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Mixed inverse problem for a Benney—uke type
integro-differential equation with two
redefinition functions and parameters

In this paper, we consider a linear Benney-Luke type partial integro-differential equation, of higher‘order
with degenerate kernel and two redefinition functions given at the endpoint of thé segmentfand two
parameters. To find these redefinition functions we use two intermediate data. Dijrichlef"boundary value
conditions are used with respect to spatial variable. The Fourier series method @f variablesfSeparation is
applied. The countable system of functional-integral equations is obtained. Theorem™0n a unique solvability
of countable system for functional-integral equations is proved. The method f sucecessive»approximations is
used in combination with the method of contraction mapping. The triple of soldtions of the inverse problem
is obtained in the form of Fourier series. Absolutely and uniformly convergencesyefsfourier series are proved.

Keywords: Inverse problem, two redefinition functions, final comditionsy intermediate functions, Fourier
method, unique value solvability.

Introduction

Historically, differential equations arose in solwing applied problems. Therefore, the development of
differential equations at the initial stage was carriedd@Ut by applied scientists. Gradually, this direction
grew into an independent theory — the theQry of differential equations. Therefore, it can be said many
times that differential and integro-diffefentialiequations are great interest from the point of theoretical
research and applications in the mathematical physics, engineering, chemistry and in other different
fields [1-8]. Recent years, a number of new problems for ordinary and partial differential and integro-
differential equations are studied andy,adlarge number of research papers are published. Problems with
nonlocal conditions for differentialjand integro-differential equations were considered in [9-29]. In [30-
38], integro-differential equation§ with a degenerate kernel were considered.

In this papergwe study the Solvability of the mixed inverse problem for a Benney-Luke type partial
integro-differential“equation with a degenerate kernel, two parameters, and final conditions at the
endpoint of the Taterval. This paper differs from existing papers in that it requires to find redefinition
functions considering,at the endpoint of the interval. This inverse problem has features in relation to
the direct\problem.

In the'rectangular domain Q = {0 < t< T, 0 < x < I} we consider the following partial integro-
differential eguation of a higher order

T

kd 2kU d 4kU
= aw U(t,x) +ufrnt.s) U(S,X)*, (1)
Ox2k + dx4k

where k is a natural number, 0 < a(t) € CJ[0,T], T,l are given positive numbers, w is a positive
m

parameter, v is a nonzero real parameter, K(t,s) = ai(t) bi(s), ai(t), bi(s) € C [0,T]. It is assumed
i=1

that the systems of functions {ai(t)} and {bi(s)}, i 1, m are linear independent.
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It is known that when applying the method of separation of variables, the Dirichlet condition allows
us to reduce partial differential equations to a countable system of ordinary differential equations.
So, in solving partial integro-differential equation (1), we use the following Dirichlet boundary value
conditions with respect to spatial variable x

d2 d2
U(t0) = u(ti)= dxx2U(t 0) = d-x=2U(t I) =

d4k—2 d4k—2
=2U(t,0) = — ~ 2U(t, 1) = 0. (2)
dx 4k—2 ’ dx 4k—2

We use two conditions at the endpoint of the given segment with respect to time variable“t;
U(T,x) = ~i(x), UL(T, x) = ™2(x), 0<x <1, (3)

where N 1(x) and 7~~2(x) are redefinition functions and we assume that they are‘endugh smooth on the
segment [0,1]. For these functions the following conditions will be fulfilled

~Ni(0) = (fii(h) = ~"(°) = () = ' = MN4k—=2)(0) = M4k2)d) =0 i=1 2.
In determining the redefinition functions, we use the following twe intermediate conditions:
U(tl,x)= ~1(x), Ut(ti,x) = M2x), 00 < x < |, (4)

where N 1(x) and ~2(x) are known functions enough“smooth on the segment [0,1], 0 < t1< T. For the
functions ” 1(x) and "~ 2(x) the following conddtions willkke fulfilled

0i(0) = ~i(l) = ~i'(0) = Ai'(l)u= eee = A4k—2)(0) = ~(4k—2)(I) = 0, i= 1,2.

