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An inverse problem for Hilfer type differential
equation of higher order

In three-dimensional domain, an identification problem of the source function for Hilfer type partial
differential equation of the even order with a condition in an integral form and with assmall positive
parameter in the mixed derivative is considered. The solution of this fractional differential equation of a
higher order is studied in the class of regular functions. The case, when the order of fractional operator is
0 < a < 1, is studied. The Fourier series method is used and a countable system-of ordinary differential
equations is obtained. The nonlocal boundary value problem is integrated as an ordinary differential
equation. By the aid of given additional condition, we obtained the representation for redefinition (source)
function. Using the Cauchy—Schwarz inequality and the Bessel inequality, we proved the absolute and
uniform convergence of the obtained Fourier series.

Keywords: fractional order, Hilfer operator, inverse source problem, Fourier series, integral condition, unique
solvability.

Introduction

The theory of the inverse boundary value problems'is currently one of the most important fields of the
modern theory of differential equations. Consequently, a large number of research works are devoted to study
the different kind of inverse problems for differential and integro-differential equations (see, for example, [1-10]).
In cases where the boundary of the flow domain. of a physical process is unavailable for measurements, nonlocal
conditions in an integral form can serve as additional information sufficient for unique solvability of the problem.
Therefore, researches on the study of nonlecal boundary value problems for differential and integro-differential
equations with integral conditions have-been intensified (see, for example, [11-20]). In addition, we note that
studies of many problems of gas dynamics, theory of elasticity, theory of plates and shells are described by
higher-order partial differential equations.

Fractional calculus plays an important role for the mathematical modeling in many natural and engineering
sciences [21]. In [22], it is considered problems of continuum and statistical mechanics. In [23] is studied the
mathematical problems of Ebela epidemic model. In [24] and [25], it is studied the fractional model for the
dynamics of tuberculosis infection-and novel coronavirus (nCoV-2019), respectively. The construction of various
models of theoretical physies.by the aid of fractional calculus is described in [26, Vol. 4, 5], [27], [28]. A detailed
review of the application of fractional calculus in solving problems of applied sciences is given in [29, Vol. 6-8|,
[30]. In [31], the unique solvability of boundary value problem for weak nonlinear partial differential equations
of mixed type with fractional Hilfer operator is studied. In [32], the solvability of nonlocal problem for a mixed
typefourth-order differential equation with Hilfer fractional operator is studied. In the direction of applications
of fractional derivatives to solving partial differential equations the interesting results were also obtained in
[33-42].

We recall some basic terms of fractional integro-differentiation, which have been used during the study.
Let (to; T) € Rt = [0; 0o) be an interval on the set of positive real numbers, where 0 < ¢ty < T < oco. The
Riemann-Liouville 0 < a-order fractional integral of a function n(t) is defined as follows:

1

IS n(t) = (o) /(t —5)* " In(s)ds, a>0, te(t;T),
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where T'(a) is the Gamma function.
Let n—1 < a <n, n € N. The Riemann-Liouville a-order fractional derivative of a function 7(¢) is defined

as follows: .

(e} d n—«
Dyyn(t) = dTnItﬁ n(t), te (to;T).

The Gerasimov-Caputo a-order fractional derivative of a function 7(t) is defined by

t
_ 1 n™(s)ds
D) = 15" (0) = / te (to; T).
t0+77( ) to+ n ( ) F('I’L— OZ) (t— S)O‘_"'H’ S ( 0 )
to

These derivatives are reduced to the n-th order derivatives for « = n € N:

d"L
= !

Dy yn(t) =+ Di;n(t) (t), te (to; T).
The Hilfer fractional derivatives of a-order (n —1 < a < n, n € N) and S-type (0 < 8°<'1) are defined by the
following composition of three operators:

mn
D) = I ST ), e (1),
For 8 = 0, this operator is reduced to the Riemann-—Liouville fractional derivative D;Zf = D/}, and the case
[ = 1 corresponds to the Gerasimov—Caputo fractional derivative D{Z’_: = D, Lety=a+Bn—af.Itis easy
to see, that @ < v < n. Then it is convenient to use another designation for the operator D * Yn(t) = D‘;f n(t).
The generalized Riemann-Liouville operator was introduced by R. Hilfer based on time evolutions that arise
during the transition from the microscopic scale to the macroscopic time scale (see [26]).

