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I'.A.EcenbaeBa

HNHaTerpanapik TypJaeHaipyJiep ’KoHe IETTIK ecenrep

Makana mIeKTelIMereH KeHICTIKTep YIIiH JKbUIyOTKI3TILITIK CTAllMOHAp eMeC TEeHJASYJepi LICIIyre >KoHe
TenbMroJbITIH €Ki eneMIi TeHAeyIepiH 3epTTeyre apHaiaraH. KapacThIpbUIBIIT OTBIPFaH LITTIK €CEHTEPIiH
HIemiMaepi apanac xoHe exi eceni ypre TypiaeHaipyaepiHiH keMeriMeH aibiaFad. COHBIMEH Katap ap Typiii
TUNTEri JAepOec TybIHIAbUIAP TEHAEYJIepi YIIiH IMIeTTIK ecenTepAiH IIennMIepiH anyqa MHTErpasIblK
TYpJICHIIpYyJep SMICiH Kajail KoyijaHyra OonaThlHBI KepceriireH. IlyaccoH eki enmmemzi TeHAeysepl YIuiH
I'puH GYHKIHMACH KYpBUIFaH.

I'.A.EcenbaeBa

I/IHTeraJILHIJIe npeoﬁpa:;OBa}mﬂ H I'PaHUYHBIC 3aJaYH

CTaThsl MOCBSIIEHA ONpPE/SICHHUIO PEIICHHs HECTAllHOHAPHOTO YPABHEHMUSL TEIUIONPOBOIHOCTH Ul HEorpa-
HMYCHHOTO MPOCTPAHCTBA U HCCIICA0BAHHUIO ABYMEPHOro ypaBHeHMs I elbpMronbiia. Perienus paccmaTprBac-
MBIX TPaHHYHBIX 3a/1a4 MMOJTYYEHbI C TIOMOIIBIO CMEIIAHHOTO W ABYKPATHOro mpeobpasoBanuit dypse. Vcxo-
Il U3 3TOr0, B paboTe NMPOUIIIIOCTPUPOBAHO, KaK METOJ HHTETPaJIbHBIX MPeoOpa3oBaHUil MOXKET OBITH
MCIIOJIb30BaH IS HOJIYYCHHsI PEIICHHUs IPaHUYHbIX 3a/1a4 JJisi YPaBHEHUIl B YaCTHBIX MPOU3BOIHBIX Pa3JIny-
HbIX THHOB. Taxxke B paboTe nocrpoeHa QyHkuus ['prHa wis fBymepHoro ypaBHeHus IlyaccoHa.
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Application of Cantor pairing function in the two simplest tasks

In_this paper application of Cantor pairing function is considered in solving the following two problems.
1. Tn determining the main Pythagorean triples. 2. When calculating the sum of the digits of n-digit numbers
in the decimal number system. When calculating the sum of digits of all unequivocal to n-digit numbers in the
decimal number system. For these two problems program was written in the programming language Borland
Delphi 7.

Key words: Diophantine equation, Pythagorean equation, Pythagorean triple, Cantor pairing function, tuple,
linear order, Cantor’s number.

In this paper considered Diophantine problems (Diophantine equations). Diophantine equations are
called algebraic equations or systems of algebraic equations with rational (natural) coefficients, which are
found in integer or rational numbers. Such equations have the number of unknowns (variables) which
exceeds the number of equations. The theory of Diophantine equations is the most important section of num-
ber theory.

It is known that in general the problem of the set of solutions of a system of Diophantine equations
algorithmically unsolvable (Yu.B. Matiyasevich, 1970).
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This is, firstly, allowed to call the research of Diophantine equations the theory of such equations; se-
cond, led to the clarification of the difficulties that relate with the study of Diophantine equations, and, third-
ly, we have greatly expanded our understandings about the role of Diophantine equations in mathematics [1].

Consider the classical Diophantine equation:

¥’ +yt =z, )]
where
x,y,z€N. )

The Diophantine equation or an equation of Pythagoras is called Diophantine equation (1) with condi-
tion (1°).