The choice of conditions (3) and (4)4mjith the final and intermediate data are important in applications.
Indeed, in real practice it is not always, possible to determine the initial data for unknown functions.
When studying the technological [process)|of aluminum production, before the start of the production
cycle, the raw material passes throughgfiring and the state of the raw material by the beginning of
the production cycle is notmknowh.@And the final expected state of the output will be unknown in
reality. We find it from Knowhn ihtermediate conditions. Because after each technological cycle we can
determine the qualityfof the product. So, we have an inverse problem to solve equation (1).

Problem statement.gho, find triple of functions

{Uit, x) e C(Q)n C jf(Q)nCe+2k(Q), Vi(x) e C[0,1], i= 1,2},
the irstgof which satisfies partial integro-differential equation (1) and specified conditions (2)-(4),
where @)= {00'< t < T, 0 < x < I}.
Note that problem (1)-(4) is formulated such that direct problem (1)-(3) has a unique solution for
all values of the parameter w, and inverse problem (1)-(4) has a unique solution only for certain values

of this parameter w.

1 Construction of formal solution of the direct problem (I)-(S)

Note that the functions $ n(x) = ~/f sin Anx, where An e , n e N, form a complete system of

orthonormal eigenfunctions in the space L 2[0, I]. Linear equation (1) always has the trivial solution.
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Therefore, by virtue of the Dirichlet condition (2), we seek nontrivial solutions to the linear partial
integro-differential equation (1) of the higher order in the form of a Fourier series in sines

U((t,x) = J -2~ u n(t) sin AnX, (5)
I =
where
r 1
un(t) = y JJ U(t,x) sin AnXdx, An = TnM. (6)
0
Substituting the Fourier series (5) into the given integro-differential equation (1)‘ inear
second order countable system of ordinary differential equations
m .
v , 1 \
uri(t) + U2Af un(t) = 1+ AR E , ai(t) Tni + 1+ \2ka(t 7
(1 () = ]+ ARE ai() 1+ \oka(t) (M
where
T
Tin = j bi(s) nn(s) ds. (8)
0 \ 4
Solving the countable system of differential equations (7) b e iation method of arbitrary constants,

we obtain the representation for its solution

mn(t) = Ain caos Anwt in Anwt+
t
no
+ A* (1+ Af)w Ti" J sin An —s) ai(s)ds+
i 0
+ 1 b sin A™LL(t - s) a(s) Un(s) ds, 9)

where Aln and A2n are a y ficients, which will be determined by the final conditions (3). By
differentiating (9) oneti nt, we obtain

0%{t) = —AkWA 1n sin Akut + Aku A 2n cos Aku t+

m t
+ .+ AKE Tni cos An w (t —s) ai (s) ds+
1+ An i=1 0

t
+ 1+1a2kJ cos Anuw (t —s) a(s) un(s) ds. (10)
n 0

Now, supposing that the redefinition functions p 1(x) and (p2(x) were expanded into a Fourier series,
and using Fourier coefficients (6), from conditions (3) we obtain

1 r 1

r
un(T) = \J- J u (T,x) sin Anx dx = j ~1(x) sin Anxdx = ™l n, (11)
0 0
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i i
un(T) =V i/ Ut(T,x) sin Anxdx = J p2(x) sin Anxdx = p2n. (12)
0 0

To find the unknown coefficients A 1In and A 2n in presentations (9) and (10), we use final conditions
(11) and (12). Then we arrive at a system of algebraic equations (SAE)

Ain cos AkwT + A2n sin Aku T = Yin,

-A in sin ARWT + A2n COsARWT = Y2n, (13)
where
T
v inj si its) ds @
7in - p1n A Tinj sin Akw (T - s) ai(s) ds-
Aa (1 + Ank)mi=1 n

T
! J sin Aku (T - s) a(s) un(s) ds{
An (1 + An ) w

T
Y,
Y2n = P2n N Tinj cosAUJ( - ai S-
1+ Alk ._
i=1 n
1
J cos Aku (s) (s) ds.
1+ Ank