In this paper, for 0 < o < v < 1 we study the regular solvability of an inverse boundary value problem for
a Hilfer type partial differential equation of even order with positive small parameter. The source function is
in the integral condition containing the Riemann-Liouville 0 < a < 1-order fractional integral. The stability of
the solution from the given functions is proved.

In the three-dimensional domain Q = {(¢, z,4) |0 <t < T, 0 < z, y < I} a partial differential equation of
the following form is considered

DU = a(t)b(z, y) (1)

with a nonlocal condition on the integral form containing the Riemann—Liouville 0 < « < l-order fractional
integral
U (Ta z, y) + (I(/))+U(tv Z, y)) ‘t:T = §0($, y)» 0 S z,y S lv (2)

where p, T and [ are given positive real numbers,

o o r oy 64k a4k a4k 84k
l)6 [U]: D +eD m"ﬁ‘m +w m‘i‘m U(t,ﬂ%y)»

w is a positive parameter, € is a positive small parameter, 0 < o < v < 1, k is a given positive integer,
a(t) €C(Qp), Qr=10; T], @, = [0; ], b(z, y) € C (Q7) is a known function, ¢(z, y) is a source (redefinition)
function, Q7 = @ x ;. We assume that for given functions are true the following boundary conditions

00, y) = ¢, y) = ¢(z, 0) = ¢ (z,1) =0,

b(0,y)=0b(l,y)=b(zx,0) =b(x,1)=0.

Problem Statement. We find the pair of unknown functions {U (¢, z, y); ¢ (x, y)}, first of them satisfies
differential equation (1), nonlocal integral condition (2), zero boundary value conditions

U,0,9)=U 1, y)=U(tz,0=U(tzl) =
92 2 2 2

0 0 0
—@U(t 0,y) = @U(t’ [ ZJ)—@U(K r,0) = @U(t’ r, )=
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82 2 2 2
UtO —U(t,1 =—U(t 0)=-=—=U(t Hh=...=
a4k72 9 4k—2 94k—2 9 4k—2
:WU(t 0,y) = WU(E L y):WU(ta z, O):WU(t, z, 1) =
84k—2 a4k—2 a4k—2 84k 2
ZWU(tOy) WU(t,l,y)ZWU(t,m,O) By - SU(t, 2, 1) =0, (3)
properties of the class of functions
tIU (¢, z, y) € C(Q), )
) k, k k
DU (t, x, y) € Cl ™ (Q) N CEF(Q) N O (Q)
and the additional condition
U(tlaxa y):¢($, y)7 O<t1<T7 OS%ySl, (5)

v (x) € C'[0; 1], where ¥(z, y) are given smooth function and
¥(0,y) =o(l, y) = ¥(x, 0) = ¢(z, 1) =0,

4k
C;ff“y+ 9(Q) is the class of continuous functions ULy on Q, while ngfk(Q) is'the class of continuous

O x ik
4k . — — —
functions % on (ffyi%U(t7 x, ) we understand as %U(t, @, y) ; Q={(t, z,y)|0<t<T,
-

0<uzy<l}
1 Expansion of the solution in-a Fourier series

We seek nontrivial solutions of the problem in the form of Fourier series

t x, y Z Uy, m n m(l'v y)a (6)
n, m=1
where

Il
U, ml(t) ://U(t Z, Y) O nm(x, y)dady, (7)

0 0

2 . wmn . w™m
DT, y) = 7 sin = sin ——y,n, m= 1,2,...