Equation (1) is the equation of second degree, as the variables x,y,z are not multiplied and.each
of them has degree 2: uncertain, since the number of equations less than number of variables. Pythagorean
equation is an equation of the second degree.

By a solution of Diophantine equation of the second power understand finding all these integer values
of variables that satisfy this equation. For several millennia Pythagorean equation (1) with condition (1) was
the subject of the most thorough studies. As a result received, for example, the following formula

xzr(sz—tz), y=r(2st), z=r(s2+t2), 2)
where
r,s,tenN, s>t, (s,t)zl, st — even. 2)
So it is natural substitution and the solution of the following problem.
Substitution of the Task. Let
M={x,y,z|x,y,zeN, X’ + V2 =2"} —
the set of all Pythagorean triangles. It is required to find a common formula that describes all of these trian-

gles. The objective here is that the amount of integers of arbitrary parameters, included in the general formu-
la of all Pythagorean triangles, did not exceed three [2].

Theorem 1 [3]. If (x, y, z) =1, x, z— odd, y— even, Pythagorean triangles that are included into
the set M, can be defined by the formula
x=(20-1)(2a4p+1)=40" +20p-p-1

(40.+B)(B+2) _4op+8a+p*+2B

2 2 ; 3)
:(4a442(B+2)+(m1_02:4aB+8a2;B2+ZB+2
where
aeN, Be2N (2N ={0,2,4,...}). (3)

Each Pythagorean triple (x,y,z) system (3) and conditions (3’) is unambiguous.

Proof. General description of the Pythagorean triangles defined Pythagorean triples in the following pe-
culiarities determine the cathetus x:

a=1 =1-3
2 ) 3‘(5
a= x=3-
¥
B=0{a=3 x:i.‘] I—group
a=4 x=7-9
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a=1 x=1-5
a=2 x=Z-7
B=2<a=3 x=5-9 [I—group
a=4 x=/7-11
a=1 x=1.7
a=2 x=3{9
a=3 x=5f11 [I—group
a=4 x=7-13

Then the length of the cathetus x can be expressed through the parameters o and-f.in the following

Table 1:
Table 1
B

o 0 2 4 6 8 10 12

1 1-3 1-5 17 1-9 1-11 1-13 1-15
2 35 3.7 39 311 3-13 3415 3-17
3 57 59 5-11 513 515 517 519
4 79 711 7-13 715 7-17 7-19 7-21
5 9-11 9-13 9-15 9-17 9-19 921 9:23
6 11-13 11-15 11-17 11-19 11-21 11-23 11-25
7 13-15 13-17 13-19 1321 13-23 13-25 13-27

Using table 1 we can define the number of the column (e), cathetus ( y), the hypotenuse (z), the radius

of the inscribed circle, square of triangle (S ) according to the following rules:
I. To determine the number of column e, from the product of cathetus x =u-v the larger multiplier

. . V—u
subtract smaller and divide it by two, i.e.ifx=u-v, andv >u, then e=

Example: x=1-3, then e=ﬂ.

II. To determine the cathetus y, in expression of cathetus x=u-v adding multipliers # and v, and
multiply it by the number of the column, i.e. y = (u + v) e

Example: (1+3)-1=4.

III. To determine the hypotenuse z, add up the length of cathetus y and the square of the first factor
of cathetus x, i.e.,if x=u-v and y=(u+v)-e, then z=y+u’.

Example: if x=1-3 and y=(1+3)-1=4, then z=4+12=35.

IV. To determine the radius of the inscribed circle in each row of table 1, the first factor of cathetus x
multiplied by the number of the column, i.e., if x=u-v and e is the number of the column, then r =u-e.
v—u 3-1

Example: x=1-3 and e= =1, then r=u-e=1-1=1.
V. To find the area of Pythagorean triangle <x, ¥, z>, use the formula
S=(x—r)(y-r)orS =%.

