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On multipliers in weighted Sobolev spaces. Part I

Let X, Y be Banach spaces whose elements are functions y: 2 — R. We say that a function z: is a
pointwise multiplier on the pair (X,Y), if Tx = zz € Y and the operator T: X — Y is bounded.
denotes the multiplier space on the pair (X,Y). We introduce the norm ||z; M(X — Y)| =
in M(X = Y). Let 1 < p < co. Let m be an integer. W, .,, denotes the weighted Sobole
the finite norm [[ullwp, = |11 Wik, | = llwo’? Vamull|z, + llwy/PulL,,,,. The aim of this

obtain descriptions of multiplier spaces for the pair of weighted Sobolev spaces (sz,,pﬂ,7 %

Key words: weighted Sobolev space, pointwise multiplier.

e th of function spaces,
s. Applications of the

It is well known that multipliers have their own importanc
and in the theory of differential and integral operators acting in
theory of pointwise multipliers in function spaces are relevant,both for ct boundary value problems,
and for their inverse counterparts. The theory of pointd Itipliers” acting on several function
spaces like Sobolev, Besov and Triebel-Lizorkin spaces have bee loped by several mathematicians.
In particular, we mention the contribution of A.Devin ‘bHirschman, R.Strichartz, J.C.Polking,
J.Peetre, V. Maz’ya, T. Shaposhnikova, and more the” contribution of W.Sickel, T.Runst,
J.Frank, and H.Koch. For the latest developments on peingwise multipliers of function spaces we refer
to the monographs [1, 2|, which is entirely devot ic. Let us point out some specific directions
through the works [3-10].

Let © be a domain (an open connected
n 1/2
lz] = ( > ? . We denote by L, (), 1< 00, the space of all real valued measurable functions
i—1

d

en-dimensional Euclidian space R™ with the norm

f:Q —;i with the finite norm

\ =Wﬂ%mm=(4vwwmﬁ?

(It is commonly supy =0, if f(xz) =0 for a.a. x € 2). We denote by L, ;o.(£2) the space of
e. in 2 such that f € L,(F) for any compact F' C Q. Here L;IOC(Q) is the space

ctions of Ly 1oc(€2), Lioe(Q) = L1 10c(2). By L’ (Q) is denoted the space of a.e.

loc

0c(Q). A function v of L;} () is called weight in 2. Let a be a measure on .
space of all real valued functions having in €2 the finite weighted Lebesgue norm

positive functi
Below L

1
P
lullz, ) = /mvmw> (1< p< o).
Q

If da(z) = v(z)dz, v € L} (), we write Ly, () instead of L, (). Note that L,(Q) = L, (), if
v=1.

By C*°, C§° we denote the space of all infinitely differentiable functions in R™ and the space of
functions of C'°° with compact support supp f in R", respectively. When the domain is not indicated
in the notation of a space or a norm then it is assumed to be R".
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Let 1 < p < oco. Let m be an integer, wg, w1 € L;gc. We denote by W), ., the completion of the
set of u € C§° in the finite norm

ullwy o = 1w Wk ol = IVmulllz, oy + lullz, .,
1/2
where |Vyul = | 3 |D%? - Here W%, = W, o, With wo =1, w1 = w, W) =W, with

|a|=m
wo = 1, wy = 1. Henceforth, x. is the characteristic function of a subset e in R", € is the closur
By W}j,. we denote the space [1] {u: nu € Wi for all n € C§°}. Here I" is the famil
@ in the form

Q=Qu=Qulr) = {y € R": i~ 21| < b =1....n}, AQ = Qun(z).

By ¢ we denote constants depending only on the assigned numerical para or example,
c=c(l,p,n), etc.
Let h(-) be a positive locally bounded function in R™. B denotes t

Q) = Qpe)(7), € R™ \ e, where e is a set with measure 0. We e foll

B ={Q(x)} or B={Qz)=CQn(x)}

efinition. Le S € say al a welg satisiies W variation condition wi respec
Definition. Let p € L} Wi that ight p satisfies th iati dition with t

is) of cubes
g notation

to the basis of cubes B = {Q(z)}, if there exist b > 1 su tifora.a. x
b~ p(x) < p(y) < bp(x), Qfotadyy € Q(x). (1)
Ezxamples.
Example 1. Let —oo < pu < 00, h(z) = ( > 0. It is easily seen that