We also suppose that the following function is expand in a Fourier series

n, 1

:/l/lb In,m(z, y)dzdy. 9)
00

Substituting Fourier series (6) and (8) into given partial differential equation (1), we obtain the countable
system of ordinary differential equations of a fractional 0 < «, v < 1-order

where

b
Doca"‘/ nmt )\2/6 nmt _ a’( n,m 10
s 8)+ N3 €)1 (1) = L (10)
where "

2% Hn,m k :<E)k1/ 2k 2k

nﬂ’n() ]-+E/Jn’ ’ :unm l n +m :
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The general solution of the countable system of differential equations (10) has the form [30]
Un,m() = Crnmt " "By (A () wt®) + by, mbn, m(t), (11)

where
k

Banl®) =2 Tk

z,a,7€C, Re(a) >0

is the Mittag—Leffler function [26, 269-295] and

t

L /(tfs)aflEa,a (f/\ffm(e)w(tfs)o‘) a(s)ds,

hnm(t) = —F—5—
- Ltenslim J

C,m is an arbitrary constant.
By Fourier coefficients (7), we rewrite integral condition (2) for the countable system (10)

I
Un,m(T) + (I, m () =1 = // (U(T, 2, y)+ (ILU (2, y) li=1 )@ nyinlz, y) dady =
00

l
/sa 2, Y)Vn,m (2, y)dzdy = 04, m- (12)
0

o\(\

To find the unknown coefficients C'y, ,, in (11), we use condition (12)sand from (11) we have

1
Cn,m: [@n,m_bn,maln,m}v (13)
00n,m

where

Gonm =T [Eapy (AT () WE) £ TP E o, pay (-A75 () wT)]
Oln,m = hn,m(T) + (Ioﬂ_hmm(t))lt:,r .

Hereinafter, we use the following properties of the Mittag—Lefller function:
1) The function E,, 5 (—t) with o €(0;.1], 5> « is completely monotonic for ¢ > 0, i.e.

(—1)" [Ea 5 (=)™ >0, n=0,1,2,..

2) For all a € (0; 2), f e Rand argz = 7 there takes place the following estimate

M,

E, <

where 0 < M = const does not depend on z.
Then, from:here follows that there exists numbers Ms, M3 > 0 such that 0 < My < 0gp,m < Ms.
Further; substituting the defined coefficients (13) into representation (11), we derived that

Un,m(t) = PnmAnm) +bnmBnm(t), (14)
where
1 n
Ap,m(t) = 7 By (A2, () wt) ) Bum(t) = by () — 220 L (<A () wt®)
O0n,m ’ / 00n,m ’

Substituting the representation of Fourier coefficients (14) of main unknown function into Fourier series (6),
we obtain

n,m=1

Fourier series (15) is a formal solution of the direct problem (1)—(4).

Mathematics series. Ne 1(105)/2022 139



T.K. Yuldashev, B.J. Kadirkulov, Kh.R. Mamedov

2 Determination of source function

Using additional condition (5) and taking into account (12), we obtain from Fourier series (15) following
countable system for Fourier coeflicients of the source function

@n,m,An, m(tl) + bn,m Bn,m(tl) = q/jn,ma (16)

where

)
0 0

From relation (16) we find the source function as
@n,m:djn,len,m'f'bn,mXQn,m» (18)
where

__ 1 _ _Bam(t)
lem_An,m(tl)’ X2n,m = An,m(tl).

tI/_lE ( )\2]{2

n,m

An,nl(tl): ( )wtf);é(), 0<t; < T.

