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Nonlocal problem for degenerating elliptic-hyperbolic equations

In this paper investigated issues L,-strong solvability of nonlocal problems for a degenerate equation
of mixed elliptic-hyperbolic type. The peculiarity of this problem is the area in the hyperbolic part is not
characteristic triangle, and the availability of additional internal boundary condition. Criterion of uniquely
strong solvability of the problem is found.
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Statement of the problem

We consider the following boundary value problem:

Lu=—tD}u(x,0) - Dlu(x,0) = f(x.1), (t,%) €0; )
DJu(0,0)= Dju(m1), j=0.1 t<(-TIT); @
D/u(x,~T) =p,;D/u(x,T), j=0,1, x €(0,2m); @
u(r ) =y(x), x e (052m), )

where D, =0/0t, D, =0/ 0x, Q ={x,t
Next, we put that

O0<x<2m,-T<t<T}.

{t’s - f(x,0) € L(Q),e > 05y €W, (0,2m),1, € C, j =0,1, )

T <+,
t e [—T,O] — is the fixed point.

For problem (1)—(3) we shall study.questions.of existence of L,-strong solution which, in addition to the
conditions of continuity of the solution on the line 7 = 0 of the parabolic degeneracy must satisfy the condi-
tion (4).

Equation (1) at >0 belongs to the elliptical type, and at ¢ < 0— it belongs to the hyperbolic type.
Boundary value problems forequations of mixed type (1) have been studied, for example, in [1-6].The prob-
lem (1)—(3) differs from the previously considered ones by that, firstly, in the hyperbolic part the domain is
not characteristic triangle, secondly, by the presence of additional conditions (4). In [3] the Dirichlet problem
for equation (1) was considered. It was possible to apply and develop the methods proposed in [4] for equa-
tions with IT-operator coefficients to equations of mixed type (1). However, as follows from the obtained
results, it can be developed for equations with coefficients that are not P-operators.

The main purpose of this article is to examine the issues of L,-strong solvability of the boundary value
problem (1)—(3) under the conditions (5).

Criterion for the unique strong solvability

We introduce the necessary hereinafter definition and notations.
Definition. Function u(x,t)eL,(Q)is called L,-strong solution of problem (1)—(4) if the sequence

{u (x,t)}: c C?(0\{t=0}) " C(Q), satistying (2)~(4) will exist and such that

u™ —u(x,t),t *Lu™ (x,t) >t f(x,t) nipun — o 8 L, (Q)(e > 0).
LetJ, (z),N, (2),1,(z),K (z) — are the cylindrical functions (respectively, Bessel and Neumann func-
tions and modified Bessel functions).
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2&[11 (257K, (2537 - 1, (2537 K, (mﬁ)},o <I<T<Ty

N [Jl (<2591 )N, (<2552 = 7, (-259=1) N, (—2s\/—_t)J,—T <t<i<0;
Jo(25T ) =ply (258 )5 VT, (-259T ) =1, (2597 ) |

-Din; (¢',7) N (,-T)

Heren,(¢,7) is the Cauchy function [7] for the problems (13)(14)Y ={s| s =0,%1,42,..}:

Theorem. Boundary value problem (1)~(4) for any ¢ °f ee L,(Q), (¢>0), v € W, (0,2n) haswL, —
unique strong solution if and only if the following conditions are satisfied:
|A|£0V, €Y. (7

Here and further|B| is determinant of the matrix B. Condition (7) in terms of data(5) gives a complete

n, (1) = (6)

S

|[t=-T

description of the correct boundary value problems of the form (1)—(4).We note that from this theorem
the following assertions directly follow.

Assertion 1. If in the condition (4) ¢ = T, is accepted then the solvability conditions (7) of the problem
(1)—~(4) take the form:

N [Jl (-259T ) -1, (2sﬁ)] 20 Vs Y. (8)
Conditions (8) can be executed not for alls. For example, these conditions are violatedfors =0 if
p, =-1.

