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Characterizations for the family of functions classes {B;’q’ v} and
their connection with Besov’s spaces

In this paper we define families of classes of functions related to best approximations in harmonie intervals.
These families of function classes characterize the order of approximation of functions by trigonometric
polynomials with a spectrum from harmonic intervals. The article contains an investigation of various
characterizations of the indicated families of function classes, introduces imbedding théorems, and shows
the connection between the introduced families of functions classes and the classical:Besov. spaces. The
article is intended for researchers specializing in the theory of approximation:and functional analysis, and
all those whose interests lie in these areas.
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Definition 1. Let 1 < p,q < oo, r > 0, f € L, [0; 27). Family of function classes {B;’q’N}N is defined by
the following expression

pan = { £ 1fl; | <eofaNEN,

where )
N q
1flls; ., = (Z K (e (f),,)q>
k=1

Definition 2. Let two families of function classes are {AN}N and {BN}N, {AN}N N {BN}N =0, NeN.
We assume that

AN ~ (£l s s

if there exist the parameters Cy, (O such that for any f € AV the following expression correct

Cillfllpy <fllav < Callfllp~

moreover the parameters Cf, Cy are independent of f and N.
In this case we assume that the families of function classes {AN } N and {BN } N coincide.

{AN}N = {BN}N'

Different _characterizations of families of function classes {B;’Q’QW }  are shown in the theorems 1 and 2.
EN (f)p is the best approximation of the function f € L,[0;27), 1 < p < oo, in the harmonic intervals I}¥

[1} by trigonometrical polynomials with order less than or equal to & [2].

Theorem 1. Let [ € By , om, m € N, then for 1 <p, ¢ < oo, r >0 we have the relation of the form

q

1fllsy o~ (Z 2k (B3 <f>,,)q>
k=1

Proof. Using the definition

2m q
Wl = (Z Wt (B (f),,)q) -

k=1
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m  2F—1 a

SO set(Em,) e (B (),) b M)

k=1 s=2k—1

We use one of the properties of best approximation in harmonic intervals
Ey  <Ej ,<.<E}. <EL. 1<k<m. (2)
Besides we have the following estimation

k_
(2k—1)”1—1 Lokl < 221 sTl < (Qk . 1)“1—1 . 2k—1;

s=2k—1

2k 1
2qu—rq < Z Srq—l < 2qu. (3)

s=2k—1

Considering (2), (3), we get from (1)

2k_q

ora(k—1) (Ezzsq(f)p)q < Z gra—1 (Egjl (f) ) < orgk (EZk 11 (f) )q;

§=2k—1

m  2F—1

2—’“‘15:2"(1’“( B (),) <30 SO (E L (),) +
k=1

k=1 s=92k—1

Ly om(ra=1) (EQZ ) ) zm: qu< o )p)q+2"1m (Ezm ! 1(f)p)‘1;

=

<Z2rkq (Ezk X )p)q>
< {izwk (B ,) 2 (B (f)p)q} :

k=1

Q=

(Z?"”“(EQH ),,)q> <Wfllpr . <

Q=

IN

< {mzl orq(k+1) (Egi"_l (f)p)q 4 gram (E2m L) )q}

k=0

m—1 q é
& m
< <21+rq Z orq (Egk_l (f)p) ) .
k=0
As a result, we obtain the required inequality
1
q

9" (izm’f (EQk () )q> <

k=1

m—1 q
14, r m q
. <2dt < E orak (Egk_1 (f)p) ) )

k=0

The theorem is proved.
Theorem 2. Let f € By, , om, m € N, then the following relation holds for 1 <p, ¢ < oo, >0

o~ (i orak (6;3’” (f)p)q> ' ,

k=1
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where
2k 1

B, = |5 T artean s

SEZ 1=2k_—-1
P

Proof. According to the boundedness of the partial sum over the harmonic interval [1] and Theorem 1, we

have
2m_1

TN, <O Y ar+s-2m U L BT (),

SEZ r=2k_1
T p

therefore, using Theorem 1, we obtain

(i 2 (57" (£),) Q>q <cC (f: 2 (B3, (),) q) ~Cliflls: .
k=1

k=1

Q[

Let us prove the reverse inequality. As

m

m m
Eey (f <§ 5

then by Theorem 1, the Holder inequality for numerical sequences the following inequality holds