On,m

Since ¢, m are Fourier coefficients (see (12)), we substitute representation (18) into the Fourier series

m=1

n7

We prove absolutely and uniformly convergence of Fourier series (19) for the source function. We need to
use the concepts of the following Banach spaces:

the Hilbert coordinate space {2 of number sequences {4, m } with norm

e’}
n, m=1

1l
|9 (x} v) ||L2(le)= //|19(a:, y)|2dxdy<oo.
0 0

Conditions of smoothness. Let for functions

U(z, ), blz,y) € C*(Q)

there exist’ piecewise continuous 4k + 1 order derivatives. Then by integrating in parts the functions (9) and
(17) 4k + 1 times over every variable z, y, we obtain the following relations

N ‘¢(8k+2) [ 8k42 b(ffk,#)
[ nm | = (W> oy yenrys RO LN (W> AR T (20)
H 1/}(8k;+2 ‘ < g 88k+2w(‘%‘7 y) (21)
0y = L || QatktL g ythtl La(2?) )
H b(8k)+2) < g 88k+2b (l’, y) (22)
n,m 0y " l 8x4k+13y4k+1 LQ(QZQ)’
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where .
88k+2¢(.r y)
8k—+2 3
PSP = //Wﬁn,m(m> y)dxdy,
0 0
Lo 88k+2b )
8k+2) _ (z,y
b?&,m - // 8.T4k+1 ay4k+1 ﬁn,m@ca y) dl’dy
0 0

In obtaining estimates for the solution, we have used these formulas (20)—(22) and the above indicated
properties of the Mittag—LefHler function. Then it is easy to see that

02 = max {IXtn,ml; [ X2n,m|} < oo, (23)
where . B (t )
X1ln,m = m7 X2n,m = _ﬁ(ti)’ 0<t <T,
A m(t) = Joi’mt'y_lEaﬂ(—/\fl’fm(e)wt“), Bu () = h () — Z;ﬁt” LB (X () wi) |

Theorem 1. Suppose that the conditions of smoothness and (23) are fulfilled:. Then Fourier series (19)
convergence absolutely and uniformly in the domain Q2.

Proof. We use formulas (20)—(22) and estimate (23). Using the Cauchy=Schwartz inequality for series (19),
we obtain the estimate

IN

[e'S)
| Z n,m (E Yy | |wn,mX1n7m+bn,mX2n,m‘

nm:

n, m=1 nml

‘ e 8k+2) oo b(8k+2)

I 8k+2 n, m

+
_ o9 E N I R E R I
T n4k+1y, 4k+1 n4k+1y 4k+1

n,m=1 n,m=1

o /152
<< (W> 72C 01 [H¢<8k+2 ’
] < 00, (24)
L2(912)

2
< Z
1

(8k+2 ‘

IN

— 1
8k+2
S”H 9%, )

ax4k+lay4k+1
2 8k+2 [e%e]
2 I 1
1ol (1) (5) 0 on=y X e <

n,m=1

%2 (z, y)
O Ak +1H Akt

4

LQ(sz)

where

From estimate (24) the absolutely and uniformly convergence of Fourier series (19) implies. The Theorem
1 is proved:

8 Determination of main unknown function

We determined the source function as a Fourier series (19). So, the source function is known. Using
representation (16), Fourier series (15), we can present the main unknown function as

t x, y Z ﬂn,m [wn mPn m(t) +bn,an,m(t)}7 (25)
m=1

n7

where
Pn,m(t) = Xln,mAn,m(t)y Qn,m(t) = X2n,mAn,m(t) +Bn,m(t)
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To establish the uniqueness of the function U (¢, x, y) we suppose that there are two functions U; and Us
satisfying given conditions (1)—(5). Then their difference U = U; — U; is a solution of differential equation
(1), satisfying conditions (2)—(5) with the function ¥ (z, y) = 0. By virtue of relations (9) and (16), we have
Yn, m = 0. Hence, from formulas (7) and (25) in the domain © we obtain the zero identity

11

//tl_WU(t, z, Y) P, m(z, y)dedy = 0.
00

By virtue of the completeness of the systems of eigenfunctions {\/?sin o x}, { 2 §in T y} in Ly (Q7)
we deduce that U (¢, , y) =0 for all x € Q7 = [0; []? and t € Qr = [0; T.

Since t' U (¢, z, y) € C (Q) then t' 77U (¢, z, y) = 0 in the domain €. Therefore, the solution to problem
(1)—(5) is unique in the domain €.

