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On construction of a field of forces along given trajectories
in the presence of random perturbations

In this paper, a force field is constructed along a given integral manifold in the presence of random perturbi-
ng forces. In this case, two types of integral manifolds are considered separately: 1) trajectories that depend
on generalized coordinates and do not depend on generalized velocities, and 2) trajectories that depend on
both generalized coordinates and generalized velocities. The construction of the force field is carried out
in the class of second-order stochastic Ito differential equations. It is assumed.that the functions in the
right-hand sides of the equation must be continuous in time and satisfy the Lipschitz condition in generali-
zed coordinates and generalized velocities. Also this functions satisfy the‘condition for linear growth in
generalized coordinates and generalized velocities. These assumptions ensure the existence and uniqueness
up to stochastic equivalence of the solution to the Cauchy problem of the constructed equations in the
phase space, which is a strictly Markov process continuous with.probability 1. To solve the two posed
problems, stochastic differential equations of perturbed motion. with respect to the integral manifold are
constructed. Moreover, in the case when the trajectories depend on generalized coordinates and do not
depend on generalized velocities, the second order equations of perturbed motion are constructed, and
in the case when the trajectories depend on both generalized coordinates and generalized velocities, the
first order equations of perturbed motion are constructed. And further, in both cases by Erugin’s method
necessary and sufficient conditions for solving the posed problems are derived.
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Introduction

The theory of inverse problems of differential systems in the class of ordinary differential equations is quite
fully developed in [1-6, etc.]. And set of ordinary differential equations is constructed along a given integral curve
in [1]. This work later turned out'to be fundamental in the formation and development of the theory of inverse
problems of the dynamics of systems described by ordinary differential equations. Formulations, classification of
inverse problems of differential systems are stated and general methods of their solving in the class of ordinary
differential equations are developed in [2—-6]. We also note [7—9], in which inverse problems of dynamics of
automatic control systems are considered in the class of ordinary differential equations. Methods for solving
inverse problems in. the class of ordinary differential equations are generalized to the class of Ito stochastic
differential equations in [10=14]. In this paper, the results of [15, 16], obtained in the class of ordinary differential
equationsjare extended to the class of Ito stochastic differential equations.

1 The problem of construction of a force field along given trajectories
(independent of velocities) in the presence of random perturbations

Let the trajectory
A ANz, y,t) =0, me A = Az, y,t) € 0312/?7 AeR! (1.1)
be given. It is required to construct a force field in the presence of random perturbing forces so that the
constructed force field has a given trajectory as an integral manifold

{ $:X1($7y7t)+31($ayvt)f, (1 2)
g:Yl(xayvt)+5l(xayat)£v )

*Corresponding author.
E-mail: v_ gulmira@mail.ru

98 Bulletin of the Karaganda University



On construction of a field of forces...

here £ = £(t,w) is random process with independent increments, which, following [17], can be represented as a
sum & = &+ [ ¢(p)PO(t, dp), where & is a Wiener process and P? is a Poisson process. P%(t, dyu) is the number
of jumps of P° on the interval [0,], that fall on the set du. c(u) is a scalar function mapping the space R? into
the space R! of values of the process £(t) for any t.

Definition 1. A function f(z,t) belongs to the class K, f € K, if z is continuous in ¢, ¢ € [0, 00|, and is
Lipschitz continuous in x and y ||f(z,t) — f(2,t|| < B||z — Z|| in the entire space z = (z,y)T € R? and satisfies
the condition ||f(z,t)|| < B(1+ ||z]|) of linear growth with respect to z with some constant B.

It is assumed that, X;(z,y,t), Y1(z,y,t), 01(z,y,t) and 71(z,y,t), belong to the class K, which ensures
the existence and uniqueness in the space R up to stochastic equivalence of solution (z(t),y(t), #(t),y(¢))* of
the system of equations (1.1) with the initial condition (z(to), y(to),#(t0),¥(t0))* = (z0,v0, %0, 90)T which is
continuous with probability 1 strictly Markov process [17].