For uniquely solvability of SAE (13), the follow condition

coS\Aku T sin Aku T
imAKuT cosABuT

must be fulfilled. Since 50n = 1, thi @ ion are fulfilled for all values of the parameter w. Consequently,
SAE (13) has a unique pair of solutio
sin Ak T
Aln — N
2
T

= pIncos A\WT - P2n sin A\\wT +
n cos ARw T

T
\% 1

+ Tin sin Ak”~sai(s) ds + J sin AR sa(s) un(s) ds, (14)

i=1 0 Aa (1 + Ank) w

A @ cos A\wT  Yin InsinA~T + p2ncosAN T +
n=&n= sinA\wT Y2n P P

T T
\Y
+ A Tin fcosA*sa”s) ds+ -—— "k [ cos A ~sa(s) un(s) ds. (15)
l+Anki 1 n 1+ AR n

Substituting these values of (14) and (15) into presentation (9), we obtain

v
un(t,v,w) = p In XIn(t, w) + p 2n X 2n(t, w) + YATin X 3in(t, w)+
An (1 + Ank) w j=1
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T
+ xk 1 1 x2kx I Hn(t,s,w) a(s) un(s,v,w) ds, (16)
An (1 + Ank) W%
where
X In(t,w) = cos AW (T —t) —sin AW (T —t),
X2n(t,w) = cos AW (T + 1) —sin AV(T —t),
T
X3in(t,w) = J Hn(t, s, w) ai(s) ds,
0
sinz$t+s, z= AW, t<s < T, 2
Hn(t s,w) — m>_ . e
sinz (t —s)+cos zt sinzs + zsinzt sinzs, 0< s <
Although functions (16) are Fourier coefficients of the solution to direct problem (3Y, it contains
extra quantities Tin that are still unknown. To find these quantities, we su itute,r esentation (16)
into designation (8) and arrive at a new SAE:
V m
Tin A2~ yTjn CBijn(t) = <€In lin + ~2n CR2i i n), (17)
i=1 L 4
where
T T
ctlin = J bi(s) XIn(s,w) ds, ct2in=y (s, ds, A= An ™ + Ank) w,
0 0
T
n
T
CHin(un) i(s™Y Hn(s, 0,w)a(0)un(0)dods.
0
To establish the unique s it SAE (17), we introduce the following matrix
N
/[ t—Yesun  sdn . Yemtmn N
Ny _ Yasan 11y Saaen . 3 oE2tn
\ Jd3smiln J a3mz2n ... 1 jaBmmn /
an e values of the parameter v, for which the Fredholm determinant is not zero:
Aon(v,w) = det ©on(v,w) = 0. (18)

Determinant AOn (v, w) in (18) is a polynomial with respect to J of the degree not higher than
m. The countable system of algebraic equations AOn(v,w) = 0 has no more than m different real
roots for every value of n. We denote them by ~i(l = 1,p, 1 < p < m). Then vh = vin = A”"i =
An (1 + Ank) w”ni are called the characteristic (irregular) values of the kernel for integro-differential
equation (1). So, we introduce the following two designations

nili= {(vn, w):vn = An (1 + Ank) w”i, we (0,ro)},
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n2= {(vn, w) : JAon(v,w) |> 0, vn = Ak " + A2k ww, we (0,T0)}.

On the number set /12 we consider a matrix

f 1VJ &31In .. Y &31(G-1)n &jin ¥ &31i+)n g &31mn
\AA. . v, .
®ijn(v, w) = J &321n J &32(i-1)n  &j2n J &32(i+1)n 4 &32mn
i \Y \Y 1
\ \,cll,&Smln A &3m(i-1)n  &jmn g &3m(i+l)n ... 17— H &3mmn
j = 1,2,4. Taking into account the known properties of the matrix Qijn(v, w), we modified thesCramer
method on the set J12 and obtain solutions of SAE (17) in the form
: . : L 4
A 1i(v,uw) A 2in(v,w Adin(v”™,un) . / . , 1M
Tin=YIn-T- - r+ yan~7 7 -+ £, B , r=1, m, (muw)e (19)
Aon(v, ww) Aon(v, W) on(v, ww)
where A ijn(v, w) = det Qijn(v, w), j = 1,2,4.
Substituting solutions (19) into function (16), we obtain
\ A 4din(v, w,un) /4.
un(t, V,w) = ylInhlin(t, V, w) + ¥2n h 2n(t, V, w) + Q — n o, n  X3in(t)+
) 19
T
+'k( 1'2kx | Hn(t,s, (20)

