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Systems of integral equations with a degenerate kernel and an
algorithm for their solution using the Maple progra

In the mathematical literature, a scalar integral equation with a degenerate kernel€s described (see
below (1)), where all the written functions are scalar quantities). The authors are not aware blications
where systems of integral equations of (1) type with kernels in the form of a pr t offmatrices would

be considered in detail. It is usually said that the technique for solving such s asily transferred
from the scalar case to the vector one (for example, in the monograph A.L. shni "Methods for the
approximate solution of integral equations of the second kind" (Nizhny Nowg : Nizhny Novgorod State
University, 2017), a brief description of systems of equations with dege @ ernels is given, where the
role of degenerate kernels is played by products of scalar rather tha
simplest examples show, the generalization of the ideas of the scalar ¢ase to the case of integral systems

with kernels in the form of a sum of products of matrix functi% er unclear, although in this case

the idea of reducing an integral equation to an algebraic sys 0 used. At the same time, the process
of obtaining the conditions for the solvability of an i the form of orthogonality conditions,
based on the conditions for the solvability of the co
not been previously described. Bearing in mind
applied problems, the authors considered it nece a detailed scheme for solving integral systems
with degenerate kernels in the multidimensional ca; implement this scheme in the Maple program.
Note that only scalar integral equations aréisolved in Maple using the intsolve procedure. The authors
did not find a similar procedure for solying Systems of integral equations, so they developed their own
procedure.
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integral equations with a degenerate kernel

@ (general theory)
Consider the 1@

m T
Bj(s)y(s)ds + h(t). (1)
s fo

tions of the theory of integral equations in

ernel, Maple program procedure.

Let the expressions A;(t) and Bj(s), forming the kernel of the integral operator in it be matrix functions
(their smoothness and dimensions are specified below). Just as in the one-dimensional case [1-4], such
systems can be reduced to algebraic systems using the following operations. Denote

T
/BJ , i =1,m. (2)
0
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Systems of integral equations ...

Then instead of (1) we get the equality

m

y(t) =AY Aj(tw; + h(t). 3)

Jj=1

Multiplying in turn equality (3) on the left by matrices Bi(t), ..., By, (t) and integrating the resulting
equalities with respect to t € [0,T], we get

T
/BZ dt_AZ /B t)dt | w; + /B t, i=1,m.
0

Using (2), we obtain the algebraic system of equations

m *
w; = A Cijw; + H; (Z = 1,_m), \ (4)
T

T
where indicated: ¢;; = [ B;(t)A;(¢)dt, H; = [ B;i(t)h(t)dt, i,j =1, &et us refine the conditions
0 0

on the matrices A;(t), Bj(t),j = 1, m. It is clear that these mat be integrable on the [0, 7.
We assume that all their elements are continuous on the#se [0,7]. In addition, there must be
ec

matrices A;Bj, BiA;, >, B;A;, Bjy, Bjh, so their sizes mu sistent for all 4, j = 1, m. This can
be achieved if we take all matrices A;(t) of the same sizé n d all matrices Bj(t) of the same size
p X n, where p is any natural number. Then the vectonw,Wwill be a column of the size px 1, ¢;5is (p X p)-
matrix, Hjis (p x 1)-vector, i,j = 1,n. Introduice the Wectérs w = {w1, ..., wn}, H = {H1,...,Hy}
of the size (pm) x 1 and the matrix

C12 ... Cim
C292 oo Com
C
\ Cm2 --- Cmm
This matrix is square,in (mp). Now system (4) can be written as follows:
w=ANw+ H< (I - \C)w = H. (5)
For A =0 an obvious solution w = H, so we will assume that A # 0. In this case,
system (5 ewIitten as

1
(ul = C)w=pH <“:X)' (6)
Now let’s establish a connection between system (6) and system (1). These systems are equivalent in

the following sense: if there exists the solution y = y(t) € C([0,T],C") of the system (1), then there
exists the corresponding solution

T T
— ¢ / Bi(s)y(s)ds, ... / Bun(s)y(s)ds)
0 0

of the system (6). Conversely, if there exists the solution w = {wi,...,wn} € C™ of the system (6),
then there is the solution y(t) = XY "L, Aj(t)w; + h(t)of the original system (1).
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The last statement needs proof, but we will not carry it out. Let us find out in which case
different solutions of the system (6) generate different solutions of the integral system (1). So, let
w = {wy,...,wp} and © = {Wy,..., Wy} there be different solutions of the system (6). Then the
solutions y(t) and g(t) of the integral system (1), corresponding to them, will coincide, if

iAj(t)w] iA] t)w; <:>ZA w;) =0 (Vt €[0,T]). (7)

