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On a necessary condition for belonging of a function to periodi
generalized Nikol’sky-Besov-Morrey space in terms of sfron
summability of Fourier series

This paper is dedicated to the investigation of strong summability in the generalized Mor
we study boundedness of the Hardy-Littlewood maximal function on generalized Morre e find a
necessary condition for belonging of a function to the periodic generalized Nikol’skij

First we recall the definition of periodic Morrey spaces. As usu denotes the open ball
with center in x and radius r > 0.
By T? we denote the d-dimensional torus as usually repfe d by

={z| zeRY —rw<u

where opposite sides are identified.
Definition 1. Let 0 <p <ooand 0 < A < 1/p
We say that a function f: R — C, 27-periodi
space M}f‘(’]I‘d) if f e L,(B(x,r)) for all =

h component, belongs to the periodic Morrey
ll 7 > 0 and the following expression is finite

1y (ray : p 1B(z, ") 1 flln, (B - (1)
T 0<r<2vdm

Obviously we have M}?(’]I'd) = T and M;/ P(T?) = Loo(T9) in the sense of equivalent
norms.

By periodicity it will be énough to restrict the supremum in (1) to x € [—m, x1]%.

Generalized Mor ave been introduced independently by Mizuhara [1] and by Nakai [2].
Here the parame eplaced by a function ¢ : (0,00) — (0, 00).

Definition p < oo and let ¢ : (0,00) — (0, 00).
Then the geheralizéd periodic Morrey space MY (T¢) is the collection of all functions f : R¢ — C,
2m-perio omponent, such that f € L,(B(z,r)) for all z € R? and all 7 > 0 and
Mhgyi= s s o) (g [ 1rPw) <.
5 (T z€[—m,m]d 0<r<2vdm ’B z,r ‘ (z,7)

Clearly, if ¢(r) := |B(0, )| My , 7> 0, then we have coincidence M (T¢) = MZ;\(']I'd), in particular,

if o(r) == |B(0,r)|F, r > 0, then M (T%) = L,(T%).
In the definition of generalized Morrey space we assume, that ¢ € G,,.
Definition 3. Let 0 < p < co. Then ¢ : (0,00) — (0, 00) belongs to the class gp, if ¢ is essentlally

nondecreasing and there exist positive constants C’ such that the inequalities t2 go(tg) < t1 o(t1)
hold for all 0 < t; <ty < o0.
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Furthermore, ¢ € G, for some p implies that ¢ satisfies the doubling condition, that is, there exists

a constant C > 0 such that % < &3 < C, holds for all r, s such that % < g < 2.

As usual, the symbol C, C’l,é'g,... denote positive constants which depend only on the fixed
parameters s, p,q and A and probably on auxiliary functions.

In the following statement we give boundedness of the Hardy—Littlewood maximal function on
generalized periodic Morrey space M (T9).

Let f be a complex-valued locally Lebesgue-integrable function on R%. Then the Hardy-Litt]
maximal function is given by M f(z) := supg ﬁ fQ |f(y)| dy, z € RY, where the
taken over all cubes @) centered at x with sides parallel to the coordinate axes.

We have the following statements.

Theorem 1. Let 1 < p < oo and ¢ € G,. Then the Hardy-Littlewood maximal ction M is
bounded from My (T¢) to My (T%). There exists a constant C' > 0 such that

ood
18

Jass mogces] < mgzms|

holds for all (f;); of measurable functions.
Proof of theorem 1. Let 1 < p < oo and ¢ € G),. We mention th g inequality

M FIMERY| < Co |1 £ R

holds for all f of measurable functions. This result was proved and [3, Theorem 2.3|. To adapt
this inequality to the periodic situation, we mention tha riodic integrable function f we have

Mf(l') S 02 Mf [_7777‘-](1’

where
€ [-m, m]?
)

m, )%

that the inequality Hij\M;f(Td)H < 10y Hfj\M;f(Td)H is

eralized periodic Nikol’skij-Besov-Morrey space N2 (T9).

Now we give the definition o pa

omplex-valued infinitely differentiable functions on T¢. By D’(T%)

Let D(T?) be the collecti®io
we denote the topological du (T9).
We mention, thatgZ® k= (ki,k2,....,kq) € RY, k; —integer}. We associate to f € D'(T%)

it’s Fourier coefficie

)= e [ f@)e @, ke,

W, ( - sgalar product. Every distribution f € D’(T¢) can be represented by its Fourier series
f= Z cr(f) e (convergence in  D'(T9)).
kezd

Let p € C§°(RY) be a function such that
p(x) =1 if Jz| <1 and p(x) =0, if x| > g (2)

Then, with ¢ := p, we define
() == do(x/2) — Po(x) and oj(x) := #2779 z), jeN. (3)
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This implies } 7% ¢;(z) = 1 for all = € R?. We shall call (¢4)520 a smooth dyadic decomposition
of unity.