Then theorem 1 can be formulated as follows:
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Theorem 1°. If <x, y,z> =1, x,z— odd, y— even, Pythagorean triangles that are included into the set
M, can be defined by the formula
x=(20-1)(2-(a+e)-1)
y=(4o+e-2)-e
z=(40+2¢-2)+(2a-1)
r=(2a-1)-e
$=(s=r)(y=1

Theorem 2 [3]. For any circle of radius »e N there is described Pythagorean triangle.
The radius of this circle is determined by the formula

r= (20(—1)[3—;2.

The proof of this theorem can be obtained by building the Table 2.

Table 2
e 1 2
o X y z r N X y z r N
1 1-3 4 5 1 6 1-5 12 13 2 30
2 35 8 17 3 60 3-7 20 29 6 210
3 57 12 37 5 210 5-9 28 53 10 630
4 7-9 16 65 7 604 711 36 85 14 1386
5 9-11 20 101 9 990 9:143 44 125 18 1287
e 3 4
o} X y z r s X y z r s
1 1-7 24 25 3 84 1-9 40 41 4 180
2 39 36 45 9 486 3-11 56 65 12 924
3 5-11 48 72 18 1320 5-13 72 97 20 2340
4 7-13 60 109 21 2730 7-15 88 137 28 4620
5 9-15 72 153 27 4860 9-17 104 185 36 7956
e 5 6
a X y z r N X y z r N
1 1-11 60 61 5 330 1-13 84 85 6 540
2 3-13 80 89 15 1560 3-15 108 117 18 2430
3 5-15 100 125 25 3750 5-17 132 157 30 5185
4 7-17 120 169 35 7140 7-19 156 205 42 10374
5 9-19 140 221 45 11970 9-21 180 261 54 17010

Ifp=0, (e=1), aeN,then r=1,3,5,...,2k —1,...— all odd natural numbers.
2
Ifp=4d—2, (ezﬁ%j, B,de N, then r =2,4,6,...,2k,...— all even natural numbers.

Theorem 1 allows us to tell that Pythagorean triple when <x, y,z>=1, x,z— odd, y— even, depends
on the values of the parameter x. This is due to the fact that x =u-v, where u <v, u and v— odd natural
numbers. Then in the decomposition of x on multipliers we can introduce Cantor pairing function.

Let the catheti x, and x, have factorizations u, -v, and u, -v, respectively. If they are from one group
and u, <u, and v, <v,, then x <x,, if they are from different groups b, and b,, and b, <b,, thenx, <x,,

If u, =u, and v, <v,, then x, <x,.

If u, <u, and v, =v,, then x, <x,.

An example of Cantor pairing function factorization of cathetus x is given in Table 3.

Briefly it can be written as follows:
The cathetus x can be defined using the table 1 in the form of a product
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(20—1)(20.+B+1).
The number (2(1 — 1) . (20L +B+ 1) can be written as double tuple
(20-1;200+B+1).
Then on the set K = {<2oc -1;20+B+ 1>|OL eN,Be ZN} can define a linear order, i.e. Cantor pairing
function <K ; <2>.
Let <e,f>,<c,d>eK.
Then, If f <d, then <e,f> <, <c,d>
If f=d, then <e,f> <, <c,d><:>e<c.
Properties of Pythagorean triangles.
1. One of the catheti of Pythagorean triangles is divided by 4.
Proof:
Case 1. If o or B— even numbers, then x =2af is divided by 4.
Case 2. If o and p— odd numbers, then y=o’ —p° = (OL + B)(OL - B) is divided by 4.

2. One of the catheti of Pythagorean triangles is divided by 3.
Proof:
Case 1. If oo =3k or B=3p, then x=2ap is divided by 3.

Case2. If a=3k+1, B=3p+1, then y=a’—p’> =(a+p)(a—B)=(3k+1-3p—-1)(3k+1+3p+1)=
=3(k—p)(3k+3p+2) is divided by 3.

Case 3. If o=3k+l, B=3p+2, then
y=a2—B2=(0L+B)(oc—[3)=(3k+1—3p—2)(3k+1+3p+2)= > (3k—3p—1)(k+p+l)isdividedby3.

Case 4. When o =3k +2 and B=3p+2 proved similarly as Case 3.

