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Integral transforms and boundary value problems

This article is devoted to determine the solution of the none stationary heat conduction equation for unlimited
space and to investigate the two-dimensional Helmholtz equation. The solutions of the considered boundary
value problems are obtained with the use of the mixed Fourier transform and of the double Fourier transform.
From these line items in work it is illustrated how the integral transforms method can be used to obtain
the solution of boundary value problems for partial differential-equations. of different kinds. In addition,
the Green’s function is built for the two-dimensional Poisson equation in this article.

Key words: a heat conduction equation, the two-dimensional Helmholtz equation, the two-dimensional Pois-
son equation, the mixed Fourier transform, the double Fourier transform, a Green’s function.

Many boundary value problems in applied mathematics, mathematical physics, and engineering science
can be effectively solved by the use of the Fourier transform, the Fourier cosine transform, or the Fourier
sine transform. These transforms are very useful for solving partial differential or integral equations for the
following reasons. First, these equations are replaced by ordinary differential equations, which enable us to
find the solution of the transform function. The solution of the given equation is then obtained in the original
variables by inverting the transform solution. Second, the Fourier transform of the elementary source term is
used for determination of the fundamental solution that illustrates the basic ideas behind the construction and
implementation of Green’s functions. Third, the transform solution combined with the convolution theorem
provides an elegant representation of the solution for the boundary value and initial value problems [1].

The boundary value problem for u(x,y,z,t) satisfies the following heat conduction equation and

boundary conditions

U =a’Au, —0<x,y<+0, 0<z,t<+o; (1)
0 = f(x,y,t), u|t:0 =g(x,y,2). (2)
We use the mixed Fourier transform [2] defined by (3)

u

a(h,u,v,1) = %J‘ I e"[“my]dxdyj‘ u(x,y,z,t)sinvzdz, 3)
27‘5 —0 0
to the problem (1), (2) which reduces to
i +a (W +p+ v = \/zava(k,u,t);
T “)

a(h,1,v,0)=G(A, 1, V).

Thus, this transformed problem (4) is solved to obtain

- 2O 422 2 £ O v ) (i -
Ak, 1, v, 1) = G(h,p,v)e @ e +\/:a2VIF(X,u,T)e R (5)
n 0
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Applying the inverse Fourier transform (6) to (5)

_ 1 i[Axtpy]
u(x, y,2,t) = @” dmpj i\, v, 0)sinvzdv = u, +u,, (6)
we get the solution of this boundary problem.

In order to define such a solution, we first calculate the functions u,, u, given by

SN S O G P P - _
U, = EILe W dkduj(; i, (A, 1, v, 1)sin vzdv =

e wlgnan j G(L,p,v)e @ D sinvzdy =
0

= #Tdijﬁceazﬁemxi)dl]? dnTe—azuzt ,e—iu(yfn)du_ Tg(ﬁ,naé)dc . Tefazv% sinvzsinvidv;
S % LA ° !

1

2 l i 20,2, 2 iy % 2,2, .
U, = 3 -\/:azjdtj J' F(h,p,1)e e (* “))dkdp Je"’ v L ysin vzdz,
\/27[ T 0 —0 0

where

o (x-8)

Jdij W M) ) a\%J;e s gE;

—0

o ()’

4a*t d ;
aJ  \
+o0 40 (- 9% 7(Z+§)2
Ig(i,n,é)dc. I ".sinvzsinvldv = \/_ J'g(g n, C)[ wt g A }dc;

22
o0 —
202 (- . ZNT 443 (1-1)

—a“v* (t-1) _
e -vsinvzdz = e
J.; 4a’(t—1)"”
Thus, it follows from the inverse Fourier transform that

Idnj —alW | pin(y- n)d

1 +0 4o 40 : 2
ul:m[cda&d”!g(é,n,c)-{e 4at e o

(x=8)*+(y-m)*+(z-¢) (x+8)*+(p+n)* +(z+0)°
dg;

22

21 74a2(t—r)d +0 S _

e S [ [Fe e ey -
—7T

0

—00

u:
2 )
da’w

g dt +o (x-8) t(y—m%zz
= fEne P dEdn.
(2a/n)’ I t-7" J I

The inverse Fourier transform gives the solution of this boundary problem

00 (x=8)* +(y—n)’ +(z-¢)* (x+8) +(y+n)’ +(z+4)
u(x, y, 2,0) =, +u, = dg)dn| g(&n,0)le da't —e 4t dg+
Fume o faef |

- L de a0 7(xf§)2+2(yfn)2+zz
+ Enoe 7 dédn.
(20\/%)3 '([(t_T)S/Z J‘:[Of
Now we find the fundamental solution of the two-dimensional Helmholtz equation
Vu+au=8(x—-k)d(y—1I), —o<x,y<o. (7)
It is convenient to make the change of variables

x—k=x,y-1=)y".
Consequently, (7) reduces to the form, dropping the asterisks,
u, tu, — a’u =—-8(x)8(y). ®)
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Application of the double Fourier transform (&) = F{u(x,y )} [3] to (8) gives
- 1
u =

© 2n(C* +a’)

where C=@En and C=g+n.