An (1 + Ank) wJ

where
, . , . v Ajn (v, w) , .
hjn(t, V,w) = Xjn(tw) + A (1 + \2 ACA (vow) X3in(t, w), j = 1,2,
An + An )wi=1 AOn(v, w
X 1In(t, w) = cos Anw (T —t) —sin t), x2n(t,w) = cos Anw (T + 1) —sin Anw (T —1),

T
) = J Hn(t,s,w) ai(s) ds,

sinz (t+s), z= Anw, t<s <T,

inz (t —s) + coszt sinzs + z sinzt sinzs, 0 < s <t.

countable system of functional-integral equations. Substituting representation

Representation
eries (5), we obtain a formal solution of direct problem (1)-(3) on the domain Q

(20) into thegkouri

u(t,x) = ~TY; sin A X

n=1
A 4in(v, w,un) [y
X ylnhln(t,V,w) + ¥2n h 2n(t, V, w) + E —n n . .0 X 3in(t) +
An (1 + Ank) w 1= AOn(vM
T
1
+ J Hn(t,s,w)un(s,v,w)ds , (v,w) e /2. (21)
Ak (1 + Ank) w
But, there are two unknown quantities y 1n and y 2n in (21).
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2 Formal solution of the inverse problem (1)-(4)

We will now formally define the redefinition functions ~i(x) and p2(x). We subordinate function
(20) to intermediate conditions (4). For this purpose, we differentiate (21) one times on the time-
variable t

ut(t, X) = \ - E sinJInX [pm h'in(t, V,w) + ~2n h'2n(t, v, w) +
n=1
T
\Y4 1
+ H (t, s,w)un(s, v, w) ds (--)
N (1 + Anfow Aon(v,w) N (1 + Anfo) W
where 4

\Y4
h'jn(t, V w) = Xjmfo w) + EAjn(V,W) XNinAan 1,

x'in(t, w) = \kW (sin Anw (T - t) + cos JINMw (T - t

Xkn(t,w) = -1~ (sinaMw (T + t) + cos ﬂl‘lw@,
T

XBin(t, w) J Hn(t, s, Wﬁ i

N

H/(t s W f zcosz(t+ s),
n(, , ) \ zcosz(t- s)- z

z2coszt sinzs, 0 < s < t.

Then, applying intermediate conditions (4) to ctions(21) and (22), we arrive at the solution of the
following SAE:

Pin [x In(tl,w) + R1in] + P2n [x2n(tl,w) + P12n]

-3
Pin [X/in (t1, + £2In] + P2n [Xn(t1,w) + P22n] = V/n, (-3)
where
P = V2 Ajn( W) P =V~"™r Ajn(v,W) X/ (t W ,=10
Pljn = / /i\—l Aon(v, lLw), P2jn = /2ii‘1 Aon(v,w) X3in(tl,w), j 12,
T
iTln = {1n - —‘}[IJ-(-YXV?ylhu tl,w) +/’T HnXl,s,w) un(s, v,\w) és, \i (24)
=1 AOn (VW

0
T
\Y A din(v W,un) [ [/, \Ni 1 1 jjif, \ f \j
2n - JA L« R Y N COX3i(tiw) + R n(tl,s,w) un(s,v,w) ds, (25)

T Aon (V,W) J
i=1 0

A= NIn (1+ ~ K W
The fulfillment of the following condition ensures the unique solvability of SAE (23):

X In(ti,w )+ P1lln X 2n(tl,w )+ P12n

Von(w) =
X/MAn (t1, W) + P2ln  Xfn(t1, W) + P22n

= - zsin2zT - z c0os2zT + 2z sinz(T - t1) cosz(T - tl) - z cos2z(T - tl)-

- zelln[sinz(T + tl) + cosz(T - tl1)] - zel2n[sinz(T - tl) + cosz(T - t1)]-
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-£ 2in[cos z(T + tl) - z sinz(T - tl)] - £22n[sinz(T - tl) - z cosz(T - tl)]+
+/1In722n - ~21ln~12n = °. (26)