If we denote by Ag. ) the k-th column of the matrix Aj, and by w(k), (k) the k-th components of the
vectors w; and W; respectively, then identity (7) can be written in the form

ii/& wi — @My =0 (vt e [0, 7)) ‘\ (8)
=1 k=1

Since w # w, then at least one of the differences wk) 117( ) is not equal %\wrefore the identity

J
(8) means that the columns of the matrix

S,

independent on the segment [0, 7], then it follows fro (8) that everything w(k) = u?J(-k),
and therefore y(t) = g(t). So, in the case of linear @e on the segment [0, 7] of the columns
of the matrix S(t), the correspondence w — béyone-to-one (w <> y(t)), therefore, in this
case, we can replace the study of the solvabilit stem (1) with the study of the solvability of
the algebraic system of equations (6) (or what is same system (5)). Henceforth, we will assume
that the columns of the matriz S(t) are linearly independent on a segment [0, T]. Systems of type (6)
are well studied in linear algebra It is that if p = % is not an eigenvalue of the matrix C,

then the homogeneous system % has only a trivial solution w = 0. This means that the
corresponding integral system & ution for any right side h(t) € C([0,7T],C"), which can be

written as
(@ Ajw; + h(t) (w={wi,...,wn}).

Sty = AP @), ..., AP @); A @), . @..., A9 @)
are linearly dependent on the segment [0,7]. Hence, if tﬁ@s of the matrix S(t) are linearly
tity

If p = )\ (N # 0) is an eigenyalue of the geometric multiplicity  of the matrix C, then the homogeneous
system (ul the basic system w( ..., w( of solutions, and its general solution can be
written a;

w=agw® +... + arw(r),

where aj,...,q, are arbitrary constants. In this case, the conjugate homogeneous system (anl —
C*)z = 0 also has a basic system 2 .. 2 of solutions, consisting of r vectors. In order for
the 1nhomogeneous system (6) to have a solution, it is necessary and sufficient that its right side be
orthogonal to all vectors of the basis system of solutions of the adjoint homogeneous system:

(HH,Z(j)) — 0o (H z(j)) —0,j=T1,7. 9)
In this case, the inhomogeneous system (6) has the following solution:

w=oaw"+. . +ouw® + o, (10)
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where o, ..., q, are arbitrary constants, w = @ is a particular solution of the system (6) (or, what is
the same, of the system (5)). Let’s see which condition for the original integral system (1) is equivalent
to condition (9). For this, we write a homogeneous adjoint equation for (1):

j=1
_ T
& 9(t) = AT Bi (1) [ Aj(s)d(s)ds. (11)
0
Denoting z; = [ A3(s)y(s)ds, j = 1,m, we rewrite system (11) as
0

§(t) = XD Bi(t)z. % (12)
j=1 &(

Multiplying both parts of (12) on the left by A’(t) and 1ntegrat1ng® 0,T],we obtain

fA* )\ZjlfA* b zj &

=z = A ZTzl diij, @

where indicated: d;; = fA* t)Bi(t)dt, i,j = 1,

easy to see that d;; = c

i where ¢;; are the

matrices involved in system (4). The matri f the system (12;) has the form

*
Cm1
*
Cm2
= Ce ,
c c e C*
Im 2m mm

therefore, the algebr em corresponding to the homogeneous conjugate integral equation (11) will

be as follows:
2=AC"2< (I — \C")z =0
(13)
& (1L~ 0z = 0(u=1 A £0).

All solutions of the adjoint equation (11) are found from (12), where z = {z1,..., 21} is the solution
of the system (13). Orthogonality (9) means that (take into account that

i=1

Z/ t)dt, 2)dt = 0 & Z/(h(t),B;(t)z§j>)dt —0e
0 =17
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@O/(h(t),X;B;*(t)zz(]))dt _0,j=T7

According to (12), we obtain from this that the orthogonality conditions (9) are equivalent to the
conditions

T
b5 ®)ae =0.5 =T (14)
0
where () (t),..., 5™ (t) is the basic system of solutions of the conjugate homogeneous integral system

(11). Thus, if p = %()\ # 0) is an eigenvalue of the geometric multiplicity r of the kernel of equation
(1), then for the solvability of the integral system (1) in the space C([0,7T],C"), it istmecessary and
sufficient that orthogonality conditions (14) hold. In this case, the general soluti& quation (1)

can be written as
y(t) = y(l)(t) + ...+ ary(

where a1, ...,q, are arbitrary constants (the same as in (10)) @ is the basic system

of solutions of the corresponding homogeneous equation, and y(¢ —) is a

particular solution of the inhomogeneous system (1).