Thus

If |z| < y/n, then

1+ 1yl 1
> for € Q(x). 4
1|z = 1+ vn y € Q) )
If |x| > /n, Q en implies that (2)
NOEE _
P
2 2
have ) || )
+ |y
— . 5
1Jr|gc|>2,y€Q(ﬂc) (5)

Inequalities (3)—(5) imply that
m
byl < (M) <b, if yeQ(x),
pla) @
where b= (1 + y/n)#.
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Ezxample 2. Let T' be a compact set in R”, which has no interior points. We set |z — y|oo =

= jmax |z; —y;| (z, y € R"). Let us show that the function o(z) = inlﬁ | — y|o satisfies the slow
<ji<n c

variation condition with respect to the basis {(1 — 7)Qu () (%)}, 0 < 7 < 1. Since ¢ is a continuous

function, then o(x) = m11£1|$ — Yl = 0 only for z € T'. Since mes,(I') = 0, then ¢ € L;’ . Let
ye

h = o(z) > 0,0 < e < 1. Let us prove that I'(eQ(z) = 0. If y € T(NeQ(z) # 0, then 0 <
< o(x) < eo(x)/2, which is impossible. Thus, Q(z) = |J eQ(x) C R"\T. Hence, |z —2|ec > afx)/2,
0<e<1

<e<
|z — yloo > To(x)/2 for any z € ', y € (1 — 7)Q(x). Therefore o(y) = inliz |z —y| > 10(x)
zE

2 = yloo < |2 = Zloo + 2 = Yloo, then o(y) < (2 — 7)o (x) for y € (1 —7)Q().
get,

1

So(0) Soly) <20(), it ye Q).

Let p satisfy the slow variation condition (1). We denote by W;"(p*, p") the
wo = pMP, w1 = p"P. Throughout the paper we assume that 0 < m <[ are in
Let us assume that
l/q
Kz pag(@lp,y) = |Q2)/" 1P (/ IVmV\q + IQ( )|
T

(z)

for 0 <7 <1, Q(z) = Qn(z), h = p(x)*.

Theorem 1. Let 1 < p < ¢ < o0, lp > n — p, w satisfy the slow variation
condition with respect to the basis B where h(z) = p(x)®. Assume that
Y€ Wil & and

C—esssupw 1/‘1 pa(Tlp, )
then
~eM . sl qup o)

The norm satisfies the following esti

CO 01/2 H ) Wp(pﬂ/’pll/_Sl) — W:Z) wp™ .smq)“ S Cl C,

Theorem A [2]. 9,7 < 1. Let h(:) be a positive function, which is bounded in the each
compact F' C for all x € R™

n ily of cubes {(1 —)Q(x), € F} has a finite or countable subfamily {(1 — fy)@j,

, @7 = Q(27) such that:

where Cy /5 = esssup w(w@ (1/2),p,4(Z1P,7)-
We begin the pr I | m 1 by formulating some propositions which will be useful below.

1 C U (1 - 7)@j7
jeJ
2) Zx(l o ( ) < 57 for any z € R™;
jeJ
3) > xqi(x) < 3 for any 2 € R™;
JjeJ

4) the family {(1 — ’y)@j, j € J} splits into no more than sz subfamilies of disjoint cubes;
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5) the family {Q7, j € J} splits into no more than 3z subfamilies of disjoint cubes,

where 51, 7, 31, 33 depend only on n, 4, 7.
Remark 1. Coverings {Q7, j € J}, {(1—v)Q’, j € J}, considered in a pair, will be called Besicovitch
double coverings. In the sequel to simplify the notation we use the following notation

{Qj’Qj}jEJa Q] = (1 - 7)@3
Theorem B [2]. Let h(-) be a positive function satisfying the conditions of Theorem

{Qj Q7 }jes be a Besicovitch double covering of the compact F' C R™. Then there exi
of functions ¥ = {¢;};c; of Cg°(R") such that

1) suppv; C Q;
2) 0<4; <1, ¢;=1inQ/
3) Y =1;

jeJ

Let
ily

4) r%ax |D;| < c(hj)"o‘| for || < I, where ¢ depends only on «, ngd,
]

Remark 2. The equality is true

Du(x) = D* | u(x) Y t;(x) * (uipj) ()
JeJ j
for all functions u € C§°, x € F' = supp u.
For mappings f: X — R, g: X — R, the notation <(r) means that there exists a constant
¢ > 0 such that f(z) < cg(z) for all x € X. The ) ~ g(x) means that f(z) < g(z) < f(x).
For values A > 0, B > 0, the notation A ~ B t there exist constants 0 < ¢; < ¢y such that
B < A < cyB.