Theorem 2. Let the conditions of the Theorem 1 be fulfilled. Then the series (25) converges in the domain
Q. At the same time, in this domain their term-by-term differentiation is possible.

Proof. By virtue of conditions of the theorem 1 and properties of Mittag—Leffler function, as in the case
of (23), the functions t'=7P, ,,(t), t'77Q,, m(t) are uniformly bounded on thé segment [0; T]. So, for any
positive integers n, m there exists a finite constant o 3, that there takes place the following estimate

. - < .
e { g, 177 Pan0]: s 17 g (O <P @

Using estimates (20)—(22) and (26), analogously to estimate (24), for.series (25) we obtain

o0

(U2 y) [ <D 1nm(@ 0) || Yt Paym () + bnmt Qi (1) | <

n,m=1

38k+2b(:p, y)
8 x4k+18 y4k+1

- U‘ 08+2y(z, y)

O x kA1 Ak +1

N

] < 00, (27)
Lz(ﬂzz)

L. (le)
8k+2
where Yo = 0010'3 (l) (7l‘_
From estimate (27) the absolutely and uniformly convergence of Fourier series (25) implies. We differentiate
the required number of times function (25)

4k h
2t 0 0w =S N 0 9) Bt P n(8) 4 bt Q0] (28)
n,m=1
4k e 4k
aay U e = Y (?) Dy (2, ) [nymt ™ Py (8) 4 bt Qe (1)) - (29)
n, m=1

The expansions of the following functions in a Fourier series are defined in a similar way

4k N 4k
— a,
ax4kt ’YD ’YU(t7 1‘7 y)? ay4k

t'" DU, x, y), tITYDU(t, 2, y).

We show the convergence of series (28) and (29). As in the case of estimate (27), applying the Cauchy—
Schwarz inequality, we obtain:

94k e 4k
’8 mt Ut y)‘ Z <7Tlin> [ () [ | (2, ) | <
n, m=1
9 4k °° >
SN D OREITAEED ST
n,m=1 n, m=1
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)¢(8k+2 ’ ’b 8k+2)

9 I 4k+2 oo
Sl(ﬂ) 73 Z nm 4+l + Z nm4k+1 =

n,m=1 n,m=1
<
Lo

9 71\ M+2
< - (w) 03C 02 [H¢<8k+2 ’
< o0, (30)
LQ(QIQ)

+H (8k+2 ’

1

M 082y (a, y) 08 +2b (x, y)

O w1 yh+1

0 24k H1Y yAkt1 + H

L 2(912)

2 4k+2 [ X
where Y3 = (%) (%) 03C g2, Coo = Z m < 00;
n, m=1

o4k rmy 4k
‘ (T) |t1 Wun,m(t)|'|19n,m($a y)|§

8y4kt1*”U(t, x, y)‘ <

n, m=1

IN
IN

e e £

n, m=1 n, m=1
n,m

2 l 4k+2 o ’
HORE P TP« =

n, m=1 n, m
2 l 4k+2
<= () 03C o3 {Hﬂ’ﬁsﬁiﬂ ] <
T ’ EQ
< 00, (31)
LQ(QLQ)

¢(8k+2) oo ’ (8k+2)

< L
l 2 '

[l et 0%2 (z, y)

<74 DRI g1t

o $4k+18 y4k:+1

|

o\ 2 /] dk+2
’74(l> <7r> 03C03, Coz =

It is easy to prove the convergence of Fourier series for functions

where

o0

>

n, m=1

4k 4k

tl—vDa,"/U (t7 z, y)’ 5 4kt1—’yD(x,'yU (t, x, y)7 5 4kt1—'yDa7"/U(t’ z, y)7
r Y

since the necessary<estimates can be obtained by a similar way as for the cases of estimates (29), (30) and (31).
Therefore, the function U(¢,.z, y) belongs to the class of functions (4). Theorem 2 is proved.