Before proceeding to find the solution of SAE (23), we consider nonzero condition (26). To do this, we

suppose the opposite:
- zsin2zT - z cos2zT + 2z sinz(T - t1) cosz(T - tl) - z cos2z(T - tl)-
- zelln[sinz(T + tl) + cosz(T - t1)] - zel2n[sinz(T - tl) + cosz(T - t1)]-
-~ 21n[cos z(T + t1) - z sinz(T - t1)] - £22n[sinz(T - t1) - z cosz(T - t1)]+

+/1In722n - ~2Iin”~12n = 0, z = Anwu. (27)

Condition (27) is a transcendental equation, and the set of its solutions with re:;\ denoted

by 9. So, on the set

NnN3= {(vn,w) : JAOn(v,w) |> 0, vn = Ak " + &
SAE (23) is not uniquely solvable. But, on the other set @

n4= {(vn, w : JAoOn(v,w) |> 0, |Yon(w) |> 0, vn = A\k"mm w € (0,7e) \a|]
SAE (23) is uniquely solvable. So, taking into account tati 4) and (25), we obtain

A 4in(v, w, un)
A L

gLuizl Aon(”N w) WiIsin(uy *

Pjn = ®Iln-~Nn(w) + ®2n~}2n (w) + %

++

+ xk n , x2kx )un(s,v~)ds, j = 1,2, (v,w) € N4, (28)
An (1 + An ) ww

where
Wun”) = Vo1l 1) E22n(w)) , WI2n(w) = V- 1(-X2n(b,w) + ~12n(w)) ,
W2inM = V ti,w) + B2in(w)) , W22n(w) = V)- (XIn(tl,w) + £yn(w)) ,
13 = - x3in(tl,w)WIIn(w) + XBin(tl,w) WI2nM ] ,
23n(w) = - [X37™1,w) W2in(w) + X321, ) W22nM ] ,
Win(s, w) = Hn(tl, s) Wlin(w) + WN'n(tl, s) Wi2n(w),
W2n(s, w) = Hn(tl, s) W2in(w) + UNM(tl, s) W22n ™).
Since p d p2n are Fourier coefficients, from presentations (28) we obtain the following Fourier
series
v A 4|n(v w,un)
; - ; WInWj1n + W2nWj2n + Yk'I‘I'I 1 \2k\ / T '\ Wij3in+
Pi(x) = V |tnE:115|n ANnX ! W An (1 + Ank) w { 1y AOn(v w) !
T
1
+ J Wjn(s, w)un(s, v, w)ds , (v,w) € 4. (29)

An(1+Ank)Lu0
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The functions un(t,v,w) in series (29) are Fourier coefficients of the unknown function U(t,x,v,w).
Therefore, we need to define the Fourier coefficients un(t,v,w) uniquely. Substituting representation
(28) into equations (20), we obtain the following countable system of functional-integral equations in
the final form

un(t,v,w) = S(t, V,w; Un) = dbl gin(t,V,w) + ~2ng2n(t,V,w) +

\ O 4in(v, w,un) f.oo\
+ E — X— 77770 g bh(b w) +
An (1 + An )wi= A On (v,w)
T
1
+ j Gn(t,s,v,w) un(s,v,w) ds, (v,w) e /14, (30)

Xk (1 + Xnk) w

¢

where
gin(t,V,w) = wiin(w)h in(t,V,w) + W2In(w)h 2n(t,V,w),

g2n(t, V, w) = Wi2n(w) hin(t, V, w) + W22n(w) h 2n(t, V,

g 3in(t,w) = gin(t,V,w) X3in(ti,w)+ g2n(t,V,w) x3in(ti,w)+ n(t,w),
Gn(t, s, V,w) = gin(t, V, w) Hn(ti,s, w) + g2n(t, v, w) H'(ti Hn(t, s, w).
Note that this functional-integral equation (30) makes sense only of parameters v, w from
the set J14. In addition, in the countable system of functi - | equations (30), the unknown
function un(t,v,w) is under the sign of the determinant a er the sign of the integral.