Assertion 2. If in the condition (4) ¢ =0, is accepted then the solvability conditions (7) of the problem
(1)—(4) take the form:

V. eY

S| T (2T (2T (T 0

In this case, at p, =, the boundary value problem (1)—(4) is uniquely L,— strongly solvable in L,(Q),
since the conditions:

s T |0, (29T ) 1y (259 ) 4.0, (25T )1, (2597 ) | 20,
will be performed for all s e Y by reason of the linear independence functions J, (2sﬁ ) and /, (2sﬁ ),

and also by reason of the validity of the following relations J‘O (z2)=-J,(2), ]O/ (2)=1,(2).
Proof of theorem. Decomposing right-hand side of equation (1):

fen=) fi(explis-x}, {x,1} €0, (10)
we will seek the solution of the problem (1)—(4) in the form:
u(x,t)zZus(t)eXp{is-x}, {x,t}eQ. (11)

seY
In this case, the boundary value problem (1)—(3) reduces to the study of boundary value problems for
acountable system of ordinary differential equations:

~tDu(t) +5* -u, (1) = f,(0),t € (=T, T);
Dtju;(T) =u.D'u’(-T),j=0,1,s€Y.

Jt s

(12)

Introducing the auxiliary system of numbers {vs ,SeY } , {(ps ,s€Y } , until temporarily unknown, instead
of (12) we consider the following boundary value problems:

{—tthus )+ -u, ()= £.(£),t (0, T); 03
u (T) = w,,, Du (T) =wv,,s €¥;

{—tD,ZuS () +5*-u, (t) = f.(t),t € (~T,0); i
u,(-T)=0,,Du,(-T)=v,seY.
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For problems (13) and (14) we obtain the following representation for their solutions:

0 ()= jn(zr)f()

dt+ o[ -Din, (t, r)]‘ﬂ +vum, (,7), te[0,T],s€Y; (15)

()

u (1)=— jn(t == dt+ g, [-Din, (1, r)] v, (6-T), te[-T,0],s€Y; (16)

where the functions m, (t,r) are functions of Cauchy [7] defined by (6).
Here the quantities v ,¢ ,s €Y are yet unknown. To find these unknowns, we use, firstly, conditions

of continuity of solution on the linez =0, and secondly, the condition (4) by taking into account the following
of expansion
w(x) =Yy, exp{isx}. 17)
seY
As aresult, for each s € Y we have:

|:J0(—2S\/7)—M010(2S\/7):|(PS —s’lﬁ[Jl(—2s\/7)—ulll(ZS\/T)}VS £

(18)
[-Din, (0] o+, T, = v,

where FS=S’1]. ’05[ (2s\/_) (r)+J( 2s\/_)f( r)}dr Y, \413+J-n (£, )t f (1)

Condition for the solvability of system of algebraic equations (18) is its. non-zero determinant, which
defines the condition (7) of the theorem.
Now we define from the system of equations (18) unknown quantities ¢_,v, by the formulas

_Ia|
A

s

s

, —VseY 19
N (19)

S

where as usual, matrices A, ,A, are obtained from the matrix A by the replacement of the corresponding

columns elements F,,'V_.

Next, substituting (19) into (15) and (16), we obtain the final representation of the solutions of bounda-
ry value problems (13)—(14):

f o 2oty 8, _
u, (1) = j n, (60T £ (DdT+ A uo[—DTns(t,r)lzT+ A Sulns(t,T),te(O,l),seY, (20)
2] LA
u, (1) =~ jn (1,97 Sil-onen] g WD (T 0 sy @D

Now we get L,— estimates for the solutlons (20)—(21) that are uniform at s € Y, i.e. estimates of the
form (here ¢ > 0.):

pon <G [ 1.0 S J VseY: 22)

< _
L,(-T,0) — CZ[ t

where the constants C, ,C, do not depend on s.

L, (0,T)

°f (t)“Lz(—T,O) + |S\|Is J VseY; (23)

First, we'll consider the estimates (22) of solutions (20). We estimate each summand from (20) sepa-

rately. For the integral summand, we will have:
2

Jee o, (24)

L,0.7) "

Tailns (t’ T)

L, ((0,7)x(0,7))

T
[n@oe!

