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Sufficient conditions for the precompactness of sets
in Local Morrey-type spaces

In this paper we give sufficient conditions for the pre-compactness of sets in local Morrey-type spaces
LM,y (R™). For w(r) =71, 6 =00, 0 <\ < % there follows a known result for the Morrey spaces
Mﬁ (R™). In the case A = 0 this is the well-known Frechet-Kolmogorov theorem. The pre-compactness of
sets in Morrey spaces was investigated in the works [1, 2|, and in generalized Morrey spaces M (‘)(]R”) in
the works [3, 4]. The aim of this paper is to generalize these results to the case of Local Morrey-type spaces
LM, (R™). By using theorem of pre-compactness set in local Morrey-type spaces, compact of operators
can be checked in this spaces, since compact operator transfers from bounded set of one space to pre-compact
set of another space. In this paper, the conditions of precompactness of sets(in local spaces of Morrey type
are given in terms of the difference of the function lim,—osup;cg || f(- +u) — f(~)HLMp9’w = 0. Earlier, the
necessary and sufficient conditions for precompactness of sets in local spaces of Morrey type were published
in [5], which were given in terms of the mean functions 6lirsl+ ;1611; |Asf — ﬂ|Lp(B(0,R2)\B(0,R1)) =0.

Keywords: compactness, precompact, Freche-Kolmogorov theorem, local Morrey-type spaces.

The classical Morrey space was introduced in the works of Charles Morrey [6] in 1938 in connection with
the investigation of the solution of quasilinear elliptic differential equations. In recent decades questions of the
boundedness and compactness of various operators in Morrey=type spaces have been actively studied ([7-9]).

Morrey spaces MpA are defined as the set of all functions f € Lfo"c(R"), for which , 0 < A < %, 0 <p< oo,
with a finite quasinorm

1l g ey 2, stup i / Fldy | < oo,
P z€R™, r>0 (o)
B(xz,r

where B(z,r) is the open ball in R™ centered at the point x of radius r > 0.
Note that

1/ 1| g gy = IF1l ey - [ 11l 2 ey -

n =
M (R?)

IfA<0, A> % the space Mg‘ (R™) is trivial, i.e. consists only of functions equivalent to zero on R".
According to'the well-known Freche-Kolmogorov theorem [10], the set S C L,(R™), where 1 < p < o0, is
precompact if and only if

sup [ £, @ny < 0 (1)
fes
lim sup -+h)— f(- =0 2
i sup 1£+1) = £l e 2)
and
A sup 1, e po.ry =0 (3)

where “B(0, R) is the complement of a ball B(0, R).
Conditions (1)—(3) are equivalent to the union of conditions (1), (3) and

1. A _ n 207 4
5_1)r(r)1+§1£|| of = Fllp, &my @

where for any § > 0 and f € L{¢(R")

54 Bectnuk Kaparanmgurckoro yHuBepcurera



Sufficient conditions for the precompactness of sets ...

) @) = gy [ S@ar= [ ws)f@ =iy = s+ (@), 2 R
T B () B(0,5)
where ws(z) = %ﬁ, X(a, Is characteristic function of the set A C R™, ‘A is the complement of the set A,
|A| is Lebesgue measure of the set A. Recall that condition (4) follows from condition (2), and condition (2)
follows from the set of conditions (4) and (3).

Note also that if A C R™ is bounded set, then for precompactness of the set S C L,(A) it is necessary and
sufficient that conditions (1)—(2) are satisfied, where R™ replaced by a set A.

The questions of the precompactness of sets in Morrey spaces were investigated in the works [1,°2;:5, 6,
11-14], and when r=* = w(r) for generalized spaces Morrey M;,U(')(]R”) were investigated in the works [3, 4].
The questions of the precompactness of sets in Banach spaces [15].

The aim of this paper is to generalize this results to the case of general local Morrey-type spaces.

