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Abstract—1In this paper we establish conditions for the absolute convergence of series of rier
coefficients with respect to a generalized Haar system of a superposition of two functio
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itions for the absolute
necessary definitions.

In this paper we consider the problem stated by P. L. Ul'yanov a
convergence of Fourier series for superposition of functions. 3 us recall

Let L]0, 1] = Ly be a Lebesgue space with the norm
1

[flli= [ |f(z)

and let Ly[0,1] = Lo be the space of essentlally 0 Lebesgue measurable functions on the
segment [0, 1] with the norm ([1], P. 12)

[1flloo f(z)

x{pn} of this class is defined by a e of natural primes {p,}. B. 1. Golubov [3] has defined the
class of systems x{p,}, where {p r trary primes no less than two. In [4] B. 1. Golubov and
A. 1. Rubinshtein considered s for a bounded sequence {p,}.

Let us recall the defini 0 system. Let a sequence {p,} of natural numbers such that
pn>2(n=1,2,...)be given: A generalized Haar system x{pxr} = {xn(t)} on the segment [0, 1] is
defined as follows 0,1]. If n > 2, then n =my + r(pr+1 — 1) + s, where mg = 1 and

mk:plpg...pk;‘k Q .3 T:O,l,...;nk—l; s=1,2,...,pk+1 — 1. Denote by A the set of
points in the for, omythe segment [0,1]. If ¢t € B, where B = [0, 1] \ A, then the expansion

t_iak(t) B
= , Oék(t)—o,l,...,pk—l,

N. Ya. Vilenkin [2] was first to cz& s x of complete orthogonal systems. Each system
ea

@ e.
Yow the function x, () = xj, ,.(t) is defined as follows:

2misay, 1(t) r o r+l1 .

Xn(t) = X(S)( t) = /MU €Xp pk;; , L€ (mk’ my, ) nB;
k,r 0 t¢ [ r r+1]
’ mg’ mg 1°

Since the set B is everywhere dense on [0, 1], the function x,(¢) is extended by continuity onto the
interval (," Tnfl) After that at points of discontinuity we set the function x,,(¢) to the half-sum of its
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2 AKISHEV

right and left limit values, and at the end points of the segment [0, 1] we set it to its limit values inside
the segment.

The Fourier coefficients of a function f € L with respect to the system x{p,} are defined by the
formula

1
an(f) = /0 F(&)xn(t)dt.

lfn=mp+r(prr1—1)+s(k=0,1,...;r=0,1,...,mp—1;s=1,2,...,pry1 — 1), then together
with a,, (f) one uses the denotation a,(:;zn(f).
Definition. Let a function ¢(z) of complex variable be defined on the complex plane Then

function ¢(z) € Lipp 1, if D > 0 exists such that
p(21) = @(22)| < Dl|z1 — 22| V21,20 € C.

A finite nonnegative function g(¢) is almost increasing on an interval (a, b) with & @ tC>0,if
g(tl) < Cg(tQ) for any ty,te € (a, b), t1 < to.

Denote by € the set of functions w(t) that are modules of continuity fogt € [0,
[fw € Qand a constant B > 0 exists such that

/%(t)‘it < Bw(s), €01,
0

then the function w(4) satisfies the Bari condition (w € B) on&e ment [0, 1] (see [5]).
Let a module of continuity w(d) and a nonnegative sequenc )}o°_, be given. For a function
f € L we set
Ay - (f) = Zw n T
-

Consider the class

A,r=A{ wB(f) < +oo}.
In the case 7 = 1 instead of A, ;(f), , e ely, we write A, (f), Ay

In the theory of trigonometric seri€s, Levi theorem is well-known ([6], pp. 92—97); it states that
if a 2m-periodic continuous functi m L f(x) < M, z € R, has the absolutely convergent Fourier
series, then so does the functio oon as the function ¢ is analytic on [m, M].