2 Computational implementation of finding solutions to N@ al system (1) with a degenerate
kernel

It was shown above that in order to obtai n'te the integral system (1), it is necessary to
find vectors w = {wy, ..., wy, } from system (5) ang substitute its components into formula (3). However,
despite the simplicity of this scheme, its implementati
difficulties. Let’s list them:

1) calculation of integrals Cij =g

(cij), C* = (di;) of the size (m

2) calculation of integrals (t)h(t)dt (i = 1,m) and composing the vector H = {Hj, ..., Hp,}

of the size (pm) x 1;
3) find the solutio
4) verification of t
basic soluti t
5) wh ogonality conditions are met, the calculation of the solution w = wy, ..., wy, of the
algebraic sy - AC)w=H
6) constructifig the solution to the original integral system (1): y(t) = A>T, Aj(t)w; + h(t).
Overcoming these difficulties manually will take a long time, so there is a need to overcome them
with the help of some program on the computer. The intsolve program in Maple allows you to quickly
and efficiently solve scalar integral equations with a degenerate kernel [5-9]. We do not know an
analogue of such a program for systems of integral equations, so we considered it necessary to develop
it ourselves. For the sake of simplicity of presentation of such a program, consider the case of a second-

order system
ol na] e

64 Bulletin of the Karaganda University

joint system (I — S\C*) z=0;
ogonality conditions (H, z(j)) =0 (j = 1,m) , where 2 ... 2(™) are the




Systems of integral equations ...

(the unit in the upper limit of the integral is not essential here; it can be replaced by an arbitrary
number 7T'). There is no doubt that this system is a system with a degenerate kernel, but it is not so
easy to represent it in the form (1), i.e., to write the kernel as a sum of products of matrices A; (t) and
B (s). Therefore, below we choose a way to represent the kernel as a sum of products of matrices with
separated variables, based on the expansion of any matrix in a standard basis:

a b 10 01 0 0 00
ea]elo o) eefo o et o] ra0 1]
The easiest way to do this is with Maple. First, note that in Maple, indexes can be written both in
square brackets and directly in the usual form. For example, a with an index j can be written both in

the form a; and in the form a[j]. If we denote by el and e2 unit vectors el = 1 e2 = [ (1) ] ,

then this decomposition can be written as follows:

*

[fﬁ ﬂ:a.em.<e[1]>%T+b-e[1].<e[]>%T+c e[2].( >%T+§§g\t[2

where %T is the sign of the transposition, the dot in the middle mean plication of a scalar
by a vector, and the dot below is the matrix multiplication of vecto ample

MMM |
o = , z

Yy oy y Yz yu
Now the kernel of the integral operator in (15) can be wri t&

(@) ®)-e1]). (b11](s) - (1)) + T2 D (b2 (s)- (e 2)T) +
+(al3)(t)-ef2]). (b18](s) - (e 1]) cef2]). (b141(s) - (e[2)").

and system (15) itself in the form
u(t)=(al1] (¢ HA (b1 (s) - () cu(s) ) ds+

u(s)ds+

( ) "
(181 () (e D) cu (5) ds +
( )

b[4] (s) - (e [2)™) u(s)ds + h(2),

where w (t t) , h(t) = [ ngg } . In this notation, the kernel of the integral operator is
represented as sum of products of matrices with separated variables:

AL(t) = a[1] (1) - e [1]; BL(s) = b[1] (s) - (e [N 5 A2(8) = a [2] (1) - € 1]

B2(s) = b[2] (s) - (e[2))* 5 A3 (t) = a[3] (¢) - e[2); B3 (s) = b[3] (s) - (e [1))"*";

A4(t) = ald] (1) - e[2]; B4 (s) = b[4] (s) - (e [2)"" .
Let us rewrite system (16) in the form

u(t)=Al(t fBl (s)ds+ A2(t). }BQ(S).U(S)dS—F
0

0
1
B3 (s).u(s)ds+ A4(t). {Bél(s).u(s)ds—i-h(t).