Definition. Let 0 < p,0 < oo , and let w be a nonnegative measurable function on_ (0, c0).. We denote by
LMyg ..y the general local Morrey-type space, the space of all functions f € Lé"c (R™) with finite quasi-norm

1710ty = W0ty = [0 10, ol

We denote by 2y the set of all functions that are nonnegative, measurable on (0;00), not equivalent 0 and
such, that for some t > 0

[w(r)|| Ly (t,00) < 002

The space LM, .y is non-trivial, that is, it consists not only of functions, equivalent to 0 on R", if and
only if w € Qy [14].
Theorem. Let 1 <p <60 < 0o and w € Qpg. Let S C LMpp o (R") is satisfied:

sup [[fll£ g, ., < 99 (5)
fes ’

lim sup [ (- + ) — £()l 1y, =0 (6)
u—r fES

and

lim sup HfXCB(O,r) =0. (7)

=00 fes ‘LMpe,w

Then the set S is precompact in LMpg ., (R").
For proof this theorem we need next statements.
For f € Li°¢(R™) and.#- > 0 define

1
(M, ) (z) = e, /) F@)dy,

where | A means Lebega spaces A C R™.
Lemmad. Let 1 < p <0 < oo, w € Qy. Then for all f € LM;';(') and r > 0 next is true:

VT~ Sl S0 10 = Ol

u€B(0,r

Proof. Let z € R™ and p > 0. Then by inequality of Gelder
1M f = Tz, (5 =

1
P »

N / m / fy)dy — f(x)| dx

B(z,p) B(z,r)
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P 0

| [ sy [ vw-rana ) <

B(z,p)

Next

7))

B(z,r)

Q=

1
< / 1B / lf(y) — f(@)|Pdy | do | =|ly=2+u|=
B (z,0) Bl
1 P
) B | Metw-ferdld) -
B(z,p) B(0,r)
%
1
— | B, / [f(z+u) — f(z)Pda | du| =
B(0,r) \B(z,p)
P
_ 1 ) ]
1B(0,7)] IFC ) = FOIL, 5 smdu
B(0,r)
| M, f — f||LMpe’w = Hw(ﬂ) | M, f — f||Lp(B(0,p))HL9(OVOC) <
%
: ; k d _
< w0 | oy ] 170+0 —IQIE, o, _
B(0,r)
Ly (0,00)
= |5 wlp) | f(-+u) =fO)7 du
|B(0,7)] A L, (B(0,p))
B(0,r) .

o
P

As this % > 1, then using inequality of Minkovskogo for integrals, we get next

o6

po,w

oo

1
1M~ Flloa, < W/ /

Lemma 1 is proofed.

B(0,r) 0

1
B0, )] / I7¢

B(0,r)

z »

w(p)’ £+ ) = FOlL, o de | du]| =

+u) — f(')HIiM,,g,w du| <

< sup [IfC+u) = fOlloa,,, -

u€B(0,r)

Lemma 2. Let 1 <p <6 < oo, w € fyg. Then for all f € LM;;';(') and r > 0 next inequality is:

Proof. By inequality of Gelder

HMTfHLp(B(z,p)) = /

1M fllaryg 0 < I lary,., - (8)
p
1 /f( )dy| d <
=Yyl y)ay| dx <
|B(z,7)|
B(z.p) B(w,r)
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<\ [ N\ somy [ vwra)a)| -

B(z,p) B(z,r)

= (y=1x+u)

=

_ / m / fa+wfdu|de| =

B(z,p) B(0,r)

=

1

_ W/ /\f(x+u)|pdx du| =

B(0,r) \B(2:p)

=(z+u=v)

=

_ B(é”l/ / )P do | du | =

B(0,r) \B(zFu,p)

1
= (B(Oﬂ") / I£1I7 LBETL ) du ]

B(0,r)

Since % > 1, that

Gl
=

>
1 0 0
1 flleagy,, <SP (B(Oﬂ“) / /w("’) 1L, B do | du] <

B(0,r) 0
1 7 5 v
] dp| du| =
= | 1B(0,7)| e /w YNFNL (e gupy do | du
B(0,r) 0
1
[ (w0 ) _
=..Su - w "
S [B0, 7)] PIIIL, (B(24u.p)) <
B L (0,00)
P
: i [ e N
su - w "
= 2 | 1BO,7) O R TR .
B(0,r)
1
1 » F
= | BOM] awl| =il
< B(o,rnB(/ | (s o) e, o)) | =10
o,r

For defining § > 0 by ws(f, G) function f in set G C R™:

ws(f,G) = sup [f(z1) = fla2)]-

x1,290€G
|$1_$2‘S5

M fll s

pl,w

< Sup Hw ”M f”L »(B(z, p))HL (0,00) —
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=

1
< sup [w(p) | —=——— / f o)) AU
e e Bl ) M we
B(0,r)
Lg(0,00)

Lemma 2 is proofed.

