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Introduction

Fixed point theory is an active and vibrant area of research, which serves as a powerful tool in
various fields of mathematics and other allied areas. Wlanyiimplications across a diverse range of fields
such as engineering, economics, dynamical syStem, differential equation, integral equation etc., can be
formulated as a fixed point problem. In 1922, Banach proved a fundamental theorem [1] in metric
fixed point theory known as Banach contraction theorem, and over the past century, this theorem has
been generalized by various prominent authers considering different aspects.

In 2008, Suzuki [2] introduced a newnglass of mappings on a nonempty subset of a Banach space
by proposing a condition (C). Latef mamy authors generalized this class of mappings in different ways
and derived different fixed point,theorems and convergence results of different iteration schemes. These
generalizations often involve relaxingithe assumptions or considering more general settings, leading to
broader applicability and deeper theoretical understanding.

In 2018, Patir et al. [3] introduced a new class of generalized nonexpansive mappings which is wider
than the class ofimappingssatisfying Suzuki (C') condition. They proved some fixed point results as
well as some properties‘ofithis class of mappings. In 2019, Berinde [4] introduced the class of enriched
nonexpansive mappings, in Hilbert space and approximated the fixed point of such mappings using
Krasnoselskiititeration. Using the technique of enriching a mapping, many authors generalized and
introduced severalmew classes of mappings with different aspects.

2024, Dashputre et al. [5] introduced SJR-iteration to approximate fixed point of generalized a-
nonexpansive mapping in CAT(0) spaces and established strong and A-convergence theorems for such
mapping. In the same year, Kim [6] introduced the concept of sequentially admissible mapping and
sequentially admissible perturbation with the construction of a new iteration process corresponding to
sequentially admissible mappings. They proved convergence results for the Mann type iterative method
using uniformly L-Lipschitzian, sequentially admissible perturbation of asymptotically demicontractive
mappings. Moreover, convergence result concerning Ishikawa type iterative method using uniformly

*Corresponding author. E-mail: dp1129491Q@gmail.com@gmail.com
Received: 8 October 2024; Accepted: 18 March 2025.

(© 2025 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)

60 Bulletin of the Karaganda University



Approximation of fixed points for...

L-Lipschitzian, sequentially admissible perturbation of asymptotically hemicontractive mappings to a
fixed point in CAT(0) spaces was also established.

Although the fixed point theory in linear spaces (for example, Banach spaces and Hilbert spaces)
have been developed extensively because of the linearity and convexity of the underlying spaces, but due
to the unavailability of convex structure in metric space, it seemed impossible to extend the results of
Banach space into metric space. Keeping in mind this situation, Reich et al. |7] introduced hyperbolic
metric space using geodesic segment and Menger convexity [8]. This class of metric space includes all
normed vector spaces, Hadamard manifolds, CAT(0) space, Hilbert balls, and the cartesian product of
Hilbert balls, etc. CAT(0) space is a non-linear example of hyperbolic metric space.

Fixed point theory in CAT(0) space was first studied by Kirk [9] in the year 2003, where it was
proved that every nonexpansive mapping defined on a bounded closed, convex subset.0f ‘@,complete
CAT(0) space always has a fixed point. Since then the fixed point theory for sifigle valued and
multi-valued mappings in CAT(0) space have been rapidly developed with contributions frem various
prominent researchers (refer to [10-13]).

Motivated by this, in this paper, we define a new class of mappings called efriched B, ,, mappings in
CAT(0) space. Some fixed point results are derived for such mappings. Wealso défine a new iterative
algorithm in CAT(0) space using enriched B, , mappings. The A-conyérgence and strong convergence
results for this iterative algorithm are developed. This convergence is démonstrated graphically with
the help of a numerical example.

1 Preliminaries

For a metric space (X, d), let z,y € X with d(#jy) =m. A geodesic path from z to y is a mapping
¢ :[0,m] — X such that ¢(0) = x, ¢(m) = y, which 1§,an‘isometry. A geodesic segment is the image
of a geodesic path. A metric space (X, d) is termed a geodesic metric space if it satisfies the property
that every pair of points in X can be connected by adgeodesic segment. (X,d) is called a uniquely
geodesic space if there exists exactly one geodesic segment connecting every two points.