The converse propositi ed in 1958 by Katsnel’son: If on [m, M] a function ¢ is defined
such that for any function ,27), f(z) € [m, M], with the absolutely convergent Fourier series
the function o (f) alsodr@gythe lutely convergent Fourier series, then ¢ is analytic.

In the case w(t) @ question was studied by Marcinkiewicz, Rivier, and Sager. They proved
that (f) € Ase adband only if ¢ € J1 is the Gevrer class, 0 < a < 1([6], P. 186).

P. L. Ul'y

as formulated the problem in a general form: For which functions ¢ the
belongs to A, with any f € A,?
r—Haar coefficients this problem was solved by P. L. Ul'yanov in [8—13].

superposi
or t i
@ m . L. Ul'yanov). Let w(d) be a module of continuity; assume that 7(t) is an almost
icréasing function on [1,+00) with a constant C > 1, and 7(2"*1) < C37(2" +1),n = 0,1,... The
ality

Aur(p(f) < Aur(f)

is fulfilled with all f € L[0,1] and all ¢ € Lipp 1 for some C,, ; if and only if functions w(d), 7(t)
satisfy the (w, T)-condition

N .

D w(o272)r 2V +1) < Cur(2Y + 1w (5), §>0.

j=1
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ABSOLUTE CONVERGENCE OF FOURIER SERIES 3

Here

Apr(F) =Y w(lan(f))7(n)
n=1

In this paper we consider the problem stated above for the Fourier coefficients with respect to a
generalized Haar system x{p,} defined by a bounded sequence {p,}.
Let us first prove several auxiliary assertions.

Lemma 1. Let a system x{p,} be defined by a bounded sequence {p,} and ¢ € Lipp 1, f € L. T

the inequality
|ak | < D/ av XV ‘|X |dt
v=mn—+1

takes place fork = my, +r(pps1— 1) +s;7=0,1,...,my, — ;s =1,2,... ,ppt

Proof. By the assumption of the lemma {p, } is bounded. Therefore duego t va theorem
[14] the Fourier series for the function f € L with respect to the system nverges almost
everywhere (a. e.) on [0, 1], i.e.,

=S a (Pl =S a0 J(t)
; X ; xu(t) 49 X

a. e. on [0,1]. Due to the condition ¢ € Lipp 1 we have

‘ Zay

au<f>xu<t>‘ (1)

a.e. on [0, 1].

Now, taking into account the definition o<; >'1 coefficient and properties of the integral, we get
|ak | = ‘/ Xk & Zav 1/ ) Xk( )d
‘b @(Z au(f)xu(t))Xk(t)dt‘- (@)
v=1

= m, f(Hdt, te [

[t is known (see [4

r—1 r

r—1
mn

, , r=12....m,.
Mp  Mp

Therefor tervals of constancy of the function ¢< > au(f)Xu(t)> have the length T;n Hence,

=1
@ e x{pn} is orthogonal,
1 Mn

/ @(;au(f)xu(t))x;c(t)dt 0. (3)

<

Now correlations (1)—(3) give

[e.9]

Z Fxo(t ‘Ixu (t)|dt

V=mn

|ak

fork =my, +r(pps1—1) +s
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4 AKISHEV
Lemma 2. Let fo(t) = X' y(t), t € [0, 1]. Then

n—1Pk+1—1
t
|fo®)| = \/m"kzo ; X (t)/mu.
Proof. Let m = my +r(pgy1 — 1) +s,7=0,1,... ,mp —1; s =1,2,... ,pk+1 — 1. Calculate coeffi-

cients an, (| fo|). By the definition of the Fourier coefﬁc1ent and the function xn 0( ) = fo(t) we have

1

am(|fol) = /0 Fo(®) hom(B)dt = v/ /0 e (d)d.

Since x1(t) = 1, taking into account equality (4) (with m = 1), we obtain

1 1 1
) = [ Ok = [ 1ol =y, [ -
Letk <n. Then ! < ' Vr=12.. m—1ie,/(0,1)N (n’;k,q;fkl) =0
Therefore, equality (4) gives a., (| fo|) = a,”(|f |) =0 Vr=1,2,.