<c <§: orak . (Egin_l (‘f)p) q> g ),
k=1

m m q m ay 7
C <Z 2qu . (Z 572—"1' (f)p> > - Z 2qu <Z 2)\7'2 )\752m ) > } <
k=1 T=k
m m m % 4 %
<C Z 2qu (Z 92— ATq ) <Z 2)\7-527” )p) q) _
k=1 =k 7=k
m m , i/ m . % m . q %
—-C Z 2qu (Z 27)\7'(] > Z (2)\7572_ 21‘qk2 Agk | Z (2)\7572_ ' (f)p) } _
k=1 =k = A=k

L O { i2)\q‘r (63"" ) i (r— A)qk} ¥
A=1 k=1

1
q m

G { i2>\qr ((ﬁm (f)p)q . 2(T—)\)q7’} —C quf (63” (f)p)q}q |
= —1
= 1fllz; . (Z 20+ (52 (1),) q> "

k=1

So the theoremis proved.
Notethat in the Theorems 1 and 2 consecutive constants are independent of f and m.

Definition 3. Let two function classes AN and BY dependent on the parameter N are given. We say that
a class of functions AN is embedded in a class of functions BY and denote A™ B, if the following conditions
hold:

1) AN ¢ BY;

2) there exists the parameter C such for any f € A" the relation holds

Ifllpx < Clf Il an
and the parameter C' is independent of f and .
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Theorem 3. Let N € N, 1 <p,q,q1 < o0, 7 > 0, then the following embedding holds for g < ¢1

Proof. Applying Theorem 2, we obtain

q
[log, N] a

HquB;qlN <C Z oraik (5k (f)p)ql 7

k=1

where the parameter C' is independent of f and N.
q1
Since I <1 and orak . (6k (f)p> > 0, then, taking into account [3], that

n 5 n
(Yo) <3
k=m
for0<d<1,a;>0,0<m<k<n<oo, we get

[log, N]

Ig,  <c Z 2 (5. (1),)" < C 1P

Thus, the theorem is proved.
Theorem 4. Let N € N, 1 < p,q,q1 < 00, r > 0, then for anye >0 the following embedding holds

Proof. 1t suffices to show that

Let f € B, y- Using Theorem 1, we obtain

B
(logy N] u

Hf”B;:;N ~— Z o(r—e)aik (E . (f)p)(h <

L1
[logy N] a

< sul wEY (n, [ S 2| <l Clae)
1<k<[log, N] p.oo

On the other hand;
Bpan = Bpoon

for any g.such that 1 < ¢ < oo. The theorem is proved.
Definition 4. Let r > 0,1 <p < o0, 1 <6 < co. Suppose that B} ,[0;27) = B} (B;_’OO = HZ’;) . We say
that a function f € L, [0;2 7) belongs to the Besov space By .if the norm is finite

£, = 1f1, + (Z DA (f);ﬂ) .

s=0

1
Here the expression (Z:io 2597 . [, (f)f)) * for 6 = oo is understood as sup 2°7 - Fos (f), [4]-
s>0

The following statement shows the relationship of families of functions classes {B;q, N} N and classical
Besov spaces.
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Theorem 5. Let N € N, 1 < p,q,< oo, r > 0, then we have the following relation

o0

T _ T
ﬂ Bp,q,N - Bp-,q‘
N-1

Proof. By definition, we have

f = sup ||fllpr
W5 4=, 20 W,

N

Since the following inequality
||f||prq1N <C- Hf”B;ﬂ

holds for any N € N, then relation

swp [flg, = ISl < If]

o Br
1<N<oo N N Byan P
- - N=1

holds. From which it immediately follows that

oo
B;,q - ﬂ B;,q,N'
N=1
On the other hand, for a partial sum Som (f), where m € N, we have