In a geodesic metric space (X, d), a geodesic triangle A(z1, z2,x3) is formed by three points (ver-
tices) x1,x2,x3 in X and a geodesic_segment, connecting each pair of these vertices. For a geodesic
triangle A(x1,z2,23) in (X, d), a omparison triangle is a triangle A(z1, 22, v3):=A (%1, T2, 23) in R?
that satisfies the property dga(#;, ;) = d(x;, x;) for i,5 € {1,2,3}.

A geodesic space is referred to,as aCartan, Alexandrov, and Toponogov (0) space, in short, CAT(0)
space with curvature bound 0pif it'8atisfies the CAT(0) inequality. That is, for each geodesic triangle
A(z1,72,23) in X and its.¢orresponding comparison triangle A := A(#7, 22, 23) in R?, the inequality

d(LU, y) < dR2 (Jfl, y/)

holds for all z,y €A and z/,y' € A.

Similarly, for any integer k, one can define CAT(k) space by comparing it with another space.
CAT(0) space,is uniquely geodesic space. For k € [0, 1], the notation (1 — k)x & ky denotes the unique
point zdon the geodesic segment from z to y with d(z,2) = kd(x,y) and d(z,y) = (1 — k)d(x,y).
Suppose (X¢d) is a CAT(0) space and z,y,z € (X, d) with k € [0,1]. Then

d(1—k)x®ky,2) < (1—k)d(z,2z)+d(y,z) ([14]).

For detailed discussion on CAT(0) space, one may refer to [15,16].

Now we recall some basic definitions and key results.

For a bounded sequence {z,} in a nonempty closed convex subset C' of a CAT(0) space (X,d),
define a functional 7(.,{z,}) : X — RT by

r(z,{z,}) = liririsolép d(z,{zn}), x € X.
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The asymptotic radius of the sequence {x,} with respect to C' is defined by
= inf .
r({zn}) = inf r(z, {2n})

The asymptotic center of the sequence {x,} with respect to C' is defined by

A({an}) = {y € C:r(y, {za}) = r({za})}-

Definition 1. [17] In a CAT(0) space (X,d), a sequence {z,} is said to be A-convergent to x € X,
if for every subsequence {z,} of {z,} x serves as the unique asymptotic center of {z,}. It isidenoted
by A-lim,_,o x, = z and z is referred to as the A-limit of {z,}.

A bounded sequence {x,} in X is said to be regular if r({z,}) = r({z,}) for everyisubsequence
{zn} of {z,,}. In Banach space, every bounded sequence contains a regular subsequence, [18].

Lemma 1. |19] Suppose {z,} is a sequence in a CAT(0) space (X, d) ande{mm}1s A-convergent to
x € X. Let y € X be such that y # x. Then

lim sup d(z,, ) < limsup d(z,,y).

n—o0 n—o0

In a Banach space, the above condition is known as Opial property [20].

Definition 2. |21] For a closed convex subset C' of a CAE(0) space (X, d), a bounded sequence {x,, }
in C converges weakly to ¢ € C if and only if ®(¢).= infzecc P(x), where ®(x) = limsup,,_, o, d(2n, ),
zeC.

Note that {z,} converges weakly to ¢ if and only if ' A({z,}) = {q} (refer to [17]).

Nanjaras and Panyanak [14] established the following relation between A-convergence and weak
convergence in CAT(0) space.

Lemma 2. [14] For a bounded sequence {z,} in a CAT(0) space (X, d), let C' be a closed convex
subset of X which contains {z,}. Then

(1) A-limy, o0 2, = x implies {&,} converges weakly to x.

(73) The converse of (i) is frue #f{z4} is regular.

Lemma 3. |22] For a glosed comvex subset C' of a CAT(0) space (X,d) and a bounded sequence
{zy} in C, the asymptotic eénteér of {x,} is in C.

Lemma 4. [14])n a CAT(0) space, every bounded sequence has a A-convergent subsequence.

Lemma 5. |28], Fora closed convex subset C' of a CAT(0) space (X, d) and a bounded sequence
{z,} in C, the asymptotic center A({x,}) contains exactly one point.

