies conditions (3), (4), then there is a unique stron
solution to (1)—(3) for the whole time interval ¢ € [0,7),T < oo satisfying uniformly the B
equation (1) everywhere in Q. .

When intermolecular interactions are determined by central forces, then K (6, wiyi rmin
the formula (see [2], p. 15)

KO,w) = w | pp w = v—vi; & = {0 < p < p do = dpdb,

where p is the target distance of the colliding molecules, pg is the r@& ion of the molecule.
» Y > 6)

Initial function ¢(x,v) satisfies condition (3) and such that

0 < p(x,v) € C(G x Vo) A ([lplv ||C<G>

J(p) Svfz eI - lle(vi) [ Ke(6, w, hl(v (31)
S(p) < sz le(vi)[l Ke(0, w)do (V)< o0;

where [ hy(v)dv = const, k=1,2.

V3
The existence and uniqueness theore f the Cauchy problem for the Boltzmann equation with
intermolecular interaction K (0, w) is proved as Theorem 1, by a literal repetition, the formulation
will be:

Theorem 2. If the initialpfuncti
positive solution of problem

isfies conditions (3) (31), then there exists a unique strong
e whole time interval ¢ € [0,7),T < oo satisfying uniformly

the Boltzmann equation re in Q.

Corollary 1. The exis d uniqueness theorems 1 for the nonlinear Boltzmann equation (1) are
trivial for the Boltgzmann on in the case of Maxwellian molecules with corresponding relaxations
of the requirement initial function.

5 Positivity of the solution to the Boltzmann equation

Since there exists a bounded solution of the Boltzmann equation (1) with positive
initial ‘€ on (2), then the value B(f, f) of the collisions integral makes sense and the solution
f(t,x,v)€Q is positive.

Proof. The Boltzmann equation (1) is written along the trajectory

d 0
%f(tvx - V(t - T)?V) = 8_{ =+ (V7 V)f(t,X - V(t - T)7V) = B(f7 f)(t,X - V(t - T)7V)' (32)
We put f = U™, since f exists and it is a bounded solution of the Boltzmann equation, then (32) can

be rewritten as

%U(t, X —v(t— 7). v) = —UB(U, U)(t, % — v(t — 7). v).

12 Bulletin of the Karaganda University
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From here, integrating we find
Ul(t,x,v) = p(x,v)exp(-B(U,U)t) > 0,V(x,v) € G x V3,

it was required to prove.

6 H—Boltzmann theorem

Let us multiply the Boltzmann equation (1) by the function 1+ In f(¢,x,v). Then integrate over
the domain G x V3 and, considering mass conservation [2]|, we find

%/flnfdvdx—i— /(V,V)flnfdvdx: \
GxV3 GxV3
:/ /lnf = fh)K( dvdx. (33)
Gx V3 Vsx % &

Hence, the second summand of the left part, integrating over the ng into account the

boundary condition (3) and using the lemma 1, we have:
/ v,V)fIn fdvd:& (34)
GxV3

Using the involutive transformation P (see note 1n the right-hand side (33) can be
written as

/ Inf(f'f1 = ff1)K(6, w)dodvidvd
GxV3 V3xX¥

- i lnf + In fesIn'f — In f1 (f'f1 = f 1)K, w)dodvidvdx =

GxV?xz O
\ ff(f fi— ff)K(0,w)dodvidvdx. (35)
G><V2><E

Wherefore, usinggthe 'gr@ence of the function In’J1 f f ( =1 fl) and denoting
H(t) = / flt,x,v)In f(t,x,v)dvdx,

GxV3

5) from (33), we find

—H —= / / In folK 0, w)dodvidvdx < 0.
G><V3 Vax % fh
Second case
%H ~ —}1 / / (f'fi = 1)K (0, w)dodvidvdx < 0.
GxV3 V3xX¥

From these cases it follows that

Mathematics series. Ne3(107)/2022 13
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Lemma 4. 1If the positive initial function ¢(x,v) is an additionally function to the requirements
(4) and satisfies the condition

/ o(x, V)| Inp(x, v)|dvdx < oo,
GXV3

then the following inequality holds

| / ft,x,v)In f(t,x,v)dvdx| < / o(x,v)|Inp(x,v)|dvdx < oo, Vt. (37)
G><V3 GXV3

Integrating inequality (36) over ¢ in the range from 0 to ¢, we obtain (37). ¢

Above we proved the strict positivity of the solution f(t,x,v) to problem (1 xﬂ e ‘nitial
function ¢(x,v) is positive, thus the logarithm functlon of the distribution is 1 oreover, it

follows from (30), (37) that 3In f(¢,x, v) for all (¢,x,v) € Q.