3 Solvable of the countable system ionallintegral equations (30)

Let us investigate the system of equation
consider the following well-known Banach space

e se of the unique solvability. To this, we
we need in our further actions [26,32,33,36].

We consider the space B 2 of function sequences { In= on the segment [0,T] with the norm

2
u(t) < to;
the space £2 of number seque =i with the norm
CiO;
\n=i
the space L 2[0,l square-integrable functions on an interval [0, 1] with norm
1$(x) L2[o] I$(x) R dx < to.

Smoothness conditions. Let on the segments [0, I] there exist peace-wise continuous derivatives with
respect to x up (4k + 2)-th order for the functions j,(x) e C 4k+i[0,1], i = 1,2. Then, after integration

the integrand functions g~ = J 2f di(x) sin Anxdx, i = 1,2 by part (4k + 2) times on the variable
10
X, we obtain the following relation
4 k+2)
a2 ¢
\ o

b ,n1= ( 4k+2 i=1,2, (31)
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where

J(@k+2) _ f ddk+2di(x)

J dx 4k+2
0

Here we note that the Bessel inequality is true

@2) 2 W2 gaeaanny P
dx, i _1,2. (32)
_ £l 7 dx 4k+2
n=1
Theorem 1. Let the smoothness conditions and the following conditions be fulfilled
tgf&zhﬂgin(t, v,w) |; lg2n(t, v,w) | _ 6\h < 6l < X, (33)

A 4in (v,w) !
62 + &< 1, 34
b IV gi pon(v wy &0 (34)
where 62, 63 and 60i will be defined from (38) and (39), while A 4in (viw,)_is defined from (41). Then

the countable systems of functional-integral equations (30)®is umiguely solvable in the space B 2. The
desired solution can be founded from the following iterative precess:

u°en(t,V,w) _ ®lnglin(gV,w) + P2mg 2n(t,V,w), (35)
untl(t,v,w) _ S(t, v,wyun), 9 _ 0,1, 2,...

Proof. We use the method of contraction "maps in' combination with the method of successive
approximations in the space B 2. Then, by virtuedeffsmoothness condition (31) and estimate (33),
applying the Cauchy-Schwartz inequalityfand Bessel inequality (32), from approximations (35) we
obtain that the following estimate is valid:

Vv 1Un(t) = V/ D1 In(t,v, 2 n(t,v,
n:1t€°%] n(t) <;]\:tlc1$0aff]" n [mjgin(tv,w) |+ |p2n [mig2n(tv,w) [ <

4k+2 Te }%ﬁH&Z) Te }%4;#2)
s £1 ca2 HE jaen <
n=

n=1
4k42
V2l

1 0 4k+2 dpl(x)
<61 - £

4 Akt 2 dh2(x)
= n S+4 dx 4i+2

_ B0 < x. (36)
L2P] dx 4k+2 L2PA

Taking into dccount estimate (36), applying the Cauchy-Schwartz inequality, for the first difference of
approximations (35) we obtain:

T i L A din (v,w,un)
El {Q[%ﬁ] 1! WR/__”WP 1< lv An=1 K- E

Kw .= A(v,w) Ay Ig3in(t,w)| +

max Y Gn(t, s,v,w) un(s,v,w) ds <
+E Anw te[0T] ( ) un( )
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2
Adin (v,W,un) .
< [V I$2 + $3%0 < A, 37
7 \nI:El IE1 pon(v,vy 37
where
1

$oi ~ $oin — Isinew)] . 2 — | , (38)