+

b

w
O%H
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Enter numbers

} Bl(s).u(s)ds = wl,f1 B2 (s).u(s)ds = w2,
)’ )’ (17)

of B3 (s).u(s)ds =w3, [ B4(s).u(s)ds = wd.
Then system (17) takes the form
u(t)=A1(t) - wl+ A2(t) - w2+ A3 (t) - w3 + A4 (t) - wd + h(t). (18)

We multiply this equality successively by matrices B1 (t), B2 (t), B3 (t) , B4 (t) on the left and integrate
the results over ¢ € [0,1]; we get

wlz(lel(t) .A1(t)dt> w1+(fBl (t)dt) w2 + ’\
L
+<OfB1(t) .A3(t)dt)-w3+<g31t t)dt w4+ @)dt;

w2 = (le2 (t) .A1(t) dt) w1+ fBQ A2 (1) &
0
(jl‘B2 (t) .A3(t) dt) cw3 + (fBz A4 @)%H B2 (t) .k (t) dt;
0
1
w3 = <fB3 (t) .A1(t) dt) ~wl + @)dt cw2 +
;Y ! (19)

+<fB3(t A3 (t w3—|— 4(t)dt) wd + [ B3(t).h(t)dt;
0
wd = fB4 t)dt fB4 A2 (t dt) w2+
<f34 fB4 > w4+fB4 B8 dt,
Since the matrices A [i n and their product B [j].A[i] is a scalar quantity, then (19)
is a system of linear lg ray o ations with respect to the unknowns w1, w2, w3, w4. Solving this
system in Maple an ng the found unknowns in (18), we find the solution of the original
integral system
Example tem of integral equations
1 1
= [6tsy(s) ds+ [3t®sz(s) ds+ 12 +1,
’ " 1 (20)
= [(34+1t)(5s+3)y(s) ds+ [ (8t +5) s>z (s) ds + 4.
0 0

Solution. Enter the coefficients

al(t) 2=6t;b1() —t a9

(t) := 3% b2 (1) :=tya3(t) := 3+ t;
bg(t)::5t+3;a4() 8t+5:b

50y (t) := t35m(t) =2+ 1;n(t) =4t

Enter vectors
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Enter matrices:

AL(t) == a[1] (1) - [1]; BL(s) := b[1] (s) - (e[1])*T 5 A2 (1) == a[2] (1) - e [1];
B2(s) :=b[2] (s) - (e[2)™ ;A3 (t) := a[3] (1) - €[2); B3 (5) := b[3] (s) - (e[1]) " ;
A4(t) == a[4) (1) - e[2); B4 (s) == b[4] () - (e[2D)*";

We compose and solve a system of equations for unknowns wl, w2, w3, w4:
1 1
wl = (fBl (t).Al(¢) dt> ~wl + (f B1(t).A2(t) dt) ~w2 4
0 0
1 1 1
(f B1(t).A3(t) dt) ~w3 + (f B1(t).A4(t) dt) ~wd+ [ B1(t).h(t)dt
0 0 0

wzz(bez(t).Aut)dt)-w1+<bez(t A2 ( ) s
(6;32(t).A3(t)dt>-w3+(f1B2( ) A4 (¢) dt w4+f3é\
w3:(0leB()A1() ) Cwl 4+ {133 A2(t)dt ) |

-‘r(fl B3 (t).A3(t) dt w3-|— fB3(t A4
0

w4:<jl‘B4() cwl + fB4 cw2+

) 0

(fB4()A3() w3+ f 4(t w4+fB4 D(t)dt
0

Calculate the solution of the original 1ntegra

u(t) = Al(t) - w1+A2 w2+ A3 (t) - w3+ A4 (t) - wd+ h(t);

Answer. 02,
804 -|— 1
—381¢ %
""832
&D —3’1 T 381
Verification. Let us intro talned solutions:
602 .2 832 265
— 4 1 = 4 2y
351" 127t 1 2= —3g 35

Let us calculate the ce between the left and right parts of the original system:
1
[ 6tsy (s) ds+ f 3252 (s) ds+t2 + 1
0 0
1 1 :
JB+t)(B5s+3)y(s) ds+ [ (8t +5)s32(s) ds+ 4t
0 0

Got a Vector 0

Thus, the solution to system (20) is the vector function

y(t) ] [ —S82¢>— 2t +1
Z(t) - 832 65.[/.

381 + 381
Remark 1. We have considered the two-dimensional case of the integral system (20). It is clear that
the described algorithm obviously extends to any integral systems of type (20) of order higher than
the second.
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3 Systems of integro-differential equations with a degenerate kernel and their reduction to integral

systems
Systems of equations of the form
p T
W = Aty + A [ Kt s)ys)ds + h(0).9(0.9) = ot € 0.7) (21)
0

where y = {y1(t),...,yn(t)}is an unknown function, h(t) = {hi(t),...,h,(t)} is the known function

(inhomogeneity), A(t), K (t, s) are known matrices of size nx n, are called systems of integro-differential

equations of the Fredholm type (or simply integro-differential systems). They can begeduced to an
integrated system. It is done like this.