Definition 4. Let (¢;); be a smooth dyadic decomposition of unity as defined in (2), (3).

Let se R, 0<p<o00,0<q<o00and ¢ € G, Then generalized periodic Nikol’skij-Besov-Morrey
space N2 (T?) is defined as the set of all f € D'(T?) such that

©.pa
LAV g (TN = (Zwsq 3 oy et arg ) < .
kezd
Remark. )
(i) Taking ¢(r) := |B(0, 7")|5, r > 0, we are back in the case of classical periodic 1’skij-Besov

spaces, i.e., we have N3 = B;q(']I‘d). These spaces are studied systematicall ographs

opa(Th) =
[5] (Nikol’skij-Besov spaces).

(ii) The spaces N3, q('ﬂ‘d) will be called generalized periodic Nikol’skij-B

represent the Nikol’skij-Besov scale built on the generalized Morrey space
in 1994 and later on Mazzucato [6] have been the first who investigated s

of this type in the

nonperiodic context. Nikol’skij-Besov-Morrey spaces with respect t ized Morrey spaces have
been studied by Nakamura, Noi and Sawano [7].
Our main aim in this work is to find necessary condid belonging a function to generalized

periodic Nikol’skij-Besov-Morrey space.

Let 9 be a real-valued function deﬁned on R?, We as ) = 1. For a distribution f € D’(T¢)

we introduce associated means M}\p, flx =1,2,.
MY f(z) = reRY, N=12.... (4)
keZd
Of course, (4) makes sense if 1) has co n rt ot'if f € Ly(T?) and Y, cza [¢(k/N)| < co. Then
the M}f} f(x) are trigonometric pol
f0o<p<oo,0<qg< o s >0, we ask which smoothness properties of a function f €
L1(T%) N M (T9) are implied By t dltlon

(o) — aa o pag | ) < oo ©®)

a theorem was proved by H.-J. Schmeisser and W. Sickel [§], in case
and M}f’,f(x) = Sy f(z) was proved in [9].
scribed problem we need the following lemma which is taken from [8].

Th m fers to the Fourier transform, F~! to its inverse transformation.
0 Vm eein [8]). Let 0 < u <1, g < A < oo and let Cy, Cy constants. Let

(FIm© < Cr(1+eh™ (6)

and suppn C {y| |y| < 2K}, where K =0,1,2, ... is fixed. If f;(z) = Z|k|2022j ape’™® §=0,1,2,...,
then there exists a positive constant Cs independent of j, K such that

|3 0@ R)e( D" < o2 N (M) @), ()
kezd

holds for all z € T<.
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Theorem 2. Let ¥(€) be a continuous real-valued function on R? with v(0) = 1 and having compact
support. Let 0 < p < 00, 0 < g < 00, ¢ € Gp, and let X be a real number satisfying A > m. Let
0 < o < oo be such that

sup, [FHIE () — ()] ()] < 11+ Jy) 2, )

(8
for all y € R4 If 0 < s < o, then there exists a positive constant Cy such that
- sq—1 P wmdy||q 1/q d
(30 VI = MED@)IMETD) ™ < Coll FIN g (T, 9)
N=1
holds for all f € N5, (T%) N M (T9).

Proof of Theorem 2.

Step 1. Let f € N3, ,(T%) N M7 (T%). Then we have

7p’q(

>N (f = My f)(2)| Mg (T%)]

N=1
co 20+l J
=S (X NI - M M 2)| Mg (T)|7) <
j=0 N=2J
<Cy (D2 (s - )AL (TY)|+ (10)
j=0
+> 2% sup ®j+ —Mﬁf)(ﬂ?ﬂMf(Td)Hq)-
=0 N=2i..
Since s >0 and f € ./\/:f,,p’q(']l‘d) N we have
M f) (@) = Y (M f — My f)(), (11)
I=j+1

where the series on @ -hand side converges a.e. Let 0 < u < min(1,q). Then, considering
monotonicity of e., l, C l1, by (11), applying generalized Minkowski inequality for sums

with respect > Whwe have
@ i 2099|(f — My, ) ()| Mg (Th]9 <
j=0
< iﬂ (li?S“II(M;@-HHf - M$+jf)(w)lM5(Td)\I“)q/u <
Jj= =1
< (i 27t ( S 26y, f a7 < (12)
=1 j=0

o0
<y > 2| (MY, — MY F) ()| Mg (T
j=1
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(11) and (12) lead to

STONSTY(f — M F) (@) ME(TY|? < Cs <
N=1

[o¢]
<GP sup [(Mbf - MEHIME T, (13)
; N=27 .. 2i+1—1

Step 2. Let p € S(R?) such that suppp C {£] 1/2 < |¢] < 2} and
dop(279) =1, if ¢ >1.
We put

n-(€) =€) —P(r§), 1<7<2
If j=0,1,2,...,and N = 27,...,27F1 — 1 then it is easy to see that