\ n=1 JExw2

T 2

$3

1
= _ max IGn(t,s, V,w) |ds (39)
\ et e O
Continuing this process, similarly to estimate (37) we obtain \

nEltgPOz?_ﬁ lu mls\t) - uH(t) 1<

a 2
Adin (V,W,un) - Adin (V, n )
E E

\nT = Aon(V. e

+$3\,E @[%?gl_]llun(t, v, QV,W)I <

< |V|$2\ E E A};M” ) $0i ur(t, Viw) - ur 1(tyv, w) Ig,+

n=1 ,i=1 &
+$3lur(t, V,w) - W) 1B < Pelur(t,V,w) - ur (tV,w) g (40)
where
A 4in (v, w)
i +
F VI _E Aon(v, w) $ol %,
i=1 ~
f 031 In X3 (i-)n  04in  A631(i+1)n
v ' .
A 4imn(v W), = X0321n X032(i-1)n ~ 042n X0 32(i+1)n (41)
1 p03mmn
T T

O4in = N1J [|bi(s) [Hn(s, 0, w) a(0) |dOds.

According to the last condition (34) of the theorem, we have p < 1. Consequently, it follows from
estimate (40) that the operator on the right-hand sides of the countable system of functional-integral
equations (30) is contracting. It follows from estimates (36), (37) and (40) that there is a unique fixed

point, which is a solution to the countable system of functional-integral equations (30) in the space
B 2. Theorem 1 is proved.
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4 Uniformly convergence of Fourier series

Theorem 2. Let the conditions of Theorem 1 are fulfilled. Then the series in (29) are convergence
in the segment [0, 1].

Proof. Let un(t,v,w) e B2 be a solution of system (30). As in the case of estimates (36) and (40),
we obtain

_ d 4fcr2 ~ 1K) d 4fc2 A 2(%)
[<fi(x) |< Y ! $182 gy a2 LoH) T dx k2 L2(H) "
2
A din (v, _ .
o I$2\ nEl E1 Alxr(])r(l\zv\,lvw;m) $oi  + B Yu(t,V,w) ¥B2 < TO =42 (42)
=1 =

Absolutely and uniformly convergence of the series (29) implies from estimate (42)
Substituting system (30) into Fourier series (5), we obtain

u(t,x, V,w) = W- E sin/inX [*Ingln(t, V,w) + ~2ag 2a(t,.V,w) +

n=1
o oy E A O
al(l + Anfgw ;=T Aon(v, w)
T
+ ! Y Gn(t, s,v, w)un(s,ww) ds (v,w) e Nn4. (43)
all(l + Ank) w

Theorem 3. Let the conditions of Theorem™daré fulfilled. Then the main unknown function
U(t, x, v, w) of inverse problem (1)-(4) is defined by Fourier series (43) and this series (43) converges
absolutely and uniformly in the domajn_Q far all (v, w) e /14. Moreover, function (43) belongs to the
class C (Q) Mcef (Q) Nce+2k(Q).

The proof of Theorem 3 js similar tojthe proof of Theorem 2.

Conclusion

In the rectangular domain Q = {0 <t < T, 0 < x < ” we consider a linear Benney-Luke type
partial integro-differential“equation (1) of a higher order with degenerate kernel and two redefinition
functions (3) given“at themendpoint of the segment [0,T]. With respect to spatial variable x Dirichlet
boundary value conditiens (2) is used. To find these redefinition functions intermediate data (4) are
used. The Fourier series method of variables separation is applied. The countable system of functional-
integfal equationsy(30) is obtained. Theorem 1 on a unique solvability of countable system of functional-
integral €quations (30) is proved. The method of successive approximations is used in combination with
the method @af contraction mappings. The triple of solutions for the inverse problem is obtained in the
form of Fourier series (29) and (43). The absolutely and uniformly convergence of Fourier series is
proved (Theorem 2 and 3).
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T. K. KOngawes

TalWKeH TAMeMJIEKe T TK 3KOHOMUKanblL yH ueepcumemi, TalKeHT, B3beKcT aH

Ekl K,aiiTa aublK,Tay (PyHKUMACLI MeH napameTprepl 6ap BeHHKU-JTIOK
TMNTL HTerpanablK-audphepeHumnaniblikK Teygey yww apanac Kepi
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ecerl