Theorem C [1]. Let 1 < p < ¢ < o0
[lv; M, & I~ sup [l W™ (Ba (@)

The extension theorem of in8| implies the following proposition:

Proposition 1. Let , Q1 = Q1(0). There exists a bounded extension operator
St Wi(Q1) — W such tha Su € CSO(Q%(O)) for all u € C*° NW,™(Q,).

Proposition 2.

. Let 0 < k < m be integers. Then the following inequalities hold

/ Vi <l [ (Tl ) (6)
h h

sup [u] < ¢ hmP / (VP +h™ufP)  (mp > n) (1)
Qn Qn

€ W (Qn)-
equalities (6), (7) follow from embedding theorems for the class W (Q1) [4].
ma 1. Let 1 < p < q¢ < 00, —00 < p,v < o0. Let v € W, y(y) = 0, if y ¢ Qn(w),
F(&) = v(x + hE) (£ € R™). Assume, that weighted functions p, w; (i = 0,1) satisfy the following
conditions:

1) There exist 0 < ¢y < 1 < ¢1 such that

0<cop(x) <ply) <cip(z) foraa. ye Qn(x);
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2) wo(y) < cowo(x) for a.a. y € Qu(z);
3) wi(y) < cswo(x)h™1 for a.a. y € Qp(x);
4) p"7V(y) < eqht for a.a. y € Qp(x).

Then the following inequality holds

p1@) [ (Tmlln(y) + sl () dy <
Qn(z)
e N (e R B O A (A
Qn(x) Qn(z)

for all u € C§° and 4(§) = v(z + h&) (£ € R™).
Proof. Let us do the following calculations:

/ (Vo (y)| 90 (y) + /%01 (1)) dy
Qn(x)

< wo(x)h_mq+”/ m(U7) |q + |ay
Q1(0)

Let U € C§° be the continuation of @(§ z+ h§ 1(0) to the cube 2Q1 such that
suppU C 2Q1 and

U Wil < eslla; (9)
Inequality (9) implies that

/Q (I m(@3)]9 + |75 )9 4 [UA19)de <
1

< H% TNl Wh(Qu)]|7P. (10)

By virtue of Theorem C, we h e

ol Wyl < sup || We" (Bi ()] <

1/q
< sup (V7 + 519 dg " / (Vudl+ 319de | = (11)
x 1(1) Q1(0)

1/q
= o </ IV [*+ B y]1) dy) :
Qn(z)
y US onditions 2)-4), we obtain

I3 W@ 77 <

q/p
< hi=n/r)a (/Q ( )p(:v)‘“”lp“VzUI” dy+h‘“’/ p(x)~"P[p"ul? dy) < (12)
h\Z

n(z)

qa/p
< pley vt ([ iy [ juray)
Qn(x) Qn(=)
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Then by (8) and (10)—(12) it follows the statement of the lemma. The proof of Lemma 1 is complete.
Let us begin to prove Theorem 1.
Proof. Let u € C§°, F = suppu. Let {(Q7,Q7),j € J} be a Besicovitch double covering extracted

from the family {Q(z),z € F} (@7 = Q(27), Q7 = $@Q7) (see Theorem A). In Lemma 1 we denote by
wo = w, w; = wp_ . We have

/(IVm(vu)lqwo + |yullwr) dy = /F IV (yuw) | wo + [yulfwr) dy. (13)

By Theorem B « can be introduced in the form v = ) yi;. We denote by v; = v1;. Le nsider
J
each summand on the right hand side of (13) separately.

q/2

[ 1ZnGtentnydy = [ 3 1D wO(y)dyQ

< /F > DD | woly) dy < 552 max k; /Q Vo Ywo(y)dy < (14)