3. In Pythagorean triangle products of the catheti is divided by 12. The proof follows from the proper-
ties 1 and 2.

Pythagorean triples
\ v
main additional
(x,y,z)zl (x,y,z)zk,k;tl

4.If x is a prime number, then the main Pythagorean triple is the only one.

Consider the following tasks.

Task 1. What is the sum of the digits of n-digit numbers in the decimal number system?

Task 2. What is the sum of digits of all unequivocal to n-digit numbers in the decimal number system?

In decimal system form any non-negative number oo e N* can be represented in the form
o=aa,...aqa,,
where
a,#0,a €{0,1,..,9},i=2,3,...,n,a, €{,2,...,9}.
Let sum o of the digits of the number o be denoted by / (OL), ie.
l(a)=a,+a,+...a,

Sum of single-digit numbers: 0,1,2,3...,9

S, =¥'10=45=1-45=1-10°-45-

Define the sum of digits of all two-digit numbers.
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Table 3
10,11,...,19
20,21,...,29
30,31,...,39
90,91,...,99

In this table we can introduce Cantor pairing function.

If a.=xy is two-digit number, then we insert in accordance tuple <x, y>.

On the set (N*)’ =N*"xN"={(x,y)|a=xy} determine Cantor pairing function, ie. <(N+);sz>_

linearly ordered set.
If oo=xy, B=uv and I(OL) <I(B), then <x,y>£2 <u,v>;

If oo=xy, p=uv and l(a) =I(B), then <x,y>£2 <u,v><:>x<y.

Some properties of the Table 3:

1. Table 3 is symmetric, i.e. the amounts of natural numbers with length of ¥ and n—-k are equal,
when n=19,k=1,2,...,18.

2. If two-digital numbers o and B are symmetric, then / (OL) +1 (B) =19.

3. The amount of numbers with length 1 — one;
The amount of numbers with length 18 — one;
The amount of numbers with length 2 — two;
The amount of numbers with length 17 — two;

The amount of numbers with length 8 — eight;
The amount of numbers with length 11 —'eight;
The amount of numbers with length 9 — nine;
The amount of numbers with length-10 — nine;
Then we can obtain the following formulas:

< 1+9
S, :19-Zk=19-T-9:19-45:45-(9+10):855.

k=1
Spt S, =45+855=900=20-45=2-10"-45.
Determine the sumof three-digit numbers.

Table 4
100,101,...,199
200,201,...,299
300,301,...,399
900,901,...,999

In Table 4 we can introduce the Cantor pairing function.
For this, natural number o =a,a,a, represent as tuple <a1,0L2 ,OL3>.

Then <al,oc2,a3> =<<a1,a2>,a3> =<C(a1,a2);a3>, where C(a,,0,) — Cantor’s number of tuple

C (al,ocz), i.e. Cantor’s number of natural two-digit number o' =a,a.
Continuing this process inductively, we can determine Cantor’s number n-digit natural number

o=aa,...a,.
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<al,a2,...,an71,an> = <<a1,a2,...,an71>;an>.
Some properties of the table 4:
1. Table 4 symmetric, i.e. the amounts of natural numbers with length ¢ and m—g are equal, where

m=28, ¢=1,2,...,27.
2. If three-digit numbers ¢ and d are symmetric, then
I(c)+1(d)=28.
3. The amount of numbers with length 1 — one;
The amount of numbers with length 27 — one;
The amount of numbers with length 2 — three;
The amount of numbers with length 26 — three;

The amount of numbers with length 3 — six;
The amount of numbers with length 25 — six;

The amount of numbers with length 13 — sixty nine;
The amount of numbers with length 15 — sixty nine;
The amount of numbers with length 14 — seventy;
From here we can obtain the following formulas

Ck(k+1)
S, =28 > +> k) [+14-70 =28-450 =12600 == 45-(1+3-9)-10;
k=1

k=1

S, +8,+8, =45+855+12600 =13500 = 45-300 =3-10> - 45.
Continuing this process by induction, we can obtain:
Approval 1
In decimal number system sum of the digits of all n-digit numbers
S =10"" (1+9-n) -45.
Approval 2
In decimal number system sum of the digits from single-digit numbers to n-digit numbers:

§=)S/=45-n-10""
i=1
There is the program written inia Delphi 7 language.
This program can calculate sum of the digits from single-digit numbers to n-digit numbers S, and
of the digits of all n-digit numbers S.