The projections of the velocity of a material point &,y onto the coordinate axes x,y are determined from
the equation _

A=A+ a4+ Ay

Differentiating the last expression with respect to time, we obtain

A= Mt + M+ Agade + Aoy )3 + Aae + Ay + Ay ® 4+ Ny 0) 9 g =

= )\tt + )\tzjf' + >\tyy + )\a:acj;2 + 2>\myxy + )\x(X + 316) + )‘yyyz + )‘y(Y + 51£) (13)

To ensure the integrality of set (1.1) for the system of differential equations (1.2), following Erugin’s method,
we introduce the vector function A and the matrix B

Ay = A\ Nz y, 2,9,t), Br= Biw A 19,8, 9, 1)
with properties A1(0,0;z,y,&,9,t) = B1(0,0;z,y,&,9,t) =0, such that
A=A, +B&. (1.4)
In view of (1.3) and (1.4), we have
Ar = Mt 4 AMia + Ay + Aaad® 4+ 2Dy @9 + Ay + X X + 2V,

By =)\,01 + )\,,51

Let \2 + )\5 # 0 takes place, then
a) if A\, # 0 for any z,y, then

X1 = A A = Mpr®? — 2080 — Ay — N,Y) (1.5)
o1.= A1 (B1 — \,01) '
for any Y7, 071 from_ the class K;
6) if A, # 0 for any @, y, then
Y; = A;l(Al — Aaad? = 200y Y — Ay ¥? — Ao X) (1.6)
51 = )\y_l(Bl — )\wal) ’

for any Xy, drom the class K.

Theorem 1. A necessary and sufficient condition that the set of force fields (1.2) has a given trajectory (1.1)
in the presence of random perturbations from the class of processes with independent increments is that one of
conditions (1.5) or (1.6) be satisfied.

2 The problem of construction of a force field along given trajectories
(depending on wvelocities) in the presence of random perturbations

Let us consider the case when the given trajectory A depends on both generalized coordinates and generalized
velocities

A N, &,y,9,t) = 0, where A = Nz, &,y,9,t) € Cy2. %1, A € R'. (2.1)
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It is required to construct a force field in the presence of random perturbing forces so that the constructed force
field has a given trajectory as an integral manifold

{ & = Xo(x,y) + 02z, y)n, (2.2)
i = Ya(w,y,t) + Gal, 5, )7, '

here n = n(t,w) is scalar Wiener process [17].
Let us compose the equation of the perturbed motion relative to a given trajectory (2.1). To do this, we

differentiate (2.1) with respect to time and obtain
A=A 4 Ao 4+ NaZ + AT+ Ngij =
= A+ Aa(Xa + Bi) + Ayl o+ Ay (Ve + ) + 5 (M3 + Xy53). (23)
Further, following Erugin’s method [1], we introduce the vector function Ay the matrix B
Ay = As(N@,y,4,9), By = Ba(X\w,y,4,9)
with properties As(0;z,y,2,y) =0, Ba(0;,y,4,y) = 0 such that
A= Ay + Bai. (2.4)

In view of (2.3) and (2.4), we arrive at the relations

1
Ay =X+ A X + A0+ Y + 5()\503';‘72 + )\w‘72)
By = \;02 +Ay02.

Let A + A7 # 0 takes place. Then
a) if Az # 0 for any z,y, then

1
{ Xo =M (Ag — Aot — Ay + Ny Yo — 5(/\03:&02 + Ajy03)) (2.5)
Ga = \; (B = Nyaz)
for any Y5, 09 from K
b) if Ay # 0 for any z,y, then
1
{ Vo =X (Ag — Aot — Aa X + Ay — 5()\9::1:‘72 +Xyy03)) (2.6)
09 — )\;1(32 — A:01)

for any X5, 05 from the class K.

The following theorem holds.

Theorem 2. A necessary and sufficient condition that the set of force fields (2.2) has a given trajectory (2.1)
in thepresence of random perturbations from the class of Wiener processes is that one of conditions (2.5) or
(2.6) be satisfied.

Conclusion

Thus, the article deals with stochastic problems of constructing a force field along given trajectories. In the
first section trajectories depend on generalized coordinates and do not depend on generalized velocities. And in
the second section trajectories depend on both generalized coordinates and generalized velocities. The obtained
results extend Galiullin’s some statements [2,3] on the construction of a force field from a given family of
trajectories in the class of ordinary differential equations to the class of second-order stochastic Ito differential
equations.
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M.BI. Tiney6eprenos, I''K. Bacumuna, I'A. Ty3zenbaeBa

Kezneiicok TypTKi OoJsiraHaa OepijireH TpaeKTopHuaaap
OoiibIHIITa KYINTEP OPICIH TYPFBI3Y TYPAaJIbl

Maxkanana ke3meitcok TypTKIey i Kymrep 60araHIa OepiireH HHTEerpaablk KomoeitHe OOMbIHITA KYIITIK
epic Typre3pUIFal. Byu apaja nHTErpasablK KenbeiiHeHiH eki Typi KeKe KApaCThIPBUIBL: 1) JKajlblIaHFaH
KOOpJUHATTApFa TOYEJ/Ii KOHE >KAJIbLIAHFAH KbLIIaMIbIKTapIaH TOYEJICI3 eMeC TPAeKTOPUsjIap KOHE
2) KaJIbUIAHFAH KOODIMHATTAPFA 1A YKAJIIBLIAHFAH KBUITAM/IBIKKA J1a TOYeJ Il TpaeKTopusiap. Kymrik
epicti TypreI3y ekinmr perti to croxacTukasibik guddepeHnnasiIbK, TeHIeyIep KIaChHIa KYprisiaei.
By apana, Tengeyaig oH karblHA KipeTiH (pyHKIHIAP, YAKBIT OONBIHINIA Y31LTiCCi3 XKoHe JIe YKAJbLIaHFaH
KOOPJIMHATTAP YKOHE YKaJIbLJIaHFaH KbLIIaMIBIKTAP OOWBIHINA JIUIIIUIL ITapTHIH KaHAFaTTAHIBIPATHIH, CO-
HBIMEH Oipre »KaJIbIJIAHFAH KOOPJUHATTAD YKOHE KAJITbIJIAHFAH XKbIIJIaM/ILIKTAp OOMBIHIINA CHI3BIKTHIK OCY-
T KaHAFATTAHBIPATHIH 60Tybl Oo/KaMIa el Byt 6omkaMaap dha3aiblk KEHICTIKTe, TYPFBI3BLIFAH TEHJIE-
ynepain Komm ecebini, menriminis, y3igicci3 1 bIKTUMAJIBIKTEI KATAH MapPKOBTIK yIepic OO/IBIT TaObLIATHIH,
CTOXACTUKAJIBIK dKBUBAJEHTTIKKe JeiiHri 6ap OOJIybIH YKOHE »KAJIKBIJIBIFBIH KaMTaMachl3 ere/ii. Koiburran
€Kl eCemTi MIerTy YIIiH TYPTKIJIEHTeH KO3FAJIBICTBIH CTOXaCTUKAJBIK JuddepeHInaIIblK TeHIeyaepi nHTe-
rpaJIAbIK, KOIbeitHe OONBIHITIA TYPFBI3bUIALI. 2K aIIbIIaHTaH KOOPAMHATTAPTA TOYEJI Il YKOHE JKAJTbLIAHFAH
KBUTIaMIBIKTapIaH TOYEJICI3 TPAEKTOPUAIAD >KAFAalbIH/Ia, eKIHIIT PeTTI TYPTKIJTEHIeH KO3FAJIBIC TEHJIEY-
JIepi; aJ1 >KaJblLIaHFaH KOOPJIMHATTAPFA Ja KAJIIBIIAHFAH KBLIIAMIBIKTAPFA & TOYEJI/II TPACKTOPHUIAD
JKarmaibIHga, GIpiHIT peTTi TYPTKIJIeHreH KO3FaJIbIC TeHJIey/Iepl Typroi3bllagbl. Opi Kapail, Epyrun omici
OOMBIHINIA €Ki KaFmaiia Jla KOMBLIFAH eCenTep/IiH IIENIIYIHIH KaXKeTTl »KOHE >KEeTKIIKTI mapTrrapbl KO-
PBITBLIBIN IBIFAPBLIIBL.

Kiam cesdep: croxacTHKAJBIK, AnddepeHInaIblK TeHIEeyIep, KEPL eCEnTep, OPHBIKTHLIBIK, MHTETPAJIIBIK,
Kerbeiine.

M.U. Trey6eprenos, I.K. Bacumna, I A. Ty3zenbaeBa

O IIOCTPpOEHHUMA IIOJIA CHUJI 110 3aJaHHBIM TPAaEeKTOPpHUAM
IIpn HaJINM4YUN Cﬂy‘{aﬁHI)IX BO3MYHJ;€HI/II71

B craTbe mocTpoero cuioBoe mosie mo 3aJaHHOMY WHTErPaJTbHOMY MHOTOOOPA3UIO P HAJIUIUH CJIy YalHBIX
BO3Mymaomux cuit. [Ipu 9TOM 0116/ IbHO PACCMOTPEHBI JBa BUJA HHTEIPAIBHBIX MHOroo6pasuii: 1) TpaekTo-
PHH, 3aBUCAIIAE OT 0OOOLEHHBIX KOOP/IMHAT U He 3aBUCSIIIIE OT 00OOIIEHHBIX CKOPOCTEl, U 2) TPaeKTOPHH,
3aBUCAIIIE KaK OT 000DIIEHHBIX KOOPAUHAT, TaK U OT 0000IIeHHbIX cKopocTeii. [locTpoenne cujioBoro moJist
MIPOBOUTCS B KJIACCE CTOXACTUIEeCKNX nuddepeHnnaibHbiX ypaBaennit Vito Broporo nopsaka. [Ipu sTom
[IPEeJIIoJIaraeTcsl; 970 (yHKINU, BXOSIIE B IPABble YaCTH YPABHEHWS, JIOJKHBI OBbITh HEIPEpPbIBHBIMU
10 BPEMEHU W Y/IOBJIETBOPSITH ycjaoBuio Jlummura mo 0600IEeHHBIM KOOpAnHaTaM 1 00OOIIEHHBIM CKOPO-
CTsIM, & TaKKe YCJIOBUIO JIMHEHHOTO POCTa MO 00OOINEHHBIM KOOPAUHATAM U OOOOIIEHHBIM CKOPOCTSAM. DTHU
[IPEJIIOJIONKEHNST 0DECIIeInBaIOT B (pa30BOM IIPOCTPAHCTBE CYIIECTBOBAHUE U €IUHCTBEHHOCTD 0 CTOXACTH-
YECKOM SKBUBAJIEHTHOCTH PeITeHnst 3a1a9n KON TOCTPOEHHBIX yPABHEHUI, SIBJISIOIIETOCS HETTPEPBIBHBIM
C BEPOSTHOCTBHIO 1 CTPOro MApKOBCKHMM IporieccoM. Jljis pelreHusi MOCTaBJICHHBIX JBYX 3aJad CTPOATCS
croxactuyueckue JuddepeHImaibHble YPABHEHUsI BOSMYIIIEHHOTO JIBHKEHUsI OTHOCUTEJBHO NHTEIPAJILHOIO
MHOPOOOpazusi. [Ipuuem, B citydae, KOrjga TpaeKTOPUU 3aBUCST OT OOODOIIEHHBIX KOODJMHAT W HE 3aBUCST
oT 060BITIEHHBIX CKOPOCTEM, CTPOATCS YPABHEHUsI BO3MYIIIEHHOTO JBUXKEHUS BTOPOrO HOPSJIKA, & B CJIydae,
KOTJIa TPAEeKTOPUU 3aBUCIT KaK OT ODODINEHHBIX KOODIUHAT, TaK U OT OOOOIIEHHBIX CKOPOCTEM, CTPOSITCS
ypaBHEHUsI BO3MYIIIEHHOTO JIBUXKEHHUsI MepBoro mopsinka. U gamee, meromom Epyrumaa B 060mx cirydasix
BBIBOZATCS HEOOXO/IMMBIE U JIOCTATOYHBIE YCJIOBUSI PEIIEHUsI TIOCTABJIEHHBIX 3a/1a4.

Kmouesvie crosa: croxactudeckue quddepeHnnaibHble ypaBHeHUsI, OOpaTHbIE 33/1a491, YCTONYNBOCTh, UH-
TerpajibHOe MHOIooOpasue.
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