Lemma 6= [24)In a complete CAT(0) space (X,d) and = € X, suppose {t,} is a sequence in [p, ¢|
for some'p, g € (0,1) and {u,}, {v,} are sequences in X satisfying

lim sup d(uy, z) <,
n—oo

limsup d(vy,z) <r
n—oo

and
lim d(tpv, ® (1 — ty)up,x) =7

n— o0

for some r > 0. Then lim d(up,v,) = 0.
n—oo
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We recall that (refer to [25]) for a nonempty subset C' of a metric space (X, d), a mapping 7" on C'
is said to be nonexpansive if
d(Tz,Ty) < d(xz,y) for all x,y € C.

T is a quasi-nonexpansive mapping if
d(Tz,y) < d(z,y) for all z € C and for z € F(T) # 0,

where F'(T') denotes the set of all fixed points of T'.
T is a Suzuki nonexpansive mapping if

1
§d(x, Tx) < d(z,y) implies d(Tx,Ty) < d(z,y) for all z,y € C.

In 2020, Berinde et al. [26] defined enriched nonexpansive mapping in Banach space as‘follows:
Let X be a Banach space. A mapping T : X — X is said to be an enriched monexpansive mapping
if there exists b € [0, c0) such that

o(z —y) + T = Ty|| < (b+1)[|z — y|

for all z,y € X.
Generalizing Suzuki nonexpansive mappings, Patir et<al. 43| defined the following class of B,
mappings.

Definition 3. [3] For a nonempty subset C of a Bafiachyspace X, let v € [0,1] and p € [0, 3]

satisfying 2u <. A mapping T': C — C' is a B, , mapping if
e = Taf| Sz — yl[F plly = Tyl
implies [Tz — Ty|| < (1 = y)|lx — yl| + p(llz — Tyl 1y — Tz||) for all z,y € C.

In metric space setting the above definition will reduce to the following.

Definition 4. Let C be a nonempty,subset of a metric space (X, d) and v € [0,1], p € [0, %] so that
2pu <. A self-mapping T': ¢' — €' is a'B,, , mapping if

vd(r, Tx) < d(z,y) + pd(y, Ty)
implies
ATz, Ty).< (1 —v)d(z,y) + p(d(z, Ty) + d(y, Tx)) for all z,y € C.

Lemma 7 [3] Let, C"'be a nonempty subset of a Banach space X and T be a B, , mapping on C.
Thend" 1s quasi=nonexpansive.

The concept of an averaged mapping appeared in the work of Krasnoselskii [27] in the context of
Hilbert'space; and the term averaged was given in [28].

Definition 5. |28| Given a mapping T': X — X, where X is a Banach space, the averaged mapping
Ty : X — X for k € (0,1] is defined by

Ti(x) = (1 — k)x + kTz for all z € X.

Lemma 8. [29] For a self-mapping 7' on a convex subset C' of a Banach space X and for any
ke (0,1, F(Ty) = F(T).
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2  Main results

In this section, we define an enriched class of mappings in CAT(0) space that generalizes the class
of B, ,, mappings. We discuss some fixed point properties of this class. Next, we introduce an iterative
algorithm in CAT(0) space involving such mappings with convergence properties.

Definition 6. Let (X,d) be a CAT(0) space and C' be a nonempty subset of X. Let v € [0,1],
w € [0, %] be such that 2u <. A mapping T': C' — C is said to be an enriched B, , mapping if there
exists b € [0, 00) such that for k = b%,
vd(z, (1 — k) & kTz) < d(z,y) + pd(y, (1 — k)y & kTy)

implies

d((1 = k)z & KTz, (1 - k)y & kTy) < (1 —y)d(z,y) + p(d(z, (1 — )FS kTy)
+d(y,(1 —k)zr @ kTz)) forallay € C.

It can be seen that every B, , mapping is an enriched B, , mapping"withb = 0.

For b = 0, v = u = 0, an enriched B, , mapping reduces to nonexpansive mapping. Again for
b=0,v=1/2, p =0, it reduces to Suzuki nonexpansive mapping.