. MATEMATIKA =REERL X
Sum |

S 316000000

J il Sn 288000000

Image 1. Enter value of n to find S, and §

The program in Delphi 7 allows to calculate the appropriate Pythagorean triple for any re N.
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13 B84 86

Image 2. By entering value of radius of the inscribed circle,
Pythagorean triples can be found

Program can calculate Pythagorean triple by the formula (3) with the condition (3").

MATEMATIKA I E‘M

A 4

Pythagorean triples | I |

?' X 299
] Y 180
Z 349

Image 3. To deterrmine Pythagorean triple, enter parameters a and b

Cantor pairing function of expansion of cathetus x allows to define unambiguously Pythagorean triples

<x, y,z) and backward.
Compiled program can determine Cantor’s number of any n-digit natural number and reverse, define
n-digit natural number by Cantor’s number.
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KanTopJbIK HOMepJiepai KapanailbIM eKi ecenTi menry/ie KoJIany

Makanaga KaHTOPJIBIK HOMEpJIEY[IH Keleci €Ki ecenTi IIemryae KOJIJaHyldapsl kepcerinai: 1) Herisri
mu(aropiblK YIOTIKTEPII aHBIKTayla; 2) OHABIK caHay >KYHeciHAeri OapiblK n-TaHOANBI CaHIAPIBIH
udpazapbHBIH KOCBIHABICEH Tabyna. OHABIK caHay >KyiHeciHzeri OipTaHOANBIKTaH n-TaHOAJbIFa IEHiHTI
caHAapAbIH LU(PIapbIHBIH KOCBIHABICH TaObuiapl. CoHbIMeH KaTap Oy ecentep yuriH Borland Delphi 7
TiNIHJE MporpamMMa KYpBUTFaH.
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K. Kernucos, A.K. TembimTeik6aii, 111.J[.Kycoekon

IIpumeHeHHe KAHTOPOBCKOM HYMepPallu B IBYX MPOCTEMIIMX 3a1a4axX

B crarpe moka3aHsl IpUMEHEHHS KAaHTOPOBOH HyMEpaIyy IIPH PEIIeHUH CIEAYIONMX 3aad: 1) mpu onpene-
JICHNH OCHOBHBIX NH(AropoBBIX TPOEK; 2) IMpU BBMUUCICHHH CYMMBI IHQP BCEX #-3HAYHBIX YHCEI
B ICCATUYHOH crucTeMe cuncieHus. [Ipu BeIMUCICHIN CyMMBI ITU(pP OT OXHO3HAYHBIX O /-3HAYHBIX YHCEIL.
Jlnst 5THX BYX 3a/1a4 ObLTa HamMcaHa MporpaMMa Ha si3bike nporpammuposanus Borland Delphi 7.

References

1 Kozhegeldinov S.Sh. Some classical Diophantine equations in three or more variables: In 5 volumes, 3. The research
of Diophantine equations of small degrees, Almaty, 2006.

2 Sierpinski V. Pythagorean triangles, Moscow: Nauka, 1959.
3 Zhetpisov K., Tynyshtykbaiy A.K. Pythagorean triples: Education manual, Karaganda: Edition UGTAO KF, 2010, 80 p.

YK 004: 942.14

C.K.}KyMaryHOBal, B.M.Caznanoga’

b . .
Kapazanounckuii cocyoapcmeennviii ynugepcumem um. E.A.Byxemosa;
’Kapazanounckuii zocydapcemeennyiii mexnuueckuii yuugepeumem (E-mail: sadanova@mail.ru)