Let us assume that Y(¢) is the fundamental matrix of solutions of the diﬁere@ti&

ial Sys

T
Taking H(t) = X [ K(t,s)y(s)ds + h(t) for the inhomogeneity of the di \
0
A(t)y + H(t), we find its “solution”
T
y(s)ds

u(t) = Y + X [y @y 1 Kl
¢ 0 “. (22)
-1
+OfY(t)Y (OR(C)dC. \
Denoting Q
t
ho(t) = Y (£)y° Y @Y H(Or(C)dC (23)
0
and changing the order of integration inQerated integral (22), we have
y(t) HY THOK(C, 8)dC)y(s)ds + ho(t). (24)

We have obtained an integral em (24) with a kernel

t
0 G(t,s) = /Y(t)Y—l(g)K(g, s)d¢. (25)
0

It is easy to show'that the system (24) is equivalent to the system (21). The following result is obtained.

Lemma 1. If Y (¢) is a fundamental matrix of solutions of a homogeneous system z = A(t)z (it is
assumed that it exists on a segment [0,77]), then the integro-differential system (21) is equivalent to
the integral Fredholm type:

1
Y1) = / G(t, 5)y(s)ds + ho(t), (26)
0

¢
where ho(t) =Y (t)y° + [ YH({)h(¢)dC¢, and the kernel G(t, s) has the form (25).
0

For equations (26) of the Fredholm type, statements about solvability look rather complicated.
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Theorem 1. Let in the system (21) the matrices A(t) € C([0,T],C"*"),K(t,s) € C(0 < s,t <
< T,C™™),h(t) € C([0,T],C™). Then the following statements are true:

a) if X is not a characteristic value of the kernel (25), then the integro-differential system (21) is
solvable for any right-hand side h(t) and, moreover, uniquely; in this case, its solution is given by the
formula

T
y(t) = ho(t) + A / R (t, 8)ho(s)ds,
0

whereR)(t, s) is the resolvent of the kernel (25), ho(t) is the function (23);
b) if A is the characteristic value of the kernel (25) of rank r, then system (21) is solvable in the space
C([0,T7],C") if and only if the inhomogeneity (23) is orthogonal to all solutions of thayhomogeneous

adjoint system z(t) = XOfGT(s,t)z(s)ds, ie. 0\\
(ho(t), 29 (t))dt = 0, j =1,r, @

St~

where z(D(t), ..., 2(") is the basic system of solutions of t %eous adjoint system. In this case,
the solution of the integro-differential system (21) is given K mula

y(t),

T

where y((2), ...,y () is the basic Sygﬂﬁ)&lu‘mom of the homogeneous system, y(¢t) = X [ G(¢, s)y(s)ds,
0

y(t) is a particular solution of the i !El S

Now let the kernel in the or&
@ K(t,s) = Y A;(1)B(s), (27)
7j=1

where all A;(t) arg matsices of the size n x p, and all Bj(s) are matrices of the size p x n, j = 1,m
(we assum th mns of the matrix S(t) = (Ai(t), ..., An(t)) are linearly independent on the
segment [0] the kernel of equation (26) will have the form

(26), and ay, ..., q, are arbitrary constants.
ion (21) be degenerate, i.e.

9 = [YOY QK $)dC =
i (28)

_ymL v (fY (©c) By(s) = I, #(0B(),

where denoted: ®;( f Yyt (Q)d¢,j = 1,m. Hence, the degenerate kernel (27) of the

original integro—dlfferentlal system (21) generates the degenerate kernel (28) of the integral system
(24), equivalent to it, therefore, to construct a solution to system (24), we can apply the procedure
developed above. We will show how this is done using the Maple program in the following example.
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Example 2. Let’s try to get the solution of the system

%yw=—mw+jm@m<>< ®+f@ b (s) 2 (s) ds+m (1),
%zu> —zaw+j (t)bs (s) y (5) ds+fm b () 2 (s) ds+n (1)
y(0)=a,2(0) =b,

where, for the sake of simplicity, the following data are taken:

al (t) =t;a2(t) =t%a3(t) =2 t;a4 (t) =t + 1;b1 (t) = 3 ¢;

b2(t) =2t%03(t) =t;04(t) =t —1;m(t) =2t;n(t) =t%a=1; b= 3.
Solution.*  J \
restart: \
with(linalg):
Enter the coefficients: K

al (t) :=t;a2(t) :=t%a3(t) :=2t;a4 (t) :

b2 () := 21263 (t) ;= ;b4 (t) :=t — 1;m (t) := 2 t; =t a:=1; b:=3;
* \T s
Enter kernel:

(a1 (t)-e 1)) (b1 (s) - (e [1)") +4g2 ), 1) (b2 (s)-
+ (a3 (t)-e]2]). <b3 (s)- (e [1])(7T + (tY-e[2]). <b4 (s)- (e [2])%T) ,

Enter vectors:

Enter matrices:

AL (1)

= al (t)-e[1]; B1(s) == bl (s) -
B2@)==b(s)(e[D%T A3(t) = a3 (1) -[2]: B3 (s)
= -e )

(eI A2(t) = a2 (t) - e[1];
= b3 (s) - (e[1))"";
A4 (t)

2]; Ba(s) = b (s) - (e [2)™" ;

* Maple does not put punctuation marks.