Ezample 1. Consider the CAT(0) space (R, d) with d(z,y) = |#=y|for all z,y € R. Then T : R — R
defined by T'(x) = 1 — 2z for « € R is an enriched B, , mapping with b = 2,7 = %,,u = 0. But it is
not a B, , mapping.

Ezample 2. For the CAT(0) space (R?,d) with

d(z,y) = /(21— y1)? + (w2 — ya)? for 2= (z1,72), y = (y1,2) € R
and C = [0,1] x [0,1] C R?, define T': C -$.C such that
T(x1,22) = (', 1 — x2) for all (z1,22) € C.

Then T' is an enriched B, mapping with b =1, v = %, w=0.
Lemma 9. Let T be a B, , mapping on a CAT(0) space (X,d) with F(T) # (). Then T is quasi-
nonexpansive.
Proof. Let z € F(T'). Then
vd(z,Tz) =0 < d(z,x).

Again, for z(#k) €X, by B, , condition, we have

d(Tz,Tz) < (1 —v)d(z,z) + p(d(z, Tz) + d(z,Tz)),
d(Tz,z) < (1 —v)d(z, z) + pld(x, z) + d(z,Tx)),
d(Tzx,z) < a 1 i:ﬂ)d(w,z) <d(z,z).

So, T is quasi-nonexpansive.

Lemma 10. If T is an enriched B, , mapping on a CAT(0) space, then for k = b%, the averaged
mapping T} is a B, , mapping.

Lemma 11. For a self-mapping T on a convex subset C' of a CAT(0) space (X,d) and for any
ke (0,1, F(Ty) = F(T), where T}, is the averaged mapping of T
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Proof. Clearly, if x € F(T), then x € F(T}). So, F(T) C F(T}).
Let € F(T)). Then Tpz = z. Now,

d((1—k)x @ kTx,x) = kd(x,Tz),
d(xz,z) = kd(z,Tx),

d(xz,Tz) =0,

x € F(T).

Lemma 12. For a nonempty subset C' of a CAT(0) space (X, d), let T be an enziched B, , mapping
on C. If F(T) # 0, then F(T) is closed.

Proof. Let p € F(T) (the closure of F(T)). Then there exists a sequence, {ag} C F(T') such that
Ty — p. Since T' is an enriched B, , mapping, so, for k = b-%l’ using Lemia 10 and Lemma 9, T} is
quasi-nonexpansive.

Now,

0= lim d(zn,p) > lim d(wn, Tep) = d(Tip, P
So, Typ = p. Therefore by Lemma 11, p € F(T). Hence F(T)is closed.

Lemma 13. For a nonempty subset C' of a CAT(0) space (X3d), let T be an enriched B, , mapping
on C' with the averaged mapping T}, for k = H%' Then fomall z,y € C, c € [0, 1]
(i) d(Tyzw, T¢z) < d(z, Tyz);
(i) at least one of the following ((a) and (b)) holds:
(a) %d(xaTk:ﬁ> < d(.%', y);
(b) Sd(Tyx, TEz) < d(Txz,y).
The condition (a) implies d(Tyz,Lpy) <L — §)d(x,y) + p(d(x, Try) + d(y, Tyx)), the condition (b)
implies d(Tz, Try) < (1 — §)d(Tifr,y) Wu(d(Tpx, Try) + d(y, Tix));
(iid) d(z, Try) < (3—5)d(myTpa) (125 )d(z, y)+p(2d(z, Tpz)+d(z, Try)+d(y, Tpw)+2d(Tyz, TEx)).

Proof. (i) For all # €€

vd(x, Tra) < d(z, Tra) + pd(Tyx, Tix).

SogbyalLemma 10;

d(Typx, Tix) < (1 —y)d(z, Tyx) + pd(z, Tix)
< (1 —)d(z, Typx) + pd(x, Téx) + pd(Tre, Tx),
that is,
1—
d(Tyx, TPz) < #d(m,Tkx) < d(z,Tyx).
—

(ii) If possible, let §d(x, Tyz) > d(z,y) and
gd(Tkx,Tk?x) > d(Tyx,y) for some z,y € C.
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Now,
<gd(x, Tiz) + gd(Tka:, TEx)
< gd(z, Ty) + gd(x, Tyx) (using (i)
< d(l’, Tk$)7

that is, d(x, Tyx) < d(x, Tyx), which is impossible. So, at least one of (a) and (b) holds.
If (a) holds, then, $d(z, Txz) < d(x,y). So,

C
gz, Tiz) < d(z,y) + pd(y, Ty).
Therefore,
ATy, Tyy) < (1= ) + ld(z, Tyy) + dy, ).