M akanaja)cerMeHTTLL LWieTTepLue GeplureH et KaliTa aHblyTay PYHKLMACHI MeH e3reLuenieHeTLl 84pOocChl
6ap, beHHN-JTIOK TUNY Xorapbl PeTTl Cbi3bLLTHIK, MHTErpanabl-anddepeHuanibl gepbec TybIHAbIMbI AnMd-
thepeHlnanabik Teudeyl kapacTbipbiiraH. Kalita aHblkTay (OyHKLUANAPbIH Taby yLiLl apanbik 6GepLureHiep
nanfanadbinraH. KeyKTKNK aiiHbIManbira KaTbiCThl Jupuxnie TULLHL LLeKapanbIK, lWapTTapbl KpagaHbl-
raH. AliHbiManbiHbl 6enxTey ywi ®ypbe 3alcl nanganaHsingsl. OYHKUMOHANABIK, UHTErpangblk, TeHLeY-
nepaLy, ecenTeneTw Xyiea anbiHAbl. ®YHKLMOHANAbIK MHTErpaniblk TeuAeynepaly, caHaymbl XyhecLLy
61pmaHal Wwew weTW AT Typansl Teopema gsanengeHab byn xarganga 61pTwgen XybikTay 3glcl cbirbinraH
6eiHeney aglclmeH 61lpre kKongaHbinagbl. Kepl ecenTuy wewilml dypbe KaTapbl TypLUAe Kypbinagbl. AnbIHraH
®ypbe KaTapblHbIH a6COMOTK X3He 61pKabINTbl XUHAKTbIbITbl HAKTbINAHAbI.

Kbl T cB38ep: Kepl ecen, ekl kaiiTa aHbIKTay OYHKUMACHI, KeWIHIL WwapTTap, apansik QyHKunsnap, ®ypoe
3alcl, 61pmaHal Lwewwdm.
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T. K. Onpawes

TaWKeHTCKUIA rocyAapcT BEHHbIW 9KOHOM MYECKUA YHUBEPCUTET, TallKeHT, Y 36eKUCT aH

CmewlaHHaa obpaTHas 3afada AN UHTerpo-andpdpepeHUmManbHOro
ypaBHeHUA Tnna beHHU-AKa ¢ ABYyMA PYHKUMAMN
nepeonpegeneHna n napameTpamu

B cTaTbe PaccMOTPEHO NMHEHOe MHTErpo-AnddepeHLManbHOe YPaBHEHWE B YaCTHbIX MPOM3BOAHBIX TUMA
BeHHU-J1t0Ka BbICOKOTO MOPAAKA C BbIPOXAEHHbIM A4POM U ABYMS (OYHKLUMSMMW NepeonpefeneHuUsMsasaHs
HbIMW B KOHLe 0Tpe3Ka. [/ HaXx0OXAeHWUs 3TUX (OYHKLMIA NepeonpefeseHns UCMOo/b30BaKbl NMPOMEXyTOUs
Hble fjaHHble. [0 OTHOLLEHWIO K MPOCTPAHCTBEHHOV MePeMEHHON MPUMEHeHb! KpaeBble YCMOBUS, TRadupu-
xne. TpUMeHAeTC MeTo[ pasaeneHmns nepeMeHHbIX ®ypbe. MosydeHa cyeTHas cucTeMa hyHKUUOHANEHOS
MHTErpanbHbIX ypaBHeHWiA. [lokasaHa Teopema 06 OfHO3HAUHOI PaspeLlnMOCTU CUETHOMCCTEMbI OYHKLIMO-
HaNbHO-MHTErpaNibHbIX ypaBHeHWA. Tpu 3TOM MCNO/b3yeTcs MeTof MocneaoBaTeAsHbIXEAPUBNKEHNI B
COYETaHUM C METOAOM CXaTblX OTOOGPaXeHW. PelueHWe oGpaTHOW 3agaun cTpoudics B BugesPafa dypbe.
[JokazaHa abCcoMoTHas 1 paBHOMEPHas CXOAUMOCTb MO/yYeHHbIX PAA0B Pypbes

Kniouesble cnoBa; o6paTHas 3ajaya, ABe (PYHKLMMW NepeonpegeneHus, uHanbebie Yenosus, NpoMexyTou-
Hble PYHKLMU, MeTOg Pypbe, OfHO3HAUYHAsA Pa3PeLINMOCTb.
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