Lemma 3. Let 1 < p,0 < oo, w € Qpg. Then exists rop > 0 for every 0 < r < rg exists C, > 0, depending

from r,n,p, 0, w
1) for every f € LM:(;(')

”MTfHC(Rn) <Cr HfHLM

po,w

; 9)
2) for every § > 0
ws(M,f; R") < Cp sup [[f(-+u) = fO)ll gy, -

|u|<s
u€B(0,6)

Proof. 1. For function w € €29 no equivalent 0, then exists ro > 0 this, that [[wl|;, (., ) > 0:Let0 <r <.
r € R"

1
|MTf($)| < 1 ||fHLp(B(z,r)) :
(@, )|
Hence,
1
w Mr T IS é - 1 ’w z,r ‘ ’
o) 0y < o [ U e
where v,, — volume of unit ball in R™ and
1
M, <— ‘ .
[ My f (@) 1w 1y (r,00) < g w(p) [Flley s, Lo (0.00)
That’s why
sup My /()] < Cr sup (o)W, ey, ) = O M eag

TER™
!
where C, = <||w|\L9(T7OO) (Unr”ﬁ)
2. Next for every 1,22 € B(0,7)

(M, £) (1) o (M, P (2)| = — / f(y)dy — / Fly)dy| =

U, T
(z1,7) B(z2,r)

e e B R e A I CR L

(0,r) B(0,r)

< (war™)~! / [zt 01) — f(z + )| dz =
B(0,r)

— (o) / s + a1 —a2) — f(s)|ds <
B(xa,r)

a1
< (uar™) 77 IfC+ 21 —22) = FOL, (Basr) -
That’s why, by first step of proof

sup  |(Myf) (21) = (Myf) (22)] <G sup  |If(-+ 21— 22) = FO)ll gy, =

21,50 ER™ zq,w0ERT
|z1—z2] <6 |z1—x2]<6
=Cp sup  |[f(-+u) = fOllpar,, .,
u| <6
uE‘B‘(_O,(S)
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Lemma 3 is proofed.

Lemma 4. Let 1 < p,8 < oo, w € Qpg. Then exists C' > 0, depending only from n,p, §,w, that’s for every,
r,R> 0 and for all f,g € LMpg ., next statement

HMrf - MrgHLMp@W <C (1 + R%) HMTf - MTgHC(W) + sup ) ||f( + u) - f(')HLMpg,w +

uweB(0,R

+sup g+ w) = 90 g, + 1
u€B(0,R) '

+[|ox

CBOR (| L M,q ., B (0,R) ‘LMpg,w'

Proof. Indeed,

1M f = Mogllpa,,,, < | (Mnf = Mog)x

B(0,R)

+ H(Mrf — M,g) x

=1 + Is.

LMpg,w LMpS,w

€B(0,R)

Next

w(p) | My f — Mrgllew(w,mem,R»”Lg(o o) =

w(p) [Mrf = Mrgll 1, (B(2.0)nB(0.R)) HLg(O 1)

w(p) | M f — M?”g”Lp(B(x,p)ﬁB(O,R))H

< ||Mrf -

<
L9(17O°)

)<
LQ(O,l) Lg(l,oo)
<C (1 + R%) 1M, f <Mgll o 5oy

B(0,R))
(Hw(p)pz

M:gllc@w,m) %

1

x@wmwww

+[|wte) (i)

where

S

C=vw

b ROl ) <
since w € .

By Lemma 1

I < My f = I S, + & — 9)x

¢B(0,R)

o, T 1M =gl <

< sup AN Faw) — FOllpa,., T sup Mgt +w) —g0)lla,, ., +
u€B(0,r) ' u€B(0,r) ,
-+ HchB(O,R) LM, + HchB(o,R) LMo, ’

Lemma 4 is proofed.

Lemma 5. Let 1 <p, 0 < oo, w € Qpg. Then for every r, R > Oand for every f,g € LMpg
1f = 9liagy,., < C (14 RE) IMof = Meglo o, +

+2 sup |IfCHu) = FO)lloa,,, +2 sup (lgC+u) =90)lag,, +
ueB(0,r) ’ u€B(0,r) ’

+fo + ng

¢B(0,R)

LMy w °BO,R)

LMyg.u
where C' > 0 is like in Lemma 4.

Proof. Enough to notice,that

1 = gliay . < IMef = Fllnr, . + 1Mo = Mgllpr, .+ 1Mrg = gll oy

po,w
and is used Lemma 1 and 4

Proof of theorem. LetS C LM;%(') and let conditionals be done (5)—(7).
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Step 1. Let 0 < r < rg, where rg defined in Lemma 3, and R > 0 fixed. By using inequality (7) and conditions
(1), followed, next

sup || M. fll ~mrems < 00.
s 14l oy
Apart from (8) and conditions (6), followed, next

}LIL% ?gg HMTf( + u) - Mrf(')Hc(m) = 0.