According to (6) for finite s function t°"'n (z,T) on the right of (24) has a singularity only at 7 — 0+

and 1 > 0. Namely, expression Tg_lns (t,7) has the order t°°*’, i.e. has a squared integrable singularity. It re-

mains to consider the case, when s| — . In this case, using the asymptotic representation of cylindrical
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functions /,(z) and K, (z)for large values of the argument, for the above multiplier we obtain the order,

equal to s~'that shows the boundedness of this multiplier in this case under consideration.As a result,
we obtain the boundedness of the first multiplier from (24) by constant, independent of s.
We estimate the second summand in (20). As well as in the estimate of the first summand, we will ana-

lyze the case: ¢t — 0+ and|s| — . At t - 0+ and at finite s expression [—Drlns (t,r)]‘ . tends to 7, (ZSﬁ),
and in the case |s|—>oo it tends to a finite value. As for large s determinant ‘Aw‘ has the order

|s|_2’5 exp{2s\/7 }, and|As| has |S|_1’5 exp{2sﬁ }, respectively, then their ratio ‘A%‘/ |As| has the orders™'

.Thus, the second summand in (20) is also bounded by a constant independent of's.
It remains to estimate the third summandin (20). In this case we have

N (6, T) = s 'NT1,(2s\T)att — 0.

s|— oo, it has the order s~'. By virtue of the fact thatA, has the order

And in the case when >0,

|S|_1’5 exp{2s\/7 }, the ratio ‘AVS ‘/ |As|is bounded. Thus, the boundedness of the third summandin (20) by
a constant independent of s follows from here.

So we have established the validity ofthe estimate (22).

Using the properties of cylindrical functionsJ/, (z) and N, (z) at |z|—>0 and |z|—>oo, analogously

the validity of a priori estimate (23) for the solution (21) is established.
Finally, fromestimates (22) and (23) a priori estimate for the solution of (12) directly follows:

(O, gy < CD A A } Y, €Y, (25)
where constant C independent of's.
Now, using the equality
el o 522 OL, 7.,
From (25) a priori estimate for the solution of the bounzleary value problem (1)—(4) follows:
0, <€ t’ELuHLZ(Q) : (26)

where operator ¢ °L is defined as the closure of the differential operation L in L,(Q)from (1), defined

on smooth functions subject to the boundary conditions (2)—(3) and condition (4) (that corresponds to the
definition for L,— strong solution). Thus, the estimate (26) is valid for any function from definition domain

of operator ¢ °L, i.e. the bounded inverse operator exists:
L't cD(L't") = L,(Q).
Hence, the boundary value problem (1)—(4) is uniquely solvable for arbitrary ™ f € L,(Q),y € W, (0,1).
Indeed, D(L_ltg) contains all finite sums of the form (10), multiplied byz™°, and all finite sums of the form
(17), therefore, the operator D(L't°) is given on a dense set and by virtue of the boundedness it can be

extended by Continuity to the entire space of functions for which? ™ f € L,(Q),y € W, (0,1).

Thus, at'the unique solvability of boundary value problems (12) and at the presence of estimates (25),
the validity of the theorem follows.
On the other hand, at disarrangement of the unique solvability of at least one of the boundary value

problems (12), we have that a nontrivial solutionu (f) of the corresponding homogeneous equation exists

and, in this case, the function u ()" exp{isx} is a non-trivial solution of the homogeneous problem (1)—(4).
In this case when at the unique solvability of each boundary value problems (12) the presence of a pri-

ori estimates (25) that are uniform on s is violated, i.e. there are sequences { S } L {ws,, } L such that

e, (t)qu(fr,T) > CD L0

+|sw,

}, n=12,...,

Ly (-T.T)
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then the operator L't°is bounded on a dense set (on the finite sums of the type (10) multiplied by ¢°, and
on the finite sums of the type (17)). However, it is unbounded. This gives a proof of the necessity of the the-
orem conditions.

