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Characterizations for the family of functions classes
{
Br
p,q,N

}
and

their connection with Besov’s spaces

In this paper we define families of classes of functions related to best approximations in harmonic intervals.
These families of function classes characterize the order of approximation of functions by trigonometric
polynomials with a spectrum from harmonic intervals. The article contains an investigation of various
characterizations of the indicated families of function classes, introduces imbedding theorems, and shows
the connection between the introduced families of functions classes and the classical Besov spaces. The
article is intended for researchers specializing in the theory of approximation and functional analysis, and
all those whose interests lie in these areas.
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Definition 1. Let 1 ≤ p, q ≤ ∞, r > 0, f ∈ Lp [0; 2π) . Family of function classes
{
Brp,q,N

}
N

is defined by
the following expression

Brp,q,N =
{
f : ‖f‖Brp,q,N <∞

}
, N ∈ N,

where

‖f‖Brp,q,N =

(
N∑
k=1

krq−1
(
ENk−1 (f)p

)q) 1
q

.

Definition 2. Let two families of function classes are
{
AN
}
N

and
{
BN
}
N
,
{
AN
}
N

⋂{
BN
}
N

= ∅, N ∈ N.
We assume that

‖f‖AN ∼ ‖f‖BN ,

if there exist the parameters C1, C2 such that for any f ∈ AN the following expression correct

C1 ‖f‖BN ≤ ‖f‖AN ≤ C2 ‖f‖BN ,

moreover the parameters C1, C2 are independent off and N .
In this case we assume that the families of function classes

{
AN
}
N

and
{
BN
}
N

coincide.{
AN
}
N

=
{
BN
}
N
.

Different characterizations of families of function classes
{
Brp,q,2m

}
N

are shown in the theorems 1 and 2.
ENk (f)p is the best approximation of the function f ∈ Lp[0; 2π), 1 ≤ p ≤ ∞, in the harmonic intervals INk

[1] by trigonometrical polynomials with order less than or equal to k [2].
Theorem 1. Let f ∈ Brp,q,2m , m ∈ N, then for 1 ≤ p, q ≤ ∞, r > 0 we have the relation of the form

‖f‖Brp,q,N ∼

(
m∑
k=1

2rqk
(
E2m

2k−1 (f)p

)q) 1
q

.

Proof. Using the definition

‖f‖Brp,q,N =

(
2m∑
k=1

krq−1
(
E2m
k−1 (f)p

)q) 1
q

=
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=


m∑
k=1

2k−1∑
s=2k−1

srq−1
(
E2m
s−1 (f)p

)q
+ 2m (rq−1)

(
E2m

2m−1 (f)p

)q
1
q

. (1)

We use one of the properties of best approximation in harmonic intervals

E2m

2k−1 ≤ E
2m

2k−2 ≤ ... ≤ E
2m

2k−1 ≤ E2m

2k−1−1, 1 ≤ k ≤ m. (2)

Besides we have the following estimation

(
2k−1

)rq−1 · 2k−1 ≤
2k−1∑
s=2k−1

srq−1 ≤
(
2k − 1

)rq−1 · 2k−1;

2rqk−rq ≤
2k−1∑
s=2k−1

srq−1 ≤ 2rqk. (3)

Considering (2), (3), we get from (1)

2rq(k−1)
(
E2m

2k−1 (f)p

)q
≤

2k−1∑
s=2k−1

srq−1
(
E2m

s−1 (f)p

)q
≤ 2rqk

(
E2m

2k−1−1 (f)p

)q
;

2−rq
m∑
k=1

2rqk
(
E2m

2k−1 (f)p

)q
≤

m∑
k=1

2k−1∑
s=2k−1

srq−1
(
E2m

s−1 (f)p

)q
+

+2m(rq−1)
(
E2m

2m−1 (f)p

)q
≤

m∑
k=1

2rqk
(
E2m

2k−1 (f)p

)q
+ 2rqm

(
E2m

2m−1−1 (f)p

)q
;

2−r

(
m∑
k=1

2rkq
(
E2m

2k−1 (f)p

)q) 1
q

≤ ‖f‖Br
p,q.2m

≤

≤

{
m∑
k=1

2rqk
(
E2m

2k−1−1 (f)p

)q
+ 2rqm

(
E2m

2m−1−1 (f)p

)q} 1
q

;

2−r

(
m∑
k=1

2rqk
(
E2m

2k−1 (f)p

)q) 1
q

≤ ‖f‖Br
p,q,2m

≤

≤

{
m−1∑
k=0

2rq(k+1)
(
E2m

2k−1 (f)p

)q
+ 2rqm

(
E2m

2m−1−1 (f)p

)q} 1
q

≤

≤

(
21+rq

m−1∑
k=0

2rqk
(
E2m

2k−1 (f)p

)q) 1
q

.