If (b) holds, then, $d(Tyz, TPz) < d(Tyx,y).
That is,

So,

AT}, Try) < (1= 5 )d(Tia, y) 5 pld(Tia, Try) + dly, Ta)).

(7i7) We assume that (a) holds. Then

d(Tyr, Thy) @& 3 ) d(,) + pld(z, Tiy) + d(y, Tia)).
Now,

d(#y Tyy) < d(z, Tyx) + d(Tix, Tiy)

< d(x, Tpx) + ( > z,y) + p(d(z, Try) + d(y, Trx))
(3-3) d. Tia) + (1= 5) d(a. ) + uld(z, Tiy) + d(y, Tia)
+ 2d(z, T?x)), since ¢ € [0,1]
(3-3) d@. Tea) + (1= 5) d(@.y) + p(d(w, Try) + d(y, Tia)
+ 2d(x, Tyx) 4+ 2d(Tix, Tk x)).

IN

IN

Now, suppose (b) holds. Then

AT, Tyy) < (1= 5 ) d(Tia, y) + p(d(Tia, Try) + d(y, TEa)).
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By triangle inequality,

d(z, Tpy) < d(z, Typx) + d(TPx, Tyx) + d(TPz, Tiy)
< d(z, Tyx) + d(z, Tpx) + (1 - *) d(Ty,y) + p(d(Tyz, Try) + d(y, Tix))
< 2d(x, Tix) + (1 - g) d(Tyx, ) ( C) d(z,y) + p(d(Tyz, Tyy) + d(y, TPx))
< (3 - g) d(z, Tyx) + <1 — g) d(z,y) + pu(
< (3 - g) d(x, Tyx) + <1 — g) d(z,y) + p(d(x, Trpx) + d(Tyx, TEx) + d(Th, )
+d(x, Tyy) + d(y, Tex) + d(Tyw, Tiw))
- (3 - g) d(z, Tyz) + (1 - 5) d(z,y) + p(2d(z, Trx) + d(z, Tey)

2
+d(y, Tyx) + 2d(Ty,x, Tix)).

d(z, TEz) + d(Tyx, Try) + d(y, Tex))

Next, we derive the following fixed point result using A-convergernce.,

Theorem 1. For a nonempty subset C of a CAT( ) space (X, d), let Tabefan enriched B, , mapping
on C with the averaged mapping Ty, for k = ;5. Suppose{xz,; Juis asequence in C' such that

(i) {zn} is A-convergent to z,

() limy 00 d(Tgxp, ) = 0, and

(ii7) d(z, Tpzy) < d(z,zp).

Then z € F(T).

+

Proof. Since T is enriched B, , mapping, so, by Lemma 13 (ii3), for ¢ € [0, 1],
c c
d(wn, Tpz) < (3 - 5) d(zn, Trrn) & <1 - 5) d(wn, 2) + p(2d(wn, Tprn) + d(zn, Tk 2)
+ d(z, Tran) + 28T Ti ).
Using condition (#ii) and Lemma 13(1),

d(zy, Tiz) < (3 & ~> d(es Trzn) + <1 — %) d(zp, 2) + p(2d(zy, Tpzy) + d(xn, Tk2)
HA(zy&y) £ 2d(zy, Tixy)).

(1)

Taking n — oo on beth sidés of (1) and using conditions (i7) and (iii), we get

(1 —p) lim d(zy,Tz) < (1 —5 + u) lim d(zy, 2),

n—0o0 n—oo

that s,
lim d(x,, Tkz) < hm d(xp, 2),

n—oo

lim sup d(z,, Tz) < limsup d(zy, 2).

n—o0 n—o0

Since {z,} is A-convergent to z, so, if Tz # z, then by Lemma 1,

lim sup d(z, ) < limsup d(zp, Tiz) < limsupd(zy, z), which is a contradiction.