Hence, by theorem Askoli-Arcellas’ set S, = {M,f: f € S} pre-compactness in C(B(0, R)), or, is the
same,set S, completely limited ,then for all ¢ > 0 exists m € N, f1, ..., fm € S (depending from &, r and R) that,
forall fe S

jmin (M f = Mo fillo@m) <

Step 2. Let {1, ..., pm } any bounded set S. By using inequality from lemma 5 for any f € S and for any

j=1..m

”f_goj”LMz'l)ve < C(1+R%) ”Mrf_MSDch(m)"'

+2 sup [[f(+u) = FOllppme +2 sup (- 4+ u) =g, C)ll e +
u€B(0,r) po u€B(0,r) po

+ HchB(o,R) HLM;;,H + H(ijCB(O’R) HLM;UG(.) =

SCA+R?) My f = Mepjllomom) +4 sup sup gl +u) =g()llpam +2sup loxeBo.r) || s -
u€B(0,r) gES, P geSs po
Hence,
j}lninm ”f - 90]'”1;1\/[;!6 < C(l + Rp)j:rfl,.i{l’m HMrf - Mr@j“c(m) +

=1,...,

+4 sup sup [lg(- + ) — gC) | Lage + 25D ||9XeB0,R)|| 2fe -
u€B(0,r) g€S LMz, ges H ( )HLMPB

Step 3. Let € > 0. The first , By using conditions (7), we take R(g) > 0, that
Sup HgXCB(O,R(a))HLMw < =
geS po 6

Next by using conditions (6); we take r(¢), that
€

sup  sup||g(- +u) = 9()lpare, < 15
u€B(0,r(g)) g€S P

Because set pres<compactness Sy..y B C(B(0, R(¢))) exists m(e) € Nand fic,..., fm(e),c € 5, than for any f € S

C(1+R(e)¥)

min M) f = Moy Fiell oo my) < 3

j=1,...,

By using inequality (9) ¢ ¢; = fj, 4 =1,...,m(e), for any f € S

min - ||f = fj.

j=1,...,m(e)

L e 8
LM;;<3 3+3—£.

Then S pre-compactness set in LMy the proofed theorem.
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J.T. Marun, 2K.Z2K. Baiitysakosa, A.H. Oxiixanos, B.O. Bocranos

Jlokanapl Moppu TuiitTec KeHiCTiriHae >KNbIHHBIH,
KOMITAKTBIJIBI OOJIYBIHBIH, YKETKIJIIKTI IIapTTApPhI

MakaJstaga nokasasl Moppu Tunrec kericririnae LM ;Uom (R™) KUbIHJAP/IBIH KOMIAKTHIIBIFBIHBIH, KETKITIK-

Ti mapTTapsl KeJaripiared. Bepinren reopemagan 6 = oo xKarmalibinga »Kaanbuiaarad Moppu keHicTirinmeri
M;f’(') HOTHXKe IIbIFajbl, ajg w(r) = 1"7>‘, 0 = 000 < A < 2 xapnaiibiHaalbl yiniH Moppu KeHIiCTIriHiH,
Genriii Teopemach! mbIFaabL, an A = 0 karmaiteraga 6y 6enrini @perre-Kommoropos Teopemacsr. Moppu
KeHiCTiriHeri KUbIHIAPAbIH KOMIIAKTTHL 60JIybIHBIH, mapTTapbl — [1, 2|, an xannsuianras Moppu kenicTi-

ri M, (‘)(]R") yuin [3, 4] KymbicTapbiaga gosesnaenred. bepiiren MakaaaHbIH MAKCATHI OChI HOTHKEIEP/I
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Jokas el Moppu kenicriri LM pg (. (R™) yImIiH »KUBIHIAPIBIH, KOMIIAKTTHI GOJIYBIHBIH, IMAPTTAPBIH YKAJIIHI-
sy Gosbin TabbLIaabl. JIokasabl Moppu KeHicTirinaeri >KUbIHIapIblH, KOMIIAKTTHI OOJIyBIHBIH, IAPTTAPBIH
MmaiiIaIaHbIIl, OChI KEHICTITIHIer! orrepaTopIap/IblH KOMIIAKTTHI 60Ty MapTTapbli TekcepyTre 6omaasl. Cebebi
omepaTop 6ip KeHICTIKTEer! IMeHe e H XKUBIH bl KeJIeCl KeHICTIKTeri KOMIAKThLIbI YKUbIHFa, ayapajibl. ABTOD-
Jiap JIoKaJibl Moppu TUIITeC KeHICTIriHJIe XKUBIHIAP/IBIH KOMITAK ThLIBIFBIHBIH KeTKIJIKTI mapTTapbl (QyHK-
HUATAD/BIH, AHBIPBIMBI TepMHUHIHAE limy—oSUpseg ||f(- +u) — f(')HLMpe,w = 0 kenripres. [5] »kymblcTa
JiokaJel Moppu Tunrec KeHiCTiriH/e »KUbIHIAP/BIH KOMIAKTHIIBIFBIHBIH, KAXKETTI YKOHEe >KEeTKIJIKTI MapT-
TapBl AILIHBII, 01ap MYHKIHANAPIBIH OpTa MoHi TepMuminge limy—osupseg [[f(- +u) — f()l Myow = 0