4 Stability of the solution U (t,x,y) with respect to the given functions and the source function

Theorem 8= Suppose that all the conditions of Theorem 2 are fulfilled. Then, the function U (¢, x, y) as a
solution to problem (1)—(5) is stable with respect to a given function ¥ (x, y).

Proof. We.show that the solution U (¢, x, y) of differential equation (1) is stable with respect to a given
function ¢(z, y). Let U1 (¢, x, y) and Us (¢, x, y) be two different solutions of the inverse boundary value problem
(1)—(5), corresponding to two different values of the function 11 (z, y) and 2 (x, y), respectively.

We put that |14, m —Y2n,m| < dn,m, where 0 < §,, ,,, is a sufficiently small positive quantity and the

o0
series Y. |dp,m | is convergent. Then, considering this fact by virtue of the conditions of the theorem, from
n, m=1
Fourier series (25), it is easy to obtain that

Htl_’y[Ul(tvx7y)_U2(t7x7y HC < 03 Z |w1nm w2nm‘< 03 Z nm‘<oo

n,m=1 n,m=1
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&)
Weput e =203 Y. |6n,m| < oc. Then, from last estimate we finally obtain assertions about the stability of
n, m=1

the solution of the differential equation (1) with respect to a given function ¢(z, y) in (5). The Theorem 3 is
proved.

By a similar way we have have proved that there hold the following two theorems.

Theorem 4. Suppose that all conditions of Theorem 2 are fulfilled. Then, the function U (¢, z, y) as a solution
to problem (1)—(5) is stable with respect to the given function b (z, y) in the right-hand side of equation (1).

Theorem 5. Suppose that all conditions of Theorem 2 are fulfilled. Then, the function U (¢, z, y) as a solution
to problem (1)—(5) is stable with respect to the source function ¢ (z, y).

Remark. Tt is easy to study the stability of function U (¢, z, y) with respect to asmall parameter € (see [43]).

Conclusions

In three-dimensional domain, an inverse problem of identification of a source function for Hilfer type partial
differential equation (1) of the higher even order with integral form condition (2) and a small positive parameter
in mixed derivative is considered. Suppose that the conditions of smoothness are fulfilled. Then the solution
to this fractional differential equation of the higher order for 0 < o < v < 1 is studied 'in the class of regular
functions. The Fourier series method have been used and a countable system of ordinary differential equations
has been obtained (10). The nonlocal inverse boundary value problem is integrated as an ordinary differential
equation. By the aid of given additional condition, we obtained the representation for the source function. Using
the Cauchy—Schwarz inequality and the Bessel inequality, we proved the absolute and uniform convergence of
the obtained Fourier series (19) for the source function ¢ (z, y) and (25) for the unknown function U (¢, z, y)
and its derivatives. It is proved that solution of problem (1)—(5) U (¢, @, y) is stable with respect to the given
functions ¥(z, y), b(x, y) and the source function ¢ (z, y).
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T.K. FOnnames!, B.2K. Kamupkynos?, X.P. Mamenos?

L @sbexcman yammun ynusepcumemi, Tawxenm, Osbexcman;
2 . .
Tawxenm memaekemmix woebicmany yrusepcumemi, Tawxenm, O3bexcmar;
3 Bledwp yrusepcumemi, blzowp, Typrus

2Korapsl perti Xniabdep THUNIHIH >KapThLIJIail Ty bIHIbLITbI
anddepeHIInAIABIK, TEHJEYdiH Kepi ecedi