70

(29)
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Then the IDE system (29) can be rewritten as:

, -1 0 ;
map (dif f, u(t),t) = [ 0 9 } a(t)+AL(t). [ Bl(s).u(s)ds
+A2(t). | B2(s).u(s)ds+ A3 (t)f1 B3(s).u(s)ds
0

+A4(t). [ B4(s).u(s)ds+ h(t);

O O

We find the fundamental decision matrix:

d
dsolve <{ 11

Change the inhomogeneity:
h1(t):=Y (¢t). [ b ] + map (int, Y (t).

Enter matrices:

F1(t) :== map
F2(t) :== map
F3(t) :== map
F4(t) := map

1
Denote wjszj s).y(s) ds,j=1,4: :
Then the equlvalent integral sys written as:
\J:Q ) w2+ F3(t) - w3+ FA(t) - wd + h1 (1) :

Multiply this equatlon on @ sequentially by the matrices B1(t),B2(t),B3(t),B4(t) and
integrate the results t € [0,1]. We obtain the system of algebraic equations:

int,wl-B1(t).F1(t) +w2-B1(t).F2(t)
eqly=wl =map | +w3- Bl() F3(t) +wd- B1(t).F4(t) ;
+BL(t).h1(t),t = 0.1
int,wl-B2(t).F1(t) +w2-B2(t).F2(t)
t

)
)
q2 :=w2=map | +w3-B2(t).F3(t) +wd - B2(t).F4(t) ;
)
)

= F1(t)

+B2(t).h1(t),t =0.1
int,wl- B3 (t Fl() + w2 - B3 (t).F2(t)
eq3:=w3=map | +w3- B3 (t).F3(t) +wd - B3(t).F4(t) ;
+B3(t).hl(t),t=0.1
int,wl-B4(t) .F1(t) +w2-B4(t).F2(t)
eq4:w4—map(+w3 B4()F3(t) +w4 B4 (t).F4(t) );
+B4(t).hl(t),t =

Let’s solve this system:
solve ([eql, eq2, eq3, eq4] , {wl, w2, w3, w4}) :
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and activate the found solutions with the assignment operator (:=).
We write down the solution of the original integro-differential system (29):

F1(t) - wl+F2(t) - w2+ F3(t) - w3+ F4(t) -wd + hl(t);

9 (394416e~1e~2410800e ~1 —139299e ~2—10975) (ett—el+1)e~t

y(t) :==—55 9864c—To— 2186640~ —3561c—2—1831
1 (739476ete=2—105660e ! —154209e~2+17035) (e!t?—2ett+2et —2)e~* (30)
T 10 0864e—Le—248664e— 1 —3561e—2—1831 +

et 4 (Zett —2el + 2) et
3 (394416e1e~24+10800e 1 —139299e~2—10975) (2te?! —e2!41)e 2t

2(t) = —45 9864c—Te—248664c—_ 1 —3561e—2— 1831
1 (98208e~te™2+457696e 1 —26187e~2—11719) (2te?! el —1)e 2t

40 R 9864e—1le—2+866146—1—351616—2—1831

L 2
The verification is carried out by substituting the solution into the difference be &e left and right
parts of the system (29): 6
Sy ][ v+ K
L2 (t) —2z (t) + 2
t f13s (s) ds | + A 12822
0] \o Y 05 £ A
O] (Fepesy as) 4] O (s—1)=(s) ds
2t |\ t+ N
simplify _s)ymbolic 0

0
Remark 2. When entering data in We file, take into account that exponents and signs of

Consequently, functions (30 isfy system (29).

differentials are entered as operators.
In conclusion, we note that the d¢ % ed procedure, with some modifications, will be used to study

linear and nonlinear singularly o systems of integral and integro-differential equations with

rapidly oscillating Coefﬁcient® ogeneities [10-14].
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B.T. Kamuv6eros!, B.OyCadonos?, O./1. Tyirunes?