Hence Ti.z = z.
Since k € (0,1], by Lemma 11, z € F(T).
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Theorem 2. Let (X, d) be a CAT(0) space and C' be a nonempty closed convex and bounded subset
of X. Let T' be an enriched B, , mapping on C with the averaged mapping T}, for k = H%. Suppose
{z,} is a bounded sequence in C that satisfies

(4) limy,—y00 d(zp, Txy) = 0 and

(i) limp—o0 d(Tgxp, Texy) = 0.

Then F(T) # 0.

Proof. Since A({xy}) contains exactly one point, let z € A({z,}). Then by Lemma 3, z € C.
By Lemma 13 (i), for each n € NU {0} and ¢ € [0, 1], we have

d(zy, Tiz) < (3 — g) d(xn, Trxn) + <1 — g) d(xp, 2) + w(2d(xy, Tery) +ud(Tps 1 2)

+d(z, Tyan) + 2d(Than, Tix,)),
that is,

d(wn, Tiz) < (3 _ g) d(n, Tin) + (1 _ g) (2, 2) + (2 (2l T, Vo d(n, Tiz)+

d(z,xn) + d(xnTixy) + 2d(Tpan, T,?:Un))

So,
(1 — p) limsup d(xy, Tyz) < (1 . u) lim'sup d(zp, 2).
n—oo 2 n—o0
Therefore,
r(Trz, {xnp) < r(z,{zn}).
Hence

Tiz € A({zn}).

By uniqueness of asymptotic centers in ©€AT(0) space, we have Tz = z. So, by Lemma 11, z is a fixed
point of T

3.7A new iterative algorithm in CAT(0) space

In this sectionwe develop'the following iterative scheme for approximating fixed points of enriched
B, ,, mapping ing CAT(0) space.

Let C' be_a nonempty subset of a CAT(0) space and zg € C. Let T be an enriched B, mapping
on C' with,the averaged mapping T} for k = bJ%l.

For n_eNU {0}, we define

Tn+l1l = (1 - Bn)yn @ /BnTkynv
Yn = TkZ’m
Zn = (1 - O‘n)xn @ CtnTk.%'n, (2)

where oy, 5, € [0, 1].

Lemma 14. Let T' be an enriched B, , mapping on a nonempty closed and convex subset C' of
a CAT(0) space (X,d). For zop € C, let {z,} be a sequence defined by (2). If F(T) # 0, then
lim,, 00 d(zp, p) exists for all p € F(T).
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Proof. For p € F(T) and k = bj%l,

d(Tnt1,p) = d((1 = Bn)Yn © BnTkyn, D)
< (1 - /Bn)d(ynap) + ﬁnd(Tkymp)'

Since T}, is quasi-nonexpansive,

d($n+1ap) < (1 - Bn)d(ynap) + Bnd(ynvp)
< d(yn,p)
= d(Tkzn,p)
< d(zn,p)
=d((1 — an)Tn ® anTpn, p)
< (1 = a)d(zn, p) + and(Tixn,p)
< (1 = a)d(n, p) + and(2p, p)
= d(xn, D).

Thus, {d(z,,p)} is a monotonically decreasing sequence that issbounded below.
Hence, lim,_o0 d(zy, p) exists for all p € F(T).

Theorem 3. Let C be a nonempty closed andgconvex subset of a complete CAT(0) space (X, d)
and T be an enriched B, mapping on C. For zg.€ €, let {z,} be a sequence defined by (2).
Then F(T) # 0 if and only if {z,,} is boundedyand limy,2, oo d(xy, Tp2y,) = 0, where T}, is the averaged

mapping with k = b%.