As a result, we obtain the required inequality

2−r

(
m∑
k=1

2rqk
(
E2m

2k−1 (f)p

)q) 1
q

≤ ‖f‖Br
p,q,2m

≤ 2
1
q+r

(
m−1∑
k=0

2rqk
(
E2m

2k−1 (f)p

)q) 1
q

.

The theorem is proved.
Theorem 2. Let f ∈ Brp,q,2m , m ∈ N, then the following relation holds for 1 ≤ p, q ≤ ∞, r > 0

‖f‖Brp,q,N ∼

(
m∑
k=1

2rqk
(
δ2m
k (f)p

)q) 1
q

,
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where

δ2m
k (f)p =

∥∥∥∥∥∥
∑
s∈Z

2k−1∑
τ=2k−1

aτ + s · 2m · ei(τ+s·2m)x

∥∥∥∥∥∥
p

.

Proof. According to the boundedness of the partial sum over the harmonic interval [1] and Theorem 1, we
have

δ2m
k (f)p ≤ C

∥∥∥∥∥∥
∑
s∈Z

2m−1∑
τ=2k−1

aτ + s · 2m · ei(τ+s·2m)x

∥∥∥∥∥∥
p

∼ E2m

2k−1 (f)p ,

therefore, using Theorem 1, we obtain(
m∑
k=1

2rqk
(
δ2m
k (f)p

)
q

) 1
q

≤ C

(
m∑
k=1

2rqk
(
E2m

2k−1 (f)p

)
q

) 1
q

∼ C ‖f‖Br
p,q,2m

.

Let us prove the reverse inequality. As

E2m

2k−1 (f)p ≤
m∑
τ=k

δ2m

τ (f)p ,

then by Theorem 1, the Holder inequality for numerical sequences the following inequality holds

‖f‖Br
p.q.2m

≤ C

(
m∑
k=1

2rqk ·
(
E2m

2k−1 (f)p

)
q

) 1
q

≤

≤ C

(
m∑
k=1

2rqk ·

(
m∑
τ=k

δ2m

τ (f)p

)q) 1
q

= C


m∑
k=1

2rqk

(
m∑
τ=k

2λτ2−λτδ2m

τ (f)p

)q} 1
q

≤

≤ C


m∑
k=1

2rqk

( m∑
τ=k

2−λτq
/

) 1

q/

·

(
m∑
τ=k

(
2λτδ2m

τ (f)p

)q) 1
q

q
1
q

=

= C


m∑
k=1

2rqk

(
m∑
τ=k

2−λτq
/

) q

q/

·
m∑
τ=k

(
2λτδ2m

τ (f)p

)q
1
q

≤ C

{
m∑
k=1

2rqk2−λqk ·
m∑
λ=k

(
2λτδ2m

τ (f)p

)q} 1
q

=

= C

{
m∑
λ=1

2λqτ
(
δ2m

τ (f)p

)q m∑
k=1

2(r−λ)qk

} 1
q

≤

≤ C

{
m∑
τ=1

2λqτ
(
δ2m

τ (f)p

)q
· 2(r−λ)qτ

} 1
q

= C


m∑
τ=1

2rqτ
(
δ2m

τ (f)p

)q} 1
q

,

⇒ ‖f‖Br
p.q.2m

(
m∑
k=1

2rqk
(
δ2m

k (f)p

)
q

) 1
q

.

So the theorem is proved.
Note that in the Theorems 1 and 2 consecutive constants are independent of f and m.

Definition 3. Let two function classes AN and BN dependent on the parameter N are given. We say that
a class of functions AN is embedded in a class of functions BN and denote AN BN , if the following conditions
hold:

1) AN ⊂ BN ;
2) there exists the parameter C such for any f ∈ AN the relation holds

‖f‖BN ≤ C ‖f‖AN

and the parameter C is independent off and N .
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Theorem 3. Let N ∈ N, 1 ≤ p, q, q1 ≤ ∞, r > 0, then the following embedding holds for q < q1

Brp,q,N −→ Brp,q1,N .

Proof. Applying Theorem 2, we obtain

‖f‖qBrp,q1,N
≤ C

[log2 N ]∑
k=1

2rq1k ·
(
δk (f)p

)q1
q
q1

,

where the parameter С is independent of f and N .
Since q

q1
< 1 and 2rq1k ·

(
δk (f)p

)q1
≥ 0, then, taking into account [3], that

(
n∑

k=m

ak

)δ
≤

n∑
k=m

aδk

for 0 ≤ δ ≤ 1, ak ≥ 0, 0 ≤ m ≤ k ≤ n ≤ ∞, we get

‖f‖qBrp,q1,N
≤ C

[log2 N ]∑
k=1

2rqk ·
(
δk (f)p

)q
≤ C ‖f‖qBrp,q,N .