Thus, theorem is completely proved.

References

1 Cabumos K.b. 3agaua [lupuxie Ui ypaBHEHUs] CMEIIAHHOTO THIIA B MPsSMOYroibHON obmactu // Jlokn. PAH. — 2007. —
413 (1). — C. 23-26.

2 Cabumos K.b., Mapmemvanosea H.B. HenokanbHas oOpaTHas 3aja4a Uil ypaBHEHHUs cMellaHHoro tuna // 13B. By30oB. Ma-
tematuka. — 2011. — Ne 2. — C. 71-85.

3  Coxaose P.F. O mepBoil kpaeBOW 3amaye /Ui ypaBHEHHI CMEIIAHHOTO THIA B mpsmoyronbHuke // Juddepenimanbabie
ypaBHeHmst. — 1983. — T. 19. — Ne 1. — C. 127-134.

4  Iexy A.B. 3apaya ®paunkist 1ust runepboso-napadonuueckoro ypasuenus // Juddepennpansupie ypasaeHus. — 1974, —
T.10. —Ne 1. — C. 100-111.

5 Ilexy A.B. Pemenne 3anaun Opankis st ypaBHenus JlaBpentseBa — Bunanse // 13s. Kabapa.-bajikap. Hayu. mentpa PAH.
—1999. — Ne 3. —C. 34-37.

6 [esun A.A. Obume BOIpOCkHl TEOPHHU IPaHNIHBIX 3a1ad. — M.: Hayxka, 1980. — C. 207.

7 T'noencxuu JI.C., Kamenckuii I A., Invceonvy J1.J. MatemaTuyeckue OCHOBBI TEOpUM YIPaBIsAeMbIXx cucteM. — M.: Hayka,
1969. — C. 512.

M.T.dxenamue, C.A.blckakos, M.bl.Pamazanos

O3remejieHeTiH BHHHHTHKa-FI/IHepﬁOJIaJILIK TeHIICYi YHIiH JJORAJIAbI €M€EC eCell

Makaniazia 3JUTMITHKA-TUIIEPOOIIANIBIK TUIITEC apajac e3reIIe/ICHeTiH TeHIeyi YIIiH JIOKAIAbl eMec eceOiHiH
Lo-xymTi memiMainiri 3eprrenai. bepinren ecentin epekieniri rumepOosanblk OGesiriHaeri 00JbICThIH
CHIIAaTTaMalbIK YIIOYphI OoNMayblHAA JKOHE [ KOCBIMILIA IIIKI I[IeTTIK MApTThIH Oap OousyblHIA.
KapacTteipbuiran ecentid OipMoH/I KYILITI SN MAUTHIIHIH KPUTEpHiii TaObUIFaH.

M.T.Ixenamues, C.A Mckakos, M. 1.Pama3zanoB

HesokanabHas 3agaua [Uisi BbIPOKIAI0IIEr0Csl /TN THKO-
runep6oJ1MYecKoro ypaBHeHus

B cratse HCCIICAOBAaHbI BOIIPOCHI LZ-CHHLHOﬁ pa3peuinMoCTn HEJIOKaTbHOU 3a/lavy U1l BBIPOKAAIOUIETrOCs
YpaBHCHUSA CMEIIAHHOIO 3J'IJII/IHTI/IKO-FI/IHep6OHI/I‘IeCKOI‘O Ttrna. Oco0eHHOCTHIO Z[aHHOﬁ 3ala4yu ABJIACTCA TO,
410 00J1aCTh B FI/IHCp6OJ’II/I‘ICCKOI71 YacTH HE ABJIACTCSA XapaKTCPUCTUYCCKHUM TPECYTOJIbBHUKOM, a TaKXKE HaJln-
YK€ NOMOJHUTEIILHOFO BHYTPCHHEKPACBOI'O yCJIOBUA. Haiinen KpI/ITepI/Iﬁ OI{HO3Ha‘IHOﬁ CHJITLHOM paspeuinmo-
CTHn paCCManHBaeMOﬁ 3a1a4u.
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