Proof. Let F(T) # () and p € F(T). So by Lemma 14, lim,_,o d(xy,p) exists and thus, {z,} is
bounded.
Let limy, o d(zy,p) = a > 0. Form,e NU{0},

d(wna Tkxn) < d(xnap) + d(Tkxnap)

< 2d(xn7p)
So, limy, s 00 d(Tng Trxh) €Xists.
Now,
d(p+1,p) < d(yn,p) < d(2n,p) < d(zn, ),
that isq

a =limsup d(2n 41, p) < limsup d(yn, p) < limsup d(zp, p) < limsup d(z,,p) = a.

n—o0 n—o0 n—o0 n—o0
Also,
a = liminf d(zp+1,p) < liminf d(y,,p) < liminfd(z,,p) < liminf d(z,,p) = a.
n—00 n—00 n—00 n—00
Hence
lim sup d(zp, p) = liminf d(z,, p) = a.
n—00 n—ro0
So,

lim d(z,,p) = a,

n—oo
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that is,
lim d((1 — an)zn ® aTrn,p) = a.

n—oo

Also, we have

limsupd(z,,p) < a and limsupd(Tyzy,p) < a.
n—o0 n—oo
So, by Lemma 6, lim,,_, o d(z,, Txx,) = 0.
Conversely, suppose that {z,} is bounded and lim,,_,~ d(xy, Txx,) = 0. Since A({z,}) contains
exactly one point, let p € A({z,,}). By Lemma 13 (ii7), for ¢ € [0, 1], we get
A, Tep) < (3= 5 ) d(n, Thwn) + (1= 5 ) d(@ns p) + p2d(wn, Tin) +d(GTip)
+ d(p, Tkwn) + 2d(Tkxnv Tlgwn))

c c
< (3 — 5) d(xp, Tpry) + (1 - 5) d(xp,p) + p(2d(zn, Tiayw) +d(2n, Tkp)
+ d(p, Txxy) + 2d(xp, Tixy)).

So,
lim sup d(z, Typ) < (3 - E) limsup d(zp, Tpzy) + (1 — E) lim sup d(zp, p)
+ p(2lim sup d(xp, Tpay,) + lim supd (2w, Tip) + limsup d(p, Tyxy)
n—o00 n-—00 n—00
+ 2limsup d(Tyn, Tx))
n—o0
< (3 — E) lim sup d(Zpy, Trz4,) + (1 — E) lim sup d(zy,, p)
2 n—oo 2 n—oo
+ p(2lim sup d(®y,, Tpzy) + lim sup d(zy, Tp)
n—0Q n—00
+ lim supd(p, T %) + 2limsup d(zy, Tyxy)),
n—go n—00
that is,

(1 # p)limsup d(xy,, Tp) < (1 — g + u) lim sup d(zy,, p)-

n—oo n—o0

Since 2u < v, taking ¢ = 2v;we get

lim sup d(zy,, Txp) < limsup d(z,, p).

n—oo n—00

Therefore;
T(Tkpa {xn}) < T(p, {xn})

Hence
Tkp c A({xn})

By Lemma 5, Tp = p, that is, p € F(T;) and by Lemma 11, p € F(T). Hence, F(T) # 0.

In view of the above theorem, we can say that the sequence {z,} defined by (2), is A-convergent
to a fixed point of T'.
The next result deals with the strong convergence of the iterative algorithm (2) to a fixed point.
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Theorem 4. Let C' be a nonempty closed and convex subset of a complete CAT(0) space (X,d).
Let T be an enriched B, , mapping on X and for z9 € C, {z,} be a sequence defined by (2). Let
F(T) # 0. Then {x,} converges strongly to a fixed point of 7" if and only if

lim inf d(z,, F(T)) = 0,

n—oo
where d(z, F(T)) = inf{d(z,p);p € F(T)}.
Proof. Let {x,} be convergent to p € F(T'). Then lim,,_,o d(zy,p) = 0. Now,
0 < d(xpn, F(T)) =inf{d(xn,p) :p € F(T)} < d(xn,p).
Therefore, lim,,_oc d(xy, F(T)) = 0. Hence

liminf d(z,,, F(T)) = 0.

n—oo

Conversely, let
liminf d(z,, F(T)) = 0.

n—oo

By Lemma 14, lim, o d(zy,p) exists for all p € F(T') and {d(z4, p)§ i1s monotonically decreasing.
Thus,
lim d(x,, F(T)) = 0¢

n—oo

Consider a subsequence {z, } of {x,} such that

1
d(zp,,pr) < oF for all £ € Niand for {p,} C F(T).
Since {d(xn,p)}, p € F(T) is monotonically deereasing, so, for each k,

1

d(xnk+17pk) S d(xnk7pk) < 27]{;

Now,

A+ 190%) < d(Prt1, Ty, y) + d(Tny Pk

1 1
< 9k+1 + ok
1
< 2T

Hence {py} is.a Cauchy sequence in F(T'). Since F(T) is closed, {px} converges to some p € F(T).
Now,

Taking ‘k,— 0, we get
lim d(zp,,p) =0.

n—oo

Since, limy, o d(xy, p) exists, so, lim, o d(z,,p) = 0.
Hence {z,} converges to p € F(T).