Thus, the theorem is proved.
Theorem 4. Let N ∈ N, 1 ≤ p, q, q1 ≤ ∞, r > 0, then for any ε > 0 the following embedding holds

Brp,q,N −→ Br−εp,q1,N
.

Proof. It suffices to show that
Brp,∞,N −→ Br−εp,q1,N

.

Let f ∈ Brp,∞,N . Using Theorem 1, we obtain

‖f‖Br−εp,q1N
=

[log2 N ]∑
k=1

2(r−ε)q1k
(
EN2k−1 (f)p

)q1 1
q1

≤

≤ sup
1≤k≤[log2 N ]

2rk · EN2k−1 (f)p ·

[log2 N ]∑
k=1

2−εq1k

 1
q1

≤ ‖f‖Brp,∞,N · C (q, ε) .

⇒ Brp,∞,N −→ Br−εp,q1,N
.

On the other hand,
Brp,q,N → Brp,∞,N

for any q such that 1 ≤ q ≤ ∞. The theorem is proved.
Definition 4. Let r > 0, 1 ≤ p ≤ ∞, 1 ≤ θ ≤ ∞. Suppose that Brp,θ [0; 2 π) = Brp,θ

(
Brp,∞ = Hr

p

)
. We say

that a function f ∈ Lp [0; 2 π) belongs to the Besov space Brp,θ,if the norm is finite

‖f‖Brp,θ = ‖f‖p +

( ∞∑
s=0

2sθr · E2s (f)
θ
p

) 1
θ

.

Here the expression
(∑∞

s=0 2sθr · E2s (f)
θ
p

) 1
θ

for θ =∞ is understood as sup
s>0

2sr · E2s (f)p [4].

The following statement shows the relationship of families of functions classes
{
Brp,q,N

}
N

and classical
Besov spaces.
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Theorem 5. Let N ∈ N, 1 ≤ p, q,≤ ∞, r > 0, then we have the following relation

∞⋂
N−1

Brp,q,N = Brp,q.

Proof. By definition, we have
‖f‖ ∞⋂

N=1

Brp,q,N
= sup

1≤N≤∞
‖f‖Brp,q,N .

Since the following inequality
‖f‖Bp,q,N ≤ C · ‖f‖Brp,q

holds for any N ∈ N, then relation

sup
1≤N≤∞

‖f‖Brp,q,N = ‖f‖ ∞⋂
N=1

Brp,q,N
≤ ‖f‖Brp,q ,

holds. From which it immediately follows that

Brp,q −→
∞⋂
N=1

Brp,q,N .

On the other hand, for a partial sum S2m (f) , where m ∈ N, we have

‖S2m (f)‖Brp,q = ‖S2m (f)‖Br
p,q,2m

≤ C (p, q, r) · ‖f‖Br
p,q,2m

≤

≤ C (p, q, r) sup
1≤N≤∞

‖f‖Brp,q,N = C (p, q, r) · ‖f‖ ∞⋂
N=1

Brp,q,N
.

From the last relation by the Banach-Steinhaus theorem [4] we obtain the required inequality

‖f‖Brp,q ≤ C (p, q, r) · ‖f‖ ∞⋂
N=1

Brp,q,N
,

i.e.
∞⋂
N=1

Brp,q,N −→ Brp,q.

As a result, the theorem is proved.
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Г.А. Есенбаева, Д.Н. Есбаева{
Br
p,q,N

}
функция кластары үйiрiнiң сипаттамасы және олардың

Бесов кеңiстiктерiмен байланысы

Мақалада гармоникалық интервалдар бойынша ең жақсы жуықтаулармен байланысты функция
кластарының үйiрi анықталған. Функция кластарының үйiрi деректерi функцияның гармоникалық
интервалдарда спектрi бар тригонометриялық көпмүшелiктермен жуықтау ретiн сипаттайды. Автор-
лармен көрсетiлген функция кластары үйiрiнiң түрлi сипаттамаларының зерттемелерi баяндалған,
енгiзу теориясы берiлген және енгiзiлген функция кластарының үйiрi мен классикалық Бесов кеңiстiк-
терi арасындағы байланыс көрсетiлген.

Кiлт сөздер: функция кластары, гармоникалық интервалдар, функцияның ең жақсы жуықталуы,
енгiзу теоремасы.

Г.А. Есенбаева, Д.Н. Есбаева

Характеризации семейства классов функций
{
Br
p,q,N

}
и их связь

с пространствами Бесова

В статье определены семейства классов функций, связанные с наилучшими приближениями по гар-
моническим интервалам. Данные семейства классов функций характеризуют порядки приближения
функций тригонометрическими полиномами со спектром из гармонических интервалов. В статье из-
ложено исследование различных характеризаций указанных семейств классов функций, даны тео-
ремы вложения и показана связь введенных семейств классов функций и классических пространств
Бесова.

Ключевые слова: классы функций, гармонические интервалы, наилучшее приближение функции, тео-
рема вложения.
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