(Mg f = MYN@)| < sup |37 me(277" (14)
STSY pegd
The function v has compact support. Hence, there exists Ja al number L such that
Jj+L ’
A2 k) = Zn 277 k)p(27'k) 277 k) pry (k) (15)
where p; =0,1=—1,-2,..., and p( -
Let o > 0. We put followmg functlon
=y |2t @ yelke 1 =0,41,.... (16)
kezd

Combining (15) and (16) we obtai

> ne@ % < Z 27 57 27 ko (27 R ek (R)eE|, (17)

kezd I=—0c0 keZd

for j =0,1,2,.... Wi oose a positive number u, such that 0 < u < min(1,p,q) and A > n/u.
Then it follows and applying Lemma 1, with ||~ (&) instead of n(§), we have

L
1 @7 R (e < Co > 20 (M filM)Y (). (18)
kezd l=—00
th stant Cg depends on L. However, it is independent of 7, j, z and f. Hence, as consequence

,(14),(15) we obtain

00 L
N (f = MEA)@)MTH < G 2| 3 2@ g @lagg @) (19)
N=1 =0 l=—00

Step 3. Let s < 0. Let ¢ < 1. Then

L

Sooi( 30 27l @) <
=0

l=—00
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L 0o
< Y 2N (MR )9 () <
l=—00 7=0

< Gy Y (M25° f]") ().
j=0
L

If ¢ > 1, we have
[ 3 @) < ﬁ
Jj=0 l=—00

o0 / oo

L
. 1/q .
< Z 2l(a—s) [Z(M|2(J+Z)Sfj+l‘u)q/u(x)] < Oy [Z(M|2J3fj|u)q/u
l=—o0 7=0 7=0
Applying boundedness of the Hardy-Littlewood maximal function on generali Tl orrey space

we have
H(M|2jsfj\“(ﬂr))1/u|M,§0(']I‘d)H < Cg 2% £ !
J

Using Theorem 1 and (19) we obtain

( Z qu—1||(f _ M%f)(iUNM;f(Td)Hq)l/q <

N=1

29 £ g ) L (20)

with a constant C1g independent of f.
Step 4. (16) and the elementary inequality weig

flx) = 127 k|00 % ) +1-1(k) + dre1(k)) c(f) €.
kezd
For brevity we put

g1(x k) e (f) e reR?, leNg.

Using Lemma 1 wit
following estimate

js 1/q — js u\1/u 1/q
@cmwmdq) < Cur (3 2 (M gy ) )l (1 o) <
0 j=0

. 1/
< Ciz (D2 2 g5 @) M (1)) ™ = Cua 1IN, (T
j=0

|7 p(€) and gj(x) instead of f;(z) and Theorem 1, we obtain the

for e u < min(1, p). The proof is complete.
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K. 2K, Baiitya

THABLJIaY T€PMUHIH/IET]
H Hukonbckuii-BecoB-Moppu
AXKeTTi HIapThl TyPaJibl

dypbe KaTapJIapbIHbIH, KY
D YHKIUSHBIH, IEPUOATHI »Ka,
KeHicTirine Tuicti 00J

MakaJjta nepuoaTs! kastnblianran Mo KeHicTirigmeri @ypbe KaTapjaapblH KYIITI KOCBIHIbLIAYFa ap-
vasral. Ajramkpiia Xapau-JIuthasy cuMaJIiIbl (PYHKIMSICBIHBIH, MIEHereHIiri 3eprrenren. Keitin
GbYHKIUSHBIH KAJbUIAHFAH e 1 Hukonbckmit-BecoB-Moppu kenicririne Tuicti GOJIyBIHBIH KaXKeT-

Ti mapThl TaOBLIIbI.

7K. 7K. Baiityskosa

IMOM YCJIOBUU NPUHAIIEKHOCTU (DYHKIIAN
nepnoandeckoMy o000IIIeHHOMY IPOCTPAHCTBY
Huk o-BecoBa-Moppu B TepMHHAX CHJIBHON CyMMUPYEMOCTH
psigoB Pypbe
TAThdA ITOCBAIIIECHa MCCJICJOBAHUIO CUJIbHOMN CYMMUDPYEMOCTHU PAIOB CDypbe B IIEPUOIUIECCKUX O606H16HHI)IX
npoctpaucTBax Moppu. CHava/ia n3ydeHa OrpaHUYEHHOCTb MaKCUMAaJIbHOMW dyHKImM Xapau-JlurTiasyma.

aTeM HaliIeHO HeOOXOIUMOE YCJIOBHE TSt TPUHAJIEXKHOCTH (DYHKITUH TIEPUOINIECKOMY 00OOIIEHHOMY TPO-
crpanctBy Hukosbckoro-Becosa-Moppu.
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