Butifr—othen(,n}n)c(o,m) Since 0 < b Vk=1

MEg+1

vmi t € (0,1 ). Therefore from (4) we get J
1
o210l) = v/ [

0 Mn

fors =1,2,...,pgy1 — L.
Thus, if k < n, then
7' <y P41 — ]-7
am(|fol) = ag (| fol) = ’ (5)

1, s=1,2,...,ppg41 — 1.
Letk =n,ie,m=m, +7(Pnt1 & the support of the function x,,(¢) does not intersect
n(s

(O,mn)forr—12 n—1T forr=1,2,. n—1,8=1,2,...,ppy1 — 1,
(1fol) = al)(| fol) = 0.
If » = 0, then |0, mln] is th the function Xﬁ%( ). Therefore, due to the orthogonality we have
(see(4))
(1fol) = alH(Ifol) = 0 Vs = 1,2,...,ppy1 — 1.
Thus, if k = en
am(|fol) = al)(|fol) = 0 (6)

—1;s=12,...,ppy1 — 1.
> 1. Then (07 Wik) C (Oa 'n%n) Hence, Win = pnwz;.pk < ":k Vr > Pn+1,-- -5 Dk, ie., (07 'n%n) N
™1y — (). Consequently (see (4)),

mg

a’m(|f0|) - ak r(|f0|) = 0 VT' > Pn+1- " Pk, VS = ]-727 s apk-l—l -1

Ifr=0,1,...,pps1- - px — 1, then ’;;’kl < mn. Therefore in view of the definition of the function x,, (%)
we have (see (4))

r4+1
am(|f0|) :/T * X]({:S,z'(t)dt:o7 r:0717"'7pn+1"'pk _17 s = 1727"'7pk3+1 _17
mp
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ABSOLUTE CONVERGENCE OF FOURIER SERIES 5
ie.,

an(lfo]) = ag) (1 fol) = 0 (7)
withk >n Vr=0,1,...,mr—1,Vs=1,2,... ,pp+1 — L.
Let £ =0, thenm = my +r(pps1 — 1) + s =1+ sand

1

1

callol) = a§30D = v [ B0 = )
Equalities (5)—(8) give
1 n—1Pk+1—1
SN vmm. O

|fo(t)] =
\/mn k=0 s=1
Lemma 3. Let w(d) be a module of continuity. If for some C, > 1 the follo uality is
fulfilled:
Ay (If]) £ CoAu (f) Vf € Lo, (9)
then

1
/w(w)dtgcw
.t

%
forany é > 0. Q
Proof. Let inequality (9) be fulfilled. Consider the funct Xn’%(t), t €10,1] and ¥6 > 0. Then in

view of Lemma 2 and inequality (9) we have
n—1Pk+1
AR =Y 2N ") < CLsld) (10)
k=0 "

Since w(t) is non-decreasing, we get

R R e
o M e

fork=1,2,...,
Summing these ualities and taking into account the boundedness of {p, } and (10), we obtain

1 @s ;éanpw(aﬁ:) < ;mco[gw(aﬁ:) +(d)

1 1
< 5 InCp [Cow(6) + w(d)] = 5 InCy [C,, + 1] w(0).
Proceeding to the limit with n — 400 in this inequality, we obtain the assertion of the lemma.

Theorem 1. Let w(d) € Q; assume that the function 7(t) is almost increasing on [1,+o00) with
constant C. Then any functions f € L and ¢ € Lipp 1 satisfy the inequality

o) my+41 v

Ap-(p(f)<Cd . > Z(pn+1—1>-T<mn+1>w<wmn|ak<f>|m;%>.

v=0 k=m,+1n=0
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6 AKISHEV

Proof. By the condition of the theorem, ¢ € Lipp, 1. Therefore, applying Lemma | and the properties of
the module of continuity of the function (), we obtain