It follows from (36) that the H(¢) function never increases in time an constant if and only if
the distribution function is locally-Maxwellian. Indeed, the equality i ieved, if and only if:
in the first case In? J;J{l 0,— In J;;ﬁ = 0, from here

Inf(v')+Inf(vy) —Inf(v)— \ (38)
and in the second case f’f] = ff1, By logarithmizing b ts of the latter, we have the ratio

Inf(v)+1Inf(vi) —1In f(vi) =0. (39)

Eventually, we see that equations (38), (39) co
summator invariant, i.e.,

In £(t,x,v) v+ clv[, ¥(t,x) € [0,T) x G,

ector constant. Hence, following [2], we obtain

= Cexp([ - a(|v] = [vo])?]),

tribution.

where a, ¢ are scalar function and

where fj is the local-

C>0 and o> 0,anda =1/(2kT),

_3
2,

k is the Boltgmannjeonstant, 7" is the temperature, vy is the average velocity, C' = p(27kT)
the p, Tyvosean depend on (t,x).
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O.11. Axpim (Akpires)

Aamamoi, Kasaxeman

Beiicb3pikThl BosibiiMaH TeH/IeyiHiH OapJIbIK ya HIeIIiJIeTiHIiri

iH OApJIbIK, YaKbIT apaJibl-
9 apJbIH 9cepiecyi KaTThl
OPBIHJIAJICA YKAJIKBI IIEITyiHiH
TYHBIK, TIenryi 60FaHIbIKTaH
eIy IiH, OPKAIAHIa OH OOJIATHIHDI

2KywmpbicTa bIabIpaTy 9/IiCiHIH, HEri3iHIe TOJBIK, OeMChI3BIKTE BosMan
reiaga t € [0,7), T < 0o MOJIEKyJIAJap/IbIH, TEIEeTEeHIIKCI3 KYill OpTachiH,
cdepasibl MostekyJianaap 60jica HeMece KAKThIFBICYBl OPTAJIBIK,

aTy 9ici, OApJIbIK YaKbIT apaJIbIFbIH/Ia Oeii-
BIFBI TEOPEMAChI, GEHCHIZBLIKTHI BOJIIIMaH TeH-

neyinig oH mremnryi, Boamvan H —TeopeMachiHBIH, Ma, aJIBIK, Heri3emeci.

Kb (Axuries)

Asamamo, Kasazcman

I'moGasbHast MMOCTb HeJIMHeITHOro ypaBHeHusi boabiimana

B crarbe ¢ no €Mbl METO/Ia PACIICIJIEHUA JJOKa3aHa TeOpeMa CyHmeCTBOBaHUA U € TUHCTBEHHOCTH

HEPaBHOBECHO , KOTJIa MEXKMOJIEKYJISIPHbIE B3AMMOJEHCTBUS SIBJISIOTCS MOJIEKYJI-TBEPIbIMU Ce-
M criiaMu. Ha OocHOBe CyIecTBOBaHMsI OMPAHMYEHHOrO perrneHus B npocrpanctse C

8vle €A08a: TIOJIHOEe HeJIMHEHOe ypaBHeHue BosbliMaHa, MeTo | pacIlelIeHusl, TeOpeMa CyIIeCTBOBa-
HUSI U €IMHCTBEHHOCTH HA BCEM MPOMEXKYTKE BPEMEHU JJIsi HEJIMHEITHOTO ypaBHeHUsT BobMana, moIoxm-
TEeJIbHOCTD PelleHnt HeJTnHeRHOTO ypaBHeHust Bonbiimana, H-teopema Bosbipvana.
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