The inverse Fourier transform yields the solution
1 0 o _ . Zx
yo [ [(&+a*) e“dedn,
o ©)

In terms of polar coordinates (x,y) =r(cos0,sin0), (5,n) = p(cos p,sin p), the integral solution:(9) be-
comes

u(x,y) =

1 T p ) dp I irpcos(p—0)
ux, =—|——7F"| € d 5
(*.7) 41? !(p2 + az)'([ ®

which is, replacing the second integral by 2y (rp),
1 Tp-J,(rp)d
() =5 [ L0 UPXP.
2ny (p”+a”) (10)
In terms of the original coordinates, the fundamental solution of (7) is given by

lmpu%{p&x—kf+xy—lfk}dp

u(7 k) =— .
27'['([ (p2+a2) (11)
Accordingly, the solution of the inhomogeneous equation
(Vz_az)"':_f(xay) (12)

18

v )= o u@ ) (k)
where u(r k) is given by (11).
Since the integral solution (10)does not exist for ¢ = 0. Green’s function for the two-dimensional Pois-
son equation (12) cannot be derived from.(11). Instead, we differentiate (10) with respect to 7 to obtain
ou _LT p’Ji(rp)dp
or 2my (pP+ad’)
which is, for ¢ =0,
ou 17 1
—=—\Jy(rp)dp=—"".
or 27‘CJ(; o(rP)dp 217
Integrating this result gives

1
u(r,0)=——=Iogr.
2n
In terms of the original coordinates, the Green’s function becomes

u(7, k)= —ﬁlog[(x—k)z +(y-07]

2, = —
This is Green’s function for the two-dimensional Poisson equation Viv=—f(x.).
Thus, the solution of the Poisson equation is.

v(x,y) = T T u(F, k) f (k)dk.

As shown above the importance of integral transforms is that they provide powerful methods for solving
boundary value problems [3].
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I'.A.EcenbaeBa

HNHaTerpanapik TypJaeHaipyJiep ’KoHe IETTIK ecenrep

Makana mIeKTelIMereH KeHICTIKTep YIIiH JKbUIyOTKI3TILITIK CTAllMOHAp eMeC TEeHJASYJepi LICIIyre >KoHe
TenbMroJbITIH €Ki eneMIi TeHAeyIepiH 3epTTeyre apHaiaraH. KapacThIpbUIBIIT OTBIPFaH LITTIK €CEHTEPIiH
HIemiMaepi apanac xoHe exi eceni ypre TypiaeHaipyaepiHiH keMeriMeH aibiaFad. COHBIMEH Katap ap Typiii
TUNTEri JAepOec TybIHIAbUIAP TEHAEYJIepi YIIiH IMIeTTIK ecenTepAiH IIennMIepiH anyqa MHTErpasIblK
TYpJICHIIpYyJep SMICiH Kajail KoyijaHyra OonaThlHBI KepceriireH. IlyaccoH eki enmmemzi TeHAeysepl YIuiH
I'puH GYHKIHMACH KYpBUIFaH.

I'.A.EcenbaeBa

I/IHTeraJILHIJIe npeoﬁpa:;OBa}mﬂ H I'PaHUYHBIC 3aJaYH

CTaThsl MOCBSIIEHA ONpPE/SICHHUIO PEIICHHs HECTAllHOHAPHOTO YPABHEHMUSL TEIUIONPOBOIHOCTH Ul HEorpa-
HMYCHHOTO MPOCTPAHCTBA U HCCIICA0BAHHUIO ABYMEPHOro ypaBHeHMs I elbpMronbiia. Perienus paccmaTprBac-
MBIX TPaHHYHBIX 3a/1a4 MMOJTYYEHbI C TIOMOIIBIO CMEIIAHHOTO W ABYKPATHOro mpeobpasoBanuit dypse. Vcxo-
Il U3 3TOr0, B paboTe NMPOUIIIIOCTPUPOBAHO, KaK METOJ HHTETPaJIbHBIX MPeoOpa3oBaHUil MOXKET OBITH
MCIIOJIb30BaH IS HOJIYYCHHsI PEIICHHUs IPaHUYHbIX 3a/1a4 JJisi YPaBHEHUIl B YaCTHBIX MPOU3BOIHBIX Pa3JIny-
HbIX THHOB. Taxxke B paboTe nocrpoeHa QyHkuus ['prHa wis fBymepHoro ypaBHeHus IlyaccoHa.
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Application of Cantor pairing function in the two simplest tasks

In_this paper application of Cantor pairing function is considered in solving the following two problems.
1. Tn determining the main Pythagorean triples. 2. When calculating the sum of the digits of n-digit numbers
in the decimal number system. When calculating the sum of digits of all unequivocal to n-digit numbers in the
decimal number system. For these two problems program was written in the programming language Borland
Delphi 7.

Key words: Diophantine equation, Pythagorean equation, Pythagorean triple, Cantor pairing function, tuple,
linear order, Cantor’s number.

In this paper considered Diophantine problems (Diophantine equations). Diophantine equations are
called algebraic equations or systems of algebraic equations with rational (natural) coefficients, which are
found in integer or rational numbers. Such equations have the number of unknowns (variables) which
exceeds the number of equations. The theory of Diophantine equations is the most important section of num-
ber theory.

It is known that in general the problem of the set of solutions of a system of Diophantine equations
algorithmically unsolvable (Yu.B. Matiyasevich, 1970).
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