1S2m (H)llg; , = 152 (Dllsy . < Coaullf g, . <

2m

S O(p7Q7T) Sup ||f||B7 N = C(p7(I7r) : ||fH
1SNSOO P,4q,

oo .
"
NQI Bp'q’N

From the last relation by the Banach-Steinhaus theorem [4] we obtain the required inequality

P,q, N

< . oo
17155, < Cp.a) A1 = .

i.e.
o0
r r
ﬂ Bzxq,N Bp7q'
N=1

As a result, the theorem is proved.
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I"'A. Ecenbaena, /I.H. Ecbaesa

{B; . N} dyHkIUsa Kiaactapbl YilipiHiH cMmmaTTaMachl >K9HE OJIaPIbIH,
BecoB KeHicTiKTepiMeH OaiilaHbICHI

Maxkasama rapMOHMKAJIBIK, WHTEPBAJLIAD OOWBIHINA €H 2KAKChl JKYBIKTayJIapMeH OailIaHBbICTBI (DYHKITHST
KJIACTaPBIHBIH, Vilipi aHbIkTaraH. PyHKIUA KJIACTapPBIHBIH YHipl gepekTepi (OyHKIUAHBIH IapMOHUKAJIBIK,
WHTEPBaJIIap/ia CIEKTPi 6ap TPUTOHOMETPHUSIJIBIK, KOTIMYIIIETIKTEPMEH KYBIKTAY PETiH CHIATTai bl. ABTOD-
JIapMeH KOPCETUIreH GYyHKIMS KJIacTapbl YHIpiHIH Typ/i cHmarTaMaJapblHBIH 3epTTeMesiepi OasiHaasraH,
€HTi3y TeopusiChl OEPIIreH XKoHe eHri31/IreH PyHKIMS KJIacTapbIHbIH YHipl MeH KJIaCCUKaJIbIK, BecoB KeHiCTik=
Tepi apachIiHIArbl Oail/laHbIC KOPCETIITEeH.

Kiam cesdep: dyHKIUS KIacTapbl, TADMOHUKAJIBIK, HTHTEPBAJIIAD, (DYHKIIUSIHBIH €H KAKChl JKYBIKTATYbI,
€HTi3y TeopeMachl.

I"'A. Ecenbaena, /I.H. Ecbaesa

XapakTepusanuu ceMeiicTBa KJIaccoB (PyHKITHIA {B; 7 N} U UX CBA3b
c nmpocTpaHcTBaMu becoBa

B craThe ompesenensr cemeiicTBa KaaccoB (pYHKIWI, CBSI3aHHBIE, C HAVIYYIIINMHA TPUOIIKEHUSIMUA TI0 Tap-
MOHHUYECKUM MHTepBajaM. J[aHHbIE ceMeilcTBa KIacCOB (DYHKIMI XapaKTePU3YIOT MOPSIIKNA MTPUOTUIKEHHUST
GYHKIUH TPUTOHOMETPUIECKUMHU TTOJTUHOMAMHM CO CIEKTPOM W3 TapMOHMYECKMX WHTEPBAJIOB. B crarhe ns-
JIOXKEHO WCCJIeIOBAHNE PA3INIHBIX XapaKTePU3AIUil YKA3aHHBIX CEMENCTB KIacCOB (DYHKIINN, JTaHBI TEO-
PEMBI BJIOYKEHUS M MOKA3aHA CBA3b BBEJICHHBIX CEMEUCTB KIACCOB (DYHKIMI M KIACCUIECCKUX MPOCTPAHCTB
Becosa.

Karouesvie crosa: Kinaccol (pyHKINI, rApMOHUYECKNE NHTEPBAJIbI, HAUIY Ylllee TPUOJIKeHre OyHKIUN, T€O-
peMa BJIOXKEHUSI.
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