KeJITipireH.

Kiam cesdep: KOMIAKTBHIIBIK, KOMITAKTHLIBIK ajiabl, @perre-Koamaropos Teopemacsl, JoKa sl Moppm tut-
TEeC KEHIiCTIri.

JL.'T. Marun, 2K.2K. Baiirysakosa, A.H. Aqunbxanos, 5.O. Bocranos

JlocTaTodHble yCJIOBUs ITPEAKOMIIAKTHOCTH MHOXKECTB
B JIOKAQJIBHBIX ITpOCTpaHCcTBax Tuma Moppu

B crarbe IIPUBEIEHDBI JOCTATOYHBIE YCJIOBUA IIPEAKOMIIAKTHOCTU MHOXKECTB B JIOKaJIbHBIX IIPDOCTPpaHCTBax

tuna Moppu LM ;‘;(‘) (R™). Uz nokasaHHOI TEOPEMBI B CIydae = 00 BBITEKAET PE3YJIbTAT It O00OIIEHHO-

ro npocrpancrsa M, ('>, ampuw(r) =", =00, 0 <A< % — W3BECTHBII PE3YJIBTAT JJIsI IPOCTPAHCTBA
Moppu M;‘(R"), a B caydae A = 0 — 3T0 XOpomo u3BecTHas Teopema Pperme-Konmmoroposa. Yciaosus
IIPEJKOMIIAKTHOCTH MHOXKECTB B IpocTpaHcTBax Moppu Gbuin jokasaHbr B paborax [1, 2], a B ciayudae
06061mennbIx pocTpancts Moppu My, M(]R") — B [3, 4]. Lenb crarbu — 0600I1IEHNE PE3YIBTATOB LIPEJI-
KOMITAKTHOCTH MHOYKECTB IS JIOKAJBHBIX MPOCTpancTBIuna Moppu LMyg () (R™). Ucnoms3yst Teopemy
MPEIKOMIIAKTHOCTU MHOYKECTB B JIOKAJIbHBIX IIPOCTpancTBax Tuna Moppu, MOKHO IPOBEPUTH YCJIOBUSA KOM-
[MAKTHOCTH OIIEPATOPOB B 3TUX IIPOCTPAHCTBAX, TaK KaK KOMIAKTHBIA OIepaTop MEPEBOIUT OIPAHUYEHHOE
MHOXKECTBO OJTHOT'O ITPOCTPAHCTBA B KOMITAKTHOE MHOXKECTBO JPYroro mpocrpaHcTsa. B aroit pabore ycio-
BUS TIPEJIKOMIIAKTHOCTY MHOYKECTB B JIOKAJILHBIX HPOCTPAHCTBaX Tulia MoppH JaHbl B TEDMUHAX PA3HOCTU
bynxrmm limy—osup e [|F(-+ ) — Ol gas = 0. Panee [5] Obin omyGimkoBaHbl HEOGXOAUMBIE U J10-

p6,w
CTATOYHBIE YCJIOBUS INPEIKOMIIAKTHOCTA MHOXKECTB B JIOKAJIBHBIX IIpocTpaHCcTBaxX Tuia Moppwu, Koropbre
OBLTN TIPUBEJIEHBI B TEPMUHAX CPETHUX (DYHKITAH 51—13(1)1-*- ;1;2 [|Asf — fHLp(B(O,RQ)\B(O,Rl)) =0.

Kmouesvie c06a: KOMIAKTHOCTD, MPEIKOMIAKTHOCTb, Teopema Dpemre-Kommaroposa, JiokasibHBIE MPO-
crpancrBa Tuna Moppu.
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