Yiesmem/ii 06JIbICTa WHTErpaablK (hOPMaIaFbl *KOHE apaJiac TYBIHIBLIBI Killli OH, mapameTpi 6ap KyIl
perti Xuibdep TUmiHIH KapThUTail TYBIHIBLIBI TEHIEY YIITiH MYHKINS KO3iH aHbIKTAy ecebi KapacThIPbLI-
raH. Byt xkorapsl perTi 6estrekTi auddepeHnua bk TeHIey/iH MenliMi TypakThl (DYyHKIUsLIap KJIAChIH A
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zeprrenred. BemmekTi omepaTopabiH peti 0 < o < 1 GostaThiH XKaFaail KapacThIPbLIIbl. Pyphe KaTapaapbl
9JIiCi KOJIAHBLIIBI XKoHE KapamaibiM JrddepeHImaaIblK TeHIeyIep/IiH, ecenTey *Kyieci aabinabl. Jlokas-
Bl eMec IIeTTIK ecebi KapanaiibiMm 1ud depeHIuaIblK TeHIey peTiHie nurerpasganaabl. KocbiMina maprt
apKBLIBI KaifiTa aHBIKTaY (DYHKIUSICHI Typasbl TyciHik Gepinren. Kommu-IlIBaprr Tewncizmiri men Beccens
TEHCI3/ITH KOJI/IaHa OTBIPHII, ajbiHFaH Oypbe KaTapapblHbIH a0COIOTTI 2KoHE OIPKAJIBIITHI XKUHAKTHIJIbI-
FBI I2JIEJIIEH/I].

Kiam coesdep: GemmekTi per, Xundep omneparopsl, (pyHKINs Ko3i TypaJbl Kepi ecen, Oypbe KaTapiaapsl,
MHTErPAJIIBIK IApT, OIpMOH/] IIeNIiIyi.

T.K. FOnnames!, B.2K. Kagupxymos?, X.P. Mameos®

! Hayuonanvnwdl yrusepcumem Yabexucmana um. Mupso Yayebexa, Tawxenm, Yabexucman;
2 Tawxenwmexuti 2ocydapemeenmuili ynusepcumem eocmoxosedenus, Tawkenm, Yabexucman;
3 Hz0uperuts yrusepcumem, Hzoup, Typuusa

Ob6parnas 3aga4da ausa anddepeHImaabHOre ypaBHEHUST
B YACTHBIX ITPOU3BO/IHBIX TUIIA XMJIb(depa BBICIIErO IMOPSIKA

B Tpexmepnoii obstacTu paccMoTpeHa 3a/1a49a BACHTU(MUKAIUN (DYHKITUT UCTOYHUKA 1T YPABHEHUS B 4aCT-
HBIX IPOM3BOJHBIX THIA XMibdepa YeTHOro HOpsAKA C yCJIOBHEM-B HHTErPAJbHON (opMe W MajbIM I0-
JIOXKUTEJLHBIM TIApaMETPOM B CMEIIAHHON mpom3BogHOi. Pernerue 3Toro apobHOro muddepeHImabLHOTO
YPaBHEHUsI BBICIIErO IOPSJIKA IIOJIYYEHO B KJIACCE PEryJIspHBIX (DYHKIM. ABTOpaMu M3ydeH Ciydail Jist
nopsigka apobHoro omeparopa 0 < a < 1. IIpumenen meron psimoB @ypbe, U MOJIydeHa CUETHAS CHUCTE-
Ma OOBIKHOBEHHBIX AudHepeHIna bHbIX ypaBHeHnil. HemokanbHass KpaeBas 3a/ada WHTETPHPOBAHA, KakK
obbikHOBeHHOE juddepennuaabaoe ypaHenre. C IOMOLIBIO JOMOJHUTEIHHOIO YCIOBHs IIOJIYYE€HO IPeJI-
craBjienue s GyHKnun nepeornpeesenns. C momomrpio HepaserncTs Komu—IlIsapia n Beccesst nokasana
abCOTIIOTHAST M pAaBHOMEPHAs CXOAUMOCTD MOJIYIeHHBIX psgoB Dypoe.

Karoueswie caosa: JpobHBIN HOPsIOK, oepaTop Xuibdepa, obparHas 3aatda 06 ucrounuke, psaast Pypre,
MHTErPaJIbHOE YCJIOBUE, OJITHO3HAYHAS PA3PENTUMOCTD.
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