- 1<i<5z9
la=m| | Jj
< 313 max / Vo (v5u)|qw d J~ # Vo (viu) | 2w dy.
1 21Si§%zzz anQ]| m(’}’] )| O(y) Yy . Qj’ m(’Y] )| O(y) Yy

jeJ keJ;

In the same way we show that

/F Iyl (y) dy < 52 (15)

Then (14), (15) imply that

/ (¥ (y)] e + yule il
F jes’@

By Lemma 1, we have

(Vi (vju) wo(y) + [vjulfwi(y)) dy. (16)

J

(IVim (yju)[fwo + |yjulfwr) dy <

J

Q
<@ P ([ 1940wy [t ) | [ S + 1l
Q7 Q7 Q’
em B, we have

q/p

By virtue

Vil () < DBVl ()
k=0

for y € Q7. Thus, inequality (16) implies that

m
/, Viny;|? dy < th(k‘m)/ Vil dy <
Q] k=0 QJ

< [ (9wl 4B i) dy = [ (Vi + o)1) . (17)
Q’ Q7
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Then (17) implies that
/Q<|v () e + Pyl ) dy <

. q/p
< w(a)pla)Hatsat-n/) ( | ualr+ oty [ W) [/ <|pﬂvlurp+|p”urp>] . as)
QI QI QI

We return to the estimate(16). Relation (18) implies that
(9wt + ruftion) dy <
F
(2) 1/q q
@) | sa-n/p) / a s(t=m—n/p) /
< esssup T VimY + T X
w2 o ()( Tttt @ ([

a/p
| s+ )]

jeJ

Hence it follows the upper estimate of ||v; M(Wzl,(p“, Pl = .
We take n € C§°(Q1),0<n<1,n=11in %Ql. Let u, (R~} (y*= z)) . Then

Iy MW (0", o) = Wi, psmna) | > 7y >
o P + [ p# st [P) dy]
f%Q(a:) "Y|q) l/q]
)df} 1/p
Hence it follows the lower estima ; _emq)||- The proof of Theorem 1 is

complete.
Theorem 2. Let 1 < p ; Ip>mn, =00 < p,s < oo. Let vy € W,
variation condition in the (ba {Q(z) = Q) ()}, where h(x) = p(x)*. If

O K, = ess sgp Ky pq(zlp,7) < o0,
then
v € M(Wy(ph, p'=) = Wi (p#, p'=*™).
e e atisfies the following inequalities

co K p 1y < I MWL =) — W (o, ™)) < 2 K,

Let p satisfy the slow

where K|, (1/9) = ess sgp K1/2)p.q4(x]ps7)-

The statement of Theorem 2 is a simple consequence of Theorem 1. We formulate it as theorem
because here there is the scale of spaces M(Wll,(p“, Pl — Wt (pt, p=5m)).

Remark 3. We can set p(x) = 1. In this case, Theorem 2 leads to the well-known description of the
space M(Wzl, — W) [1].
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Corollary 1. Let 1 < p < ¢ < o0, Ip >n, u >0, s >0, B = {Q(z) = Qp(v)}, where

h(z) = (1+[z|)~° If v € W, and
1/q
K= sup { (1 [z[)—*¢/7) (/ IVm'vlq> +
Q(z)eB 3Q(x)

v € MW((1+ [z)¥, (14 2= = W (1 + [a)*, (1 + [a])# ™))

1/q
(1 1 [af) e Umn/p) (/ W) < o0,
1Q()
then <

Here the norm satisfies the following relation
Iy MW ((1+ [, (1 + |2 =) = W (L + 2", (1 + |2))g

Theorem 3. Let 1 < p < g < oo, Ip>n, —c0 < p,v < oo. Letip(:) s the slow variation
condition with respect to the basis of cubes B = {Q(z) = Qp) (v

p(z)"* < p( w (19)

Assume that v € Ll"c If

1/q
C = esssup h(z) /Pp(x |v]4 da) < 00,

then v € M(WE(p", p") = Lg,a)
Theorem 3 is proved by arguments si @u 10se that were carried out in the proof of Theorem 1.