M. Oyesos amvindazv. Onmycmix Kasaxeman ynusepcumemi, Ivmrenm, Kasaxcmar;
2 Yammu sepmmey yrusepcumemi, Mockey snepeemuranss uremumymu, Mackey, Pecet;
3B. Tugpypos amuvmdaes. Xyoxeano Memuexemmir yrusepcumems, Xyoocand, Toorciveman

O3zrentesieHTeH sAAPOCHI Gap MHTErPAJIAbIK TeHJeyJaep XKyiieci >KoHe
osapabl Maple, 6argjapiamMmacbIMeH IIEIly aJropuTMi

MaremaTukasbIk OfeOneTrTePIe O3TelIe/IEHIeH SIPOChL 0ap CKAJISAPJIBIK NHTEIPAJIJIBIK TEHEYIEP 2KAKChI CU-
narrasral (Temerge (1) Kapaupi3, MyHaa Gapiiblk »KasburaH GyHKIUsIIAP CKaJAp MaMasap). ABropiap
MaTpUIAIAPIbIH KOBeiTIlyici Typinmeri suposapet 6ap (1) TunTi nHTErpasIBbIK TEHAEYIEp Kyiieci erxkeii-
TerKel/Ligka PaCEbIPIIATHIH YKapUsLIAaHBIMIAP bl O1IMER . OmeTTe MYHIal XKyiiegepal Imenry oagicreMeci
CKaJIP “KaBNail TAHEBEK TOPIIBIK, JKaFrJaiira OHAll aybICTRIPBLIAILL jien aiTbuiagbl (Mbrcassr, A.JI. Kamam-
HUKOBTBIES" MeTo/ 16l TpUGIMZKEHHOTO PElleHnsl HHTErPAJIbHBIX ypaBHeHuil Broporo poxa" (Huxuuit Hos-
ropox: HEI'V42017) moHOrpadusachbHIa O3relIesIeHIeH SIPOJIbl TeHAeyIep »Kyfeciiy KpICKalla CAIaTTa-
Machl GepiimeH, MYH/Ia ©3TelleIEHTeH SIPOHBIH POJIIH MATPUIAIBIK, (DYHKIUSIIAD €MeC, CKAJISIPIIBIK (PYyHK-
IUsAIapAbIE, KebelTingici arkapaapl geainren). Asaiina, KapamaibiM MbICAIIAD KOPCETKEHIEH, MaTpuiia-
JIBIK, Y HKIMS-JIapIbIH KOOEHTIHTICIHIH KOCBIHIBICHI TYPIH/IEr] sIAPOJIbl MHTErPAJIIBIK, KYHesep Kar aibrHa
CKAJISIPJIBIK, YKaFIafiIbIH WIesIapblH XKAJIbLIay OipiaMa TYCIHIKCI3, JereHMeH Oyl XKarpmaiiia WHTerpaJi-
JBIK KYiieHl ajnreOpaJiblk TeHeyJep KyheciHe KeaTipy ujiesicbl KosimaHbiaibl. COHBIMEH KaTap, CoWKec
asreOpaJIbIK KYHEHiH MeniMIIK MapTTapblHa CyiieHe OTBIPBII, OPTOTOHAJIBLIBIK IIapTTapbl TYPiH/Ieri
WHTErPAJIIBIK, YKYHEHIH MermiMIUTK MmapTTapblH axy mporeci OypbiH cumarTaaMaraH. Koamanbasisr ecer-
Tep/eri THTErPAJIIBIK, TEH/IEYJIED TEOPUSICHIHBIH, KeH KOJIJAHBLIYBIH €CKEPE OTHIPBII, aBTOPJIAD KOIIOIIIeM/I
JKarmaiaa siIpoapbl ©3TelIeIEHNeH MHTErPAJIIBIK, XKYesIep/Ii MeNryIiH erxKeii-Terskeit/ii cxeMacblH 0epy i
KoHe Oys1 cxemanbl Maple 6armapiramaceiHIa eHTi3ymi KaxkeT fen caHaabl. Maple GarmapiaMachiHIa TEK
CKaJIAPJIBIK, MHTETPAJIIBIK TEHIEYJIep intsolve mponemsypachl apKbLabl IIENIJIeTiHiH ecKepinis. ABTopJsap
WHTErPAJIJIBIK, TEHJIEYJIep YKYWeCiH IIeNTy/IiH YKCAC POy PAChIH TaIla/bl, COHJIBIKTaH OJIap ©3epiHiH
MIPOITETy PACHIH YKACAIBI.
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Kiam cesdep: nHTErpaJlIbIK OlepaTop, e3reieiaeHren sapo, Maple 6armapiaMachIHBIH IPOIELYPACH, CKa~
JISIPJIBIK, WHTETPAJIJIBIK, TEHJIEY.

B.T. Kamm6etos', B.®. Cadonos?, O./1. Tyirunes?