FTP-coeaquHeHne Kak CpeACTBO 3a1MThI HH(OPMALHMH B JIOKAJILHON CeTH

B cratbe paccMOTpeHbl NPHHLMIBI 3aIUThl-HHGOPMALMU B JIOKAIBHBIX CETSAX C ucroib3oBaHueM FTP-
cepsepa. [IpuBeneHo onucanue TpeOOBaHUH K NPOTPaMMHOMY M TEXHHYECKOMY O0ECIICUEHHUIO CO3aBaeMOH
porpamMmbl. PaccMOTpeH anroputM peanusaiuy nHGopmanuonHoi cucremsl FTP-coenunenus. OnucaHsl u
NIPOAHATIM3UPOBAHEI CTPYKTYpHBIE 21eMeHTH FTP-coenuuenus, onpeneneHsl TpeOOBaHMS JUIS CO3MaHUS AaH-
HBIX 3JIEMEHTOB, a TaKOKe OMMCAH MEXaHU3M JISHCTBHS pa3pabOTaHHOM IPOTPAMMBL

Kniouesvie crosa: cucrema, cepBep, COeTUHEHIE, HATCKHOCTD, MMPIIIOKECHNE, 00BEKT, JIOTHH, MapoIib, GopMma,
CETh.

PasButHe W pOCT = aBTOMATH3allMd MPOU3BOACTBEHHO-XO3AMCTBEHHBIX IPOIECCOB  KPYIHBIX
MIPOMBINIUICHHBIX OpraHN3alki; a TaKKe MOBCEMECTHOE BHEIPEHNE WH(POPMAIIMOHHBIX TEXHOJIOTHIA MPUBEIN
K 3HAYUTEIHHOMY. YBEIHMYCHUI0O WH(POPMAIIMOHHOW Ccpenbl opraHm3anuii. Bmecte ¢ Tem Bo3pocia u
BEPOATHOCTh YTEYKW. MH(OpPMAIMU, T.€. BO3pOCIa BO3MOKHOCTh HAHECEHHWS BpeJa OpraHU3aIisM U HX
0€301acHOCTH.

Habop "mporpaMMHO-TEXHUYECKHUX, OPTraHU3AlMOHHBIX, aJMHUHHCTPATUBHO-TIPABOBBIX M JAPYTUX
MEPONPUATHH, PEATU3yeMbIX JJIs 3alUThl HH()OPMAIMOHHOW Cpe/bl, HA3BIBAIOT CHUCTEMOH OOeCIeYeHUs
uH(pOPMAITUOHHOY Oe3omacHOCTH. K 00beKTaM KOMIUIEKCHOW HWHTEIPUPOBAHHOM CHCTEMBI 3alllUThI
OpTraHm3aIi MOKHO OTHECTH:

— aBTOMAaTU3WPOBAaHHBIC CUCTEMBI (CHCTEMBI, UCIIOIB3YyEMEBIC JIJIsl XpaHCHHUS, TOMCKA U BBIIAYHU JTaHHBIX,

3aTpeOOBaHHBIX MOJIE30BATEIISIMU );

— nH(OPMAITMOHHEBIE TIpoIecchl (TIporecchl 00paboTKH, MpeoOpa3oBaHMsI, COXPAHCHHS W Tepeaadd
TaHHBIX, KOTOpBIE oOOecredynBaroTcsl MHOOPMAIMOHHBIMH CHCTEMaMH W CpEACTBaMHU Tiepefadn
JAHHBIX);

— MH(POPMAIMOHHBIE PECYPCHl — KOMIUIEKC I[IEHHBIX JaHHBIX OPraHU3allud, KOTOPHIC BHICTYHAIOT
B KAUECTBE MAaTCPUAILHBIX PECYPCOB: XpaHANIMECS BO BHENIHEW TaMsTH OCHOBHBIE U
BCIIOMOTaTeIbHbIE MACCHBBI TAHHBIX U BXOJSIINE TOKYMEHTHI.

3anuIIeHHOCTh BRIYUCIUTENFHOW CETH HAPSIMYIO 3aBHCUT OT TOTO, CKOJIBKO CPENCTB OyIeT BIOKEHO
B e¢ 3amuTy. Ho BaXXHO y4ecTh COOTHOIICHHE 3aTPayCHHBIX (DMHAHCOB K HYXXHOW CTENCHM 3alllHThI,
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