0o mp—1Pny1—1

=32 >t r(pes = 1) + ) (lalhe (D))

n=0 r=0 s=1

00 Mmp—1Pnt+1—1 ::1 %)
SYD Y rlma el = 049Dy [ S antiato|ar)
n=0 r=0 s=1 mrn k=my,+1
o0 mn—l o0 r+1
<CY N (o — Dr(mng) > (D\/mn |ak(f \/
n=0 r=0 k=mn+1

1
Vi lag(f) s ?).

Since k > my,, the support of the function x(t) belongs to only one of segments | " erefore
with fixed k =m, +1,...,my41,
mn—1 r+1 r+1 Q
> oDyl [ aolit) = Dy lanr) [ s @o
r=0 mn
Consequently, from (11) we obtain
o0 o0
Aur (0(f)) = Z (P41 — 1) 7(Mng1) Z w(Dy/m %

n=0 k=mn+1

1
mn+1 D\/mn|ak( )|mV2)' g

(12)

is fulfilled with all f € L and a S L1 p 1 for some positive constant C,, if and only if the
function w(9) satisfies the Ba

Proof. Let w(0) satisfy th ndition. By Theorem 1 with 7 = 1 we have

(f))SCZ > w(Dymalag(f)lmy 2 ). (13)

v=0 k=m,+1n=0

Fork = S, My+1 We estimate the following sum from above:
v 1
@ S w(Dy/mala(f)lmy ).

n=0

g into account the property of the module of continuity and the inequality p,, > 2 for all n =
1,279, , we get

Mn4+1 n+1

/mnmy w(Dlar(f)It) >w(D|ak \/mn) . cit

:w(D|ak(f)|\/Zn)ln\/pn+1Z r12 w(D|ak(f)|\/Zn), n=0,1,...,v—1.
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ABSOLUTE CONVERGENCE OF FOURIER SERIES 7

We sum these inequalities and obtain

S Dy malan()imy ) _MZ /¢ w(Dlax(7)1)% +w(Dlax (7))

n=0

9 1
= 5[ el +elas). (4
vmy
Now, changing the variable u = D|ay(f)|t and using the B-condition, we get
1 dt Dlax(f)| du
/f w(Dlax(ID) ! = /D,jk(f), o)™ < CLDla(

Consequently, from (14) we obtain

v

S w(Dy/mala(flmy ?) < Cro(Dlax(f)]

n=0

Therefore inequality (13) gives

0 my+1
Alp(f)) <CCLY i w(Dlar(f)]) = CCy ar(f)]) < CCLAL(f).
v=0 k=m,+1 k
Inequality (12) is proved.
Assume that (12) is fulfilled. In particular, it is t the function p(z) = |z|, i.e.,
A, < f).
Consequently, due to Lemma 3 the function isfies the Bari condition.

Theorem 3. 1) Let a generalize
w(d) € Q satisfies the Bari condi

Au(f?) < CLAL(S) (15)
42¢ wl Aflf |l = 1.

2) If the syst s defined by numbers p, =p, n=1,2,..., then for the fulfillment of
inequality ( é essary that the function w should satzsfy the Bart condition.
Pra f rove the first item just in the same way as in theorem 1 from [9], using Theorem 2. For

econd item one should use Lemma 2 and repeat the reasoning of the necessity proof in

stem x{pn} be defined by a bounded sequence {p,}. If
1], then

for any functions f

k. In the case when the system x{p,} is defined by an unbounded sequence {p,}, the Fourier
series of the function f € L; does not necessarily converge a. e. (see [14]). However, if we consider the
subset S, that represents the set of all functions f € L; for which the Fourier series by the system {xp, }
converges a. e. on [0,1], then the assertion of Theorem 1 remains valid.

Note that the above assertions for the Fourier—Haar series were proved by P. L. Ul'yanov [8—13]. In
the case 7 = 1 Theorem 1 is proved in [15]. The absolute convergence a. e. of the Fourier—Haar series
of a superposition of two functions were studied by V. M. Bugadze [16].
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