But instead of Lemma 1 we use the

q/p
e < e g wwdax(/Q (v +15up))
]

which follows from condlt and inequality (7
Let F be a compa in R with dlmenswn <n—1. Let @ be a measure on I, o(T") < oo.
Let Ly o(T") be the s Q@ 11 continuous functions in I' with the norm

1/q
6 Loa(D) = ( / |u|Qda) < o0,
I

51der the manifold I" satisfying the condition: there exist B > 0, 0 < 8 < n such that

supl{yeR" ly — x| < R, o(y) <e}| < Be’R"F (20)
zell

foralle >0, R > 0.
Surfaces with Lipschitz condition satisfy the condition (20). Thus, the following estimate takes
place

ag(QNT) =H, 5(QNT) <cBIQ|'" /", QeI
for the Hausdorff measure ag = H,,—g ( [2], §1.10).
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Corollary 2. Let 1 < p < ¢ < o00,Ilp >n, mg>n,0 < < n. Let I satisfy the condition (20),
ap(l') < oo. Assume that v € W, and

1/q
C = supo(z)™ /P-Pla (/~ (V[T + [77419) dy> < o0.
Q(z)

T

Then v € M(W(',1) = Lga,(T)). Here 5(-) = 2 min(1,0(")), Q(z) = Qn(x), h = ().
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JI.KycannoBa, A.Mpbip3araeBa

CoboJieB KeHiCTIKTepiHAeri MYJbTUTIINKATOPJIAp KaiJIbI.
I-6emiMm

, Y —y: Q — R byskiusmapeiHaH TypaThiH OaHax KeHicTikTepi 6osicbia. Erep Tx = zx € Y xome
: X — Y oneparopsl menenren 6osca, oaaa z: 2 — R dyukuumscet (X, Y) KyObIHIarbl HYKTEIK MYJIbTH-
mkarop gen aranaasl. M (X — Y) apkpuist (X, Y') »KyObIHIaFbI MyJIbTHIUINKATOPIIAD KEHICTIriH Gesrineii-
Mmiz. M(X — Y) MysnbTUNIMKATODPJIAD KEHICTIriHAe HOpMaHBL Kejecineil anbKTaiiMbs: ||z; M(X — Y)|| =
=T X =Y][.1< p < oo, m — 6yrin can Gomco. Wy, o, apkbuibl cammaxThl Coboses Kemicririn

GeJrinern, HOpMAHbI KeJeciaeil anbIKTaiMbI3: ||ul|wm = |lws Weleo | = Hw;/p|Vmu|||Lp + ||w}/pu\|Lp)U.

pP,wp, w1
ATaJIMBIIT 2KYMBICTBIH MaKCaThl — caaMakThl Cobo/eB KeHiCTIKTepiHig (Wzi o> W ) >KyOBI YIIIH MyJIb-

q,w0,w1
TUIJINKATOPJIAP KEHICTIKTEPIH chIaTTay.
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JI.Kycannosa, A.Mpbip3araimesa

O mynbpTUIIMKATOPaX B BeCOBBIX mpocTpaHcTBax CoboJsieBa.
Yacts 1

Ilycrs X, Y — Ganaxossl npocrpancrBa dyakmmit y:  — R. @ysrnusa z: 0 — R naspiBaeTcs TOved-
HBIM MynbTHIIEKaTOpoM B nape (X,Y), ecim Tx = zz € Y u oneparop T: X — Y orpannuen. Yepe
M(X — Y) o6osHauaercsi IpOCTPaHCTBO MyJbruiLuimkaTopos B mape (X,Y). B M(X — Y) Beomurc
HopMa, ||z; M(X = Y)| = ||T; X = Y|. Iycrs 1 < p < oo. Ilyecre m — memoe. Yepes Wy,
3Havaercst BecoBoe npocrpaHcTBo CobosieBa ¢ KOHeuHOW HoOpMmoil Buga ||ul|wm = |Ju; Wy gy, wn

Plwo w1
= ||wé/ PIVmul|lz, + ||wi/ PullL, . Hens mannoii paGoThl 3aK/IOYACTCS B ONUCAHME IIPOCTPA, MYJIBTH-

IINKATOPOB JIJIsl Tapbl BecoBbIX npocTpancts CobosieBa (Wzl, oo Warioo w1 )-
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