! FOoicno-Kazaxcmanckuti yrnusepcumem umenu M. Ayesosa, ITumkenm, Kazazcman;
2 Hayuonarviolli uccaredosamenveruti ynusepcumem, Mockosexudi anepeemuseckudi uncmumym,
Mocxesa, Poccus;
3 Xydorcandexuti 2ocydapemeenmot yrusepcumem umerny B. Tagyposa, Xydorcand, Tadocurucman

CucremMbl HHTErPAJbHBIX YPABHEHUI C BBIPOXKJIEHHBIM SApPOM M
AJTOPUTM WX PeNIeHus C IToMoINnbio ITporpaMmMbiMaple

B maremaTmyeckoil smreparype XOPOIIO OIMCAHO CKAJISPHOE WHTErPAJIbHOE yDaBHEHUE ¢ BEIPOXK TCHHBIM
sapom (cm. Huzke (1), nae Bee 3anucanHble QYHKIMN SIBIISIIOTCS CKAJISIPHBIMY BeJIMANHAME). ABTOPAM HEU3-
BECTHBI ITyOJIUKAIINN, B KOTOPBIX HOIPOOHO PACCMATPHUBAINCEH ObI CUCTEMBI HHTEFPATbHBIX YPABHEHUI THUIIA
(1) ¢ sapamu B Buje npoussegenus: Marpur. OGBIMHO TOBOPAT, YTO TEXHUKA PEMIEHU:T TAKUX CHCTEM JIEI'KO
MIEPEBOJIATCS CO CKAJIAPHOTO CJIydas Ha BEKTOPHBIH (Hampumep, B monoppadmn AWI. Kamammukosa «Me-
TOJBI IPUOIIMKEHHOTO DEIeHNsI HHTErPAJIbHBIX ypaBHEHUi BrOoporo pofas (Hiexuwit Hosropoy: HHIY,
2017). TaHo KpaTKOoe OIMCAHHE CHCTeM YDABHEHHII C BBIDOXKIEHHBIMU, siApasiil, rjie POJIb BBIPOXKIEHHBIX
sIZIep UI'PAIOT IPOU3BEIEHNUS CKAISPHBIX, a He MaTpUIHbIX OYRKIHL). OuHako, Kak I0Ka3bIBAIOT NPOCTEi-
e IpruMepbl, 0000IeHne UAEH CKAISIPHOrO CIydas Ha CIydail WeJIOUNCIEHHBIX CUCTEM C SIPaMU B BUJIE
CyMMBI IIPOM3BEIEHUI MaTPUI-DYHKIMIA BeCbMa HESICHO, XOTSRB STOM CiIydae ujesl CBEJCHHs] MHTerpasa
TaK>Ke UCIIOJIb3YETCsl ypaBHEHNE K ajrebpandeckoil ¢iuacréMe. B TOpke Bpems mporecc nmostydenus yciaoBuit
Pa3peIIMMOCTH UHTEIPAJIBHOM CUCTEMBI B BI/IE YCIOBUINOPTOROHAILHOCTYA HA OCHOBE YCJIOBHIl pa3peIInMo-
CTH COOTBETCTBYIOIIEH aIrebpanvecKkoil CUCTEMBIRKAK HaM KayKeTCsl, paHee He OLUCHIBAJICS. Y YUThIBAs M-
POKO€ IIPUMEHEHNE TEOPHUY NHTETPAJIBHBIX YPABHEHMIL B TPUAKJIATHBIX 38/1a9aX, aBTOPHI COWIN HEOOXOAMMBIM
[IPUBECTH TOAPOOHYIO CXEMY PEIIeHUs] NHTErPAJILHBIXUGHCTEM C BBIPOXKJICHHBIMU sIIPDAMH B MHOTOMEPHOM
clydae U peajin30BaTh 3Ty cxeMmy B nporpamme Maple. O6parure Bunmanue, aro B8 Maple ¢ momoripio mpo-
ey phl intsolve PEmaloTCst TOJIBKO CKAJISAPHELIE MHTErPAJIbHBIE YPABHEHNsI. ABTODBI HE HAIILIN AHAJIOTUIHON
METOJMKH PEIIeHUs] CUCTEM MHTErDAJBHBIEX yPDABHEHUI, 109TOMY pa3paboTaiu COOCTBEHHYIO METOIUKY.

Karouesvie caosa: NHTErpaJIbHBIONIEPATOD, BEIPOXK/IEHHOE SIIPO, IIpOrpaMMHast poreaypa Maple, ckassp-
HO€ MHTEerpajibHOe yIIPaBJIeHUE.
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