We recall from [30] that a mapping 7" on a nonempty convex subset C' of a CAT(0) space (X,d)
with F(T') # 0 satisfies the condition (I) if there exists a nondecreasing function f : [0,00) — [0, 00)
with f(0) =0 and f(r) > 0 for all € (0,00) such that f(d(z, F(T'))) < d(z,Tx) for all x € C. Here
we use this condition (I) to prove the next strong convergence result.
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Theorem 5. For a nonempty closed and convex subset C' of a complete CAT(0) space (X, d), let T
be an enriched B, , mapping on C with the averaged mapping T}, for k = bJ%l. Let F(T) # () and for
zo € C, {z,,} be a sequence defined by (2). If T} satisfies condition (I) for a self-mapping f on [0, c0),

then {z,} converges strongly to a fixed point of 7T

Proof. Since F(T) # (), by Theorem 3, limy, o0 d(2y, Txxy) = 0.
Also, by condition (1),

lim f(d(zpn, F(T))) < lim d(x,, Txx,) = 0.

n—oo n—oo
So,
lim_f(d(za F(T1))) = 0.
Therefore,
lim (d(z, F(T1)) = 0.
As k € (0, 1], so,

lim (d(2n, F(T))) = 0.

n—oo

Hence {z,,} converges strongly to a fixed point of T

We demonstrate the above theorem by the following example.

Example 3. Consider the CAT(0) space X = [0,2] with

oty, iz ,
d(:c,w:{ b JrTY

0, otherwise.

Let C = [0,4] and T : C — C be defined by T'(z) = 1 — 2z, € C. Then T is an enriched B, ,
mapping with b =1, v = %, w=0.

For k = %, the averaged mapping T} is given by Ty(z) = I_Tw, zeC.

Clearly, F(T},) = F(T) = {5} #

We take f as the identitymmapping on [0,00). Then T} satisfies condition (I) with respect to f.

So, by Theorem 5, for zgf€ €, the sequence {z,,} defined by (2) converges strongly to a fixed point
of Tj,.

Taking x¢ = 0.05; #g5=,0.1, ¢ = 0.2 and zg = 0.25, we see the convergence of the iterative scheme
as follows:

Trog — 0.05 Trog — 0.1 Trog — 0.2 Tro — 0.25
0.342188 0.340625 0.337500 0.335938
0.333057 0.333105 0.333203 0.333252
0.333342 0.333340 0.333337 0.333336
0.333333 0.333333 0.333333 0.333333
0.333333 0.333333 0.333333 0.333333
0.333333 0.333333 0.333333 0.333333

oot x| w| | =[S

In Figure 1, the blue, purple, red, and green dotted lines represent the sequences defined by the
iterative algorithm (2), when zo = 0.05, g = 0.1, g = 0.2 and xy = 0.25 respectively. It is seen that
each sequence converges to the fixed point %
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Figure 1. Convergence of the iteration scheme (2) with different initial peiuts

Conclusion

We have established some fixed point results for enriched B, , mappifig in CAT(0) space. Also,
we introduced a new iteration scheme for such mappings in CAT(0)sspacesand proved weak and
strong convergence results of this iteration scheme. In 2022, Tufa et @l. 431§ constructed an iterative
scheme to approximate the fixed point of a countable family of quasi-nenexpansive non-self-mapping
in complete CAT(0) space. In this context, the investigatién ofycommon fixed points for a countable
family of enriched B, , mappings is a scope of future study. "Moreover, the comparison of the rate of

convergence of our derived iteration scheme with some existing iteration schemes is another aspect for
future discussion.
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