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TYTHIHYyIBLIAPABIH AKNAPATTHIK-TEJIeKOMMYHHKANUSIBIK 0iJ1iM TeXHOJIOTHsIJIapbI
canacbIMeH KaHAFaTTaHAbIPbLIYbIH OaFrajay

Makanana TYThIHYLIBUIAP/BIH KaHAFATTaHABIPBUTYBIH aHBIKTAUTBIH Oaranay ofici MEH ColiKec cayanHaMaaaH
KypajFaH Oaranay jKyieci KenTipiireH. AKIapaTThIK-TeJIeKOMMYHUKAIMSUTBIK O1TiM TEXHOJIOTUSIAPBIHBIHBIH
carachlH Oarajiay cayaTHaMalapIblH HOTIKEJICPIHIH HeTi31H/Ae aHbIKTAIFaH.

b.M.Hypnanosa

Onenka YAOBJIETBOPECHHOCTH HOTpeﬁﬂTeﬂeﬁ Ka4vYe¢CTBOM HH(bOpMaIll/IOHHO-
TCJICKOMMYHUKAITUOHHBIX OﬁpaSOBaTeﬂLHLIX TEXHOJIOT Uil

B cratbe pa3zpaborana crcteMa OLCHUBAHHS, COAEPIKAIIasi METOJ] OLCHKH ¥ COOTBETCTBYIOILYIO aHKETy IUIS
OTIPEJICNICHAST YIOBJICTBOPEHHOCTH TOTpeduTeneil. OmeHka KadyecTBa HH(POPMAIMOHHO-TEIEKOMMYHHUKA-
IIMOHHBIX 00PA30BATENHHBIX TEXHOJIIOTHI OTIPEIEIIETCS Ha OCHOBE 00Pa0OTKH PEe3yITbTATOB aHKSTHPOBAHMS.
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Numerical solution of initial-boundary problem for the Helmholtz equation
on «discretization — optimization»

In this paper we consider the solution of inverse problems on a «discretization — optimization». Considering
the direct problem in discrete form, we calculate the functional gradient in a discrete form, using the formula
for summation by parts, we obtain the formulation of the conjugate problem in discrete form. Construct an algo-
rithm for-solving the inverse problem. Numerically solve the inverse problem. And also performed numerical
calculations for the solution of inverse problems.

Key words: numerical solution, initial-boundary problem, discretization — optimization, Helmholtz equation,
inverse problem, Landweber iteration method.

Introduction

In this paper [1] considered the Cauchy problem for the Helmholtz equation, the authors present
the theoretical research of the problem. Solution of the problem is considered scheme «optimization — dis-
cretization». Initial problem is reduced to the inverse problem, which is written in operator form. Operator
equation reduces to the problem of minimizing the objective functional. We write the functional gradient.
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Construct an algorithm for solving the inverse problem. For the numerical solution using discretization direct
and conjugate problems.

Numerical solution of initial-boundary problem for the Helmholtz equation
on «optimization — discretizationy

Consider an algorithm to solve the inverse problem scheme «optimization — discretizationy.
Algorithm to solve the inverse problem using the method Landweber.

1. Choose an initial approximation ¢,.
2. Suppose we know ¢,, then numerically solve the direct problem:
u, tu, + Ku=0, (x,y)eQ;
u,(0,y)=0, ye[0,n};
u(l,y)=q(y), yel0,n};
u,(x,0)=u (x,n)=0, xe[0,/],
where & — datum constant.
3. Calculate the value of the functional: J(q)=|4q - f]" = _Tf[u(O,y;q) — fW] dy.
4. If the value of the objective functional is not sufficiently Osmall, then numerically solve the conjugate
problems:
Y+, Y =0, (69) e
y(l,y)=0, yel0,n};
v,(0,)=2(u(0,y) = £(»), w €[0,7];
v, (x,m) =y, (x,0)0=0, xe[0,/].
5. Calculate the gradient of the functional Jg= vy ([, ).
6. Calculate the next approximation ¢,,, =¢,—oJg; and go to step 2.

1
Here a=| 0,— | [2].
[ 4 ]

Discretization of the inverse problem

For the numerical solution of the direct problem, first consider the discrete formulation of the problem.
. . . / s e
We construct in € sa grid,w, with step ~ =—,h, =—, where NN, — positive integers.
- N, N, ’

Then o, = {x=ihx, y=Jjhsi=0,N_,j =0,Ny}. Corresponding discrete form of the direct problem

for Helmholtz equations

i+1 i i—1 i
u; Zuj +u; u

i i
2”/+”/—1

Jj+1 2.0 _
5 5 +k*u', =0; (1)
h; h, !
uh —uf =0; )
uj.vx =4q;; (3)
=iy il 0. @
Objective functional has the form
N,-1 )
J(q)ZZ[u?_fj] .hy‘
j=0

Cepusa «MaTtemaTtukar. Ne 3(75)/2014 115



D.B.Nurseitov, S.E.Kassenov

Corresponding discrete form of the conjugate problem:

hiz(\llff” -2y +\|/f'].’1)+hi( v =2y gl 1)+k2 =0, (5)
v = =2(u) - 1) (6)
V=0 )
Vi-vi=vh —wl =0 )
Gradient of the objective functional has the form
Tg) =,

y

Numerical solution of initial-boundary problem for the Helmholtz equation
on «discretization — optimizationy

We consider the problem (1)—(4):

H—l

u; 2u +u Uy, 2u +u W
+ +ku, =
h2 h2
x y
0 _
u —uJ—O,
Nx—

i i 0 I _
Uy g =y —uNyfl—O.

Objective functional we approximate in the form:
N,-1

J(q)= ZO [ = T h,.
=
We specify increment g; +0q,, then
uy ~u(x,v39,);
@) ~u(x,y;q7 +38q");
o) =, . ©
Using the notation (9), we'calculate increment of the functional J (q)
N <l N -1

J(q+8q)— J(q)—Z[ ~fT-h, —Z[u ~fTh, —ZSu 20wl = f,1-h, +o(||3u]). (10)

For expressions to 8u}«we consider the formulatlon of the perturbed problem for equations (1)—(4):
1

T Vo =2 v ) R =0 (D
- =0 02

;" =g, +3q;; (13)

A ) 4

From (11)~(14) we subtract relations (1)~(4) and granting this (9), we obtain for the increment &u'
of the problem:
1 i+ i— i i i _
;(5 ' 28]+ 8ul ) + e (Sum —20u' +8u_, )+ k*Su, = 0; (15)
X v

Su', —du? = 0; (16)
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Su,* =38q,; (17)

Sul —dul =dul, —dul, | =0. (18)
y y
Summation by parts formula: A'v=v"" '
o (Alv,w)=v"w" ='W — (AT w);
o (A7'v,w)=v""w" "W -V ATw).
Multiplying (15) by an arbitrary function ', sum over i from lto N,—1and j from I to N, -1

N1N1

0=h, -h, - Zz{ (Bu"" — 28uf + Bul ")+ = (8u1+1—28uj+8u;1)+k28u;}|11=
" y

=1 j=1
N_ -1 - N -IN -
h N -1 ¥ Nx 1

Y h S o o
=2 3 [ (ABu, ') — (A 'Su, )]+h— Z[(Ajesul,w;)—(Aj,lsu',w;)}kzhxhyZ Mou'y' =

x Jj=1 y i=1 j=1 =l

< -1 i Ai- -1 iA
=23 ey —duly - G, AN ) =8y S+ (Su Ay ) |+

X

h, [0 i i i J [ . i i &
T z |:6ufl\/y\|li\’y1 — Sy, —(Bu, ALy )_Suflvflwl”’y RRORACIAAY )}+k2hxh Z‘ Z‘
B hy My N, Nt Ny 0, 1 0 i i-1
=3 ul _5 WO Sl (! — i) (Sl Ay, — ATy ) [+

N1N1

[BuN (\vN . \vN )+ ug (W — W) +(Bul AN — Ay )}+k hxhyz ZBu =

=1 j=1

2

N1N1

H— i— 1 i i i i i
=hh, Y Z{ "2 ) R (V- 2v +\|f,«1)+k2w,}6u, +
)

=1 j=1

o s oy s syt — ) | | Supwl —wi) - 8ul (wh -l )
+hy . Z J v J J SN Lk hx 2 bl y y )
=1 hx i=1 hy

Whence it follows the conjugate problem formulation the discrete form:

2y ey W20 ) R =0 (19)
v —w? =2(uj ~ f7); (20)

N

v,*=0; (21)

(\v

VimWo =Wy~ =0, (22)
Then, using (10), we obtain the gradient of the functional
J(q)= Wy, ;l\VNX—l,j '

Y

(23)

Here ', is a solution of the conjugate problem (19)—~(22).

As we see the conjugate problem formulation (19)—(22) coincided formulation the conjugate problem

(5)~®).
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Description of the numerical experiment

Suppose /=1, N, =N =20, we choose a parameter k =0.9. For the experiment, we take a piecewise

constant function:

q:(y)=

3n
02, —<y<nm
4
Specify the initial approximation ¢,(y)=0.1, try to restore the original exact solution. Landweber
iteration step we define a=0.01.
Computational experiment no noise (€ =0")

We consider a computational experiment, when data of the problem are given exactly. In table (1)
presents the results of the calculation with the time of execution.

Table 1

Results solutions Landweber iteration method no noise

Number iteration, n ||qT - q" J(q) Runtime, ¢
10 0.3185 0.006 4
100 0.2327 5.13-10°° 40
200 0.2302 3.27-10°¢ 80
257 0.2294 3.00-107¢ 108

lla-a_nl| 0.7

107
10°
10°

10"

10°

1057|\\\\l\\\\l\\\\l\\\\l\\\\l\\ ST T D S W S
0 50 100 150 200 250 0 05 1 15 2 25 3
n

Figure 1. (Sign ¥) — norm difference exact function and Figure 2. (Sign ¥) — exact solution ¢(y), (sign A) —
reduced function ||g, —§|, (sign A)— value functional solution method Landweber

J(q,)

Figure 1 Comparison of the values of the functional and the error function. Figure 2 showing graphs
of the exact and approximate solutions.
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Computational experiment with noise (€ =0.01)

Figures (3) and (4) and the table (2) shows the calculations, when € =0.01.

Table 2
Results solutions Landweber iteration method with noise 1%
Number iteration, 7 "‘Ir - q" J(q) Runtime, ¢
0 0.5999 1.712 0.4
10 0.3028 6.19-10°
20 0.2534 1.88-107° 8
37 0.2339 3.23.107* 15
0 10 2:? 3'0 4‘0 ! (I) ! OIS i ‘1;/5‘ 5 2‘5 ..’I*;
Figure 3. (Sign ¥') — norm difference exact function and Figure 4. (Sign ¥ ) — exact solution ¢(y), (sign A) —

reduced finction g, — g, (sign A)— value functional J(g, ) solution method Landweber

Figure 3 Comparison of the values of the functional and the error function. Figure 4 showing graphs
of the exact and approximate solutions.

In the numerical solution of inverse problems using two schemes, the first scheme of «optimization —
discretization» and the second scheme. «discretization — optimization». In it was shown, that the scheme
«discretization — optimization» the most effective, than the scheme «optimization — discretization». In our
paper we show that, for the continuation problem for the Helmholtz equation, the two schemes for solving
inverse problems identically, because formulation of the continuation problem (19)—(22) on a «discretization
— optimization» same’as withrthe formulation of the continuation problem (5)—(8) under the scheme
«optimization — discretizationy.
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J.b.Hypceiiitos, C.E.Kacenos

«Anckperrey — OHTAHIAHABIPY» YJITi 00olibIHIIA ['e1bMIoJib1 TEHAeYi Yl
0acTANKBI-IIEKTIK ece0iHiH CAHABLIK MIenriMi

Makanana «IUCKpeTTey — OHTAIIaHABIpy» YITi OOMWBIHINA Kepi ecemnTi ety KapacTelpsurran. Typa ecenrti
JUCKPETTI TypAe 3epTTen, (YHKIHMOHAT TpagveHTi AUCKPETTI TypJAe ecenTeimi, OeikTen KOCYAbIH
(hopMyTachH MalilaaHbIl, TYHIHAEC ecenTiH KOWBUIBIMBI JUCKPETTI TypAe aibHabl. Kepi ecenti menrymin
anropuTMiH TYprb3bUIAbL. Kepi ecen caHablk omicmen mremrinai. CoHbIMEH Karap Kepi ecen ILIemiMi
GoiibIHIIIA CAHIBIK €CENTeYIIep KeNTipini.

J.b.Hypceutos, C.E.Kacenon

YucjaeHHoe peuieHue HaqaﬂbHO-KpaeBOﬁ 3a/la'vim NJIsl YPaBHCHUSA I'eabMroabna
Mo CXeMe «(IMCKpPETU3aANUA — OIITUMHU3 AU

B pabote paccMoTpeHo perreHne 0OpaTHBIX 3a1ad 0 CXeMe «IUCKPeTH3aIys — ONTUMA3anmsy. [Ipsvast 3a-
Jada pacCMOTpeHa B IUCKPETHOM BHIE, BBIUHCICH TPaAueHT (yHKIWOHATa B JUCKPETHOM  BHIE
C UCTIONB30BaBIIEM (OPMYIBI CYMMHpPOBAHHS IO YacTSM, ITOJydeHa IIOCTAHOBKA COIPSDKEHHON 3a1adu
B IUCKPETHOM BuJie. [IoCTpoeH ainroputM pemieHus oOpaTHOM 3a1a4yM, YHCIEHHO pelieHa o0paTHas 3ajaya,
a TaKXKe MPOBEJICHbI YUCIICHHBIE PACYETHI 110 PELICHHUIO